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PREFACE

This volume contains the papers contributed by the speakers of the VIII
International Colloquium on Differential Geometry, which was held in San-
tiago de Compostela (Spain) during July 7-11, 2008.

The Colloquium was organized by all members of the Department of
Geometry and Topology of the University of Santiago de Compostela, and
M. Angeles de Prada of the University of Pafs Vasco (Spain). The chairman
was Luis A. Cordero Rego. There were about 135 participants from many
countries.

We are most thankful to the following institutions that have cospon-
sored the Colloquium: the Department of Geometry and Topology, the
Institute of Mathematics and the Faculty of Mathematics of the Univer-
sity of Santiago de Compostela, the “Ministerio de Educaciéon y Cien-
cia” (projects MTM2006-01432 and MTM2007-30162-E), the “Ministe-
rio de Ciencia y Tecnologia” (project MTM2008-02640), the “Conselleria
de Educacién e Ordenacién Universitaria da Xunta de Galicia”, the
“Conselleria de Innovacién e Industria da Xunta de Galicia” (project
PGIDIT06PXIB207054PR), and the “Consejo Superior de Investigaciones
Cientificas” of Spain. Their support was essential to carry out our program.

The papers of this volume were mostly from the lectures presented at
the Colloquium, which was designed with two main parts: Foliation Theory
and Riemannian Geometry. All contributed papers were refereed, and we
believe that they are of high quality, and make a significant progress on
these subjects.

Finally, we express our deep gratitude to all participants, and particu-
larly to the contributors of the papers of this volume.

Editors
J. A. Alvarez Lépez
Eduardo Garcia-Rio
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A BRIEF PORTRAIT OF THE LIFE AND WORK OF
PROFESSOR ENRIQUE VIDAL ABASCAL

Luis A. Cordero

Department of Geometry and Topology, University of Santiago de Compostela
15782 Santiago de Compostela, Spain
E-mail: luisangel.cordero@usc.es

The “VIIIth International Colloquium
on Differential Geometry (E. Vidal
Abascal Centennial Congress)” held in
Santiago de Compostela (Spain), 7-11
July 2008, has been a part of the cel-
ebration of the one hundreth anniver-
sary of the birth of Prof. Enrique Vidal
Abascal. In what follows you will find
a brief summary of his life and work;
if you are interested in knowing more
about this Spanish mathematician, you
can find more details about him at the

Webpage ENRIQUE VIDAL ABASCAL

http://xtsunxet.usc.es/icdg2008/evidala.htm.

Some Biographical Data

Enrique Vidal Abascal was born in Oviedo (Spain) in October 12, 1908,
and died in Santiago de Compostela (Spain) in October 31, 1994.
Graduated in Mathematics at the Complutense University of Madrid in
1931, Vidal became immediately involved in the teaching of mathematics at
the college level from 1932 until 1955, although his work at the university
started in 1941 at the University of Santiago, sharing his position at a col-
lege in Santiago with a nomination as Assistant Professor at the university.
In 1955 he was nominated full professor to occupy a chair on Differential



Geometry at the University of Santiago, staying in this position until his
academic retirement in 1978.

In 1944 he obtained the Title of Doctor in Exact Sciences by the Com-
plutense University of Madrid; his doctoral thesis was written under the
guidance of Ramoén Maria Aller Ulloa, being his advisor Esteban Terradas
(Complutense University), and it was devoted to the geometric study of the
calculation of the orbits of double stars.

During his academic life at the university he has been engaged at the
following positions: Vice Dean of the Faculty of Sciences of the University
of Santiago during the periods 1960-61, 1966-69 and 1976-78; Dean of the
Faculty of Mathematics of the same University from January to October of
1978, date of his retirement; Vice President of the Royal Spanish Mathemat-
ical Society in the periods 1963-66 and 1973-78; Head of the Mathematical
Section of the Astronomical Observatory of the University of Santiago, as-
sociated to the “Consejo Superior de Investigaciones Cientificas” (Spain),
from 1942; and Director of the Seminary of Mathematics of the Univer-
sity of Santiago, center co-ordinated with the Institute “Jorge Juan” of the
“Consejo Superior de Investigaciones Cientificas”, between 1967 and 1978.

Vidal was also Member of the Royal Academy of Galicia from 1971,
and the creation of the Royal Academy of Sciences of Galicia, in 1978, is
owed to his personal initiative and management. He was the first Presi-
dent of this Academy between 1978 and 1982, when he resigned and then
being nominated as Honorary President of the Academy. Member of the
“American Mathematical Society”, the “Circolo Matemético di Palermo”
and the “Royal Spanish Mathematical Society”, he was also reviewer of
“Mathematical Reviews” and of “Zentralblatt fiir Mathematik”.

In 1952 he was granted for one stay at the “Bureau International
d’Education” in Geneva (Switzerland), for visiting training centers in
Switzerland in order to know the problematic of the teaching of Mathe-
matics at the secondary level in that country; in 1953 he traveled again to
Switzerland, staying for three months in Lausanne working with Georges
de Rham on the foundations of Integral Geometry, and being invited to
give a conference in the Polytechnical School of this city.

In 1963, 1966, 1973 and 1977 he was invited to pronounce conferences
and to lecture courses on the subjects of his research at the University of
Paris VI and at the “College de France”. Also, he was invited to participate
in numerous seminaries and scientific meetings at the Universities of Paris
and Strasbourg, and in the research centers of Oberwolfach and Brussels.
He also participated in the International Congresses of Mathematicians cel-



ebrated in Edinburg (1958), Moscow (1966) and Nize (1970), in numerous
“Annual Meetings of Spanish Mathematicians”, and he was one of the in-
vited lecturers in the “Reuniéon de Matematicos de Expresién Latina” held
in Palma de Mallorca (Spain) in 1977.

The Scientific Work of E. Vidal Abascal

The scientific interests of the Prof. Vidal were centered in three great areas:
Astronomy, in particular in the calculation of orbits of double stars; Clas-
sical Differential Geometry (curves and surfaces) and Integral Geometry;
and Differential Geometry of Manifolds, and in this particular context in
Foliation Theory, Almost-Product Structures and Hermitian Geometries.

An objective proof of the interest and importance of his research and
results is the fact that many of their articles were published in important
world-wide distributed journals of recognized prestige; among them: As-
tronomical Journal (Yale, USA), Journal of Differential Geometry (Leigh
Univ., USA), Proceedings of the American Mathematical Society (USA),
Bulletin of the American Mathematical Society (USA), Annals de UInstitut
Fourier (Grenoble, France), Comptes Rendu de I’Académie des Sciences
(Paris, France), Rendiconti dei Circolo Matemdtico di Palermo (Palermo,
Italy), or Tensor N.S. (Japan)

He was a very prolific author, and in the list of his publications, probably
incomplete, there are a total of 112 publications that can be grouped in
the following form: 3 monographs and 13 articles on Astronomy; 1 book,
5 monographs and 43 articles on Differential and Integral Geometry, and
47 publications more: books on general Mathematics, discourses, books of
essay, and articles of divulgation in prestigious magazines, like “Revista de
Occidente” (Spain) for example.

Vidal was awarded with several prizes for his scientific work: by the
“Consejo Superior de Investigaciones Cientificas”, Madrid (Spain) in 1949;
by the “Royal Academy of Exact, Physical and Natural Sciences of Spain”
in 1953 and 1959; and by the Galician Government in 1989, by the whole
of his scientific work. He also received the following medals: “Officier dans
I’Ordre des Palmes Académiques”, granted by the French Government, in
1974, and the “Medalla Castelao”, granted by the Galician Government in
1986, as a recognition of a whole life dedicated to Galicia.

The interest of Vidal in his studies of Astronomy was mainly centered
in the calculation of orbits of double stars, the subject of his Ph.D. thesis.
When commenting his works on this subject, Prof. Baize, of the Astronom-
ical Observatory of Paris (France), one of the maximum authorities of the



world on this topic at that time, wrote in 1980 the following:

“Prof. Vidal is first of all a mathematician, his works on Differential Geom-
etry universally well-known and appreciated are an evidence of that. He has not
observed personally double stars, but he has been interested in the problems
that arise in the calculation of its orbits, calculation for which there exist nu-
merous methods, of an unequal practical value, and that can be classified in two
groups; graphical methods and analytical methods. The method imagined by
Vidal belongs to the second group, but it solves the problem by completely new
routes, giving an elegant proof and applying it to the star calculations ... The
whole of his research, as much on the non-elliptic orbits as on the elliptic ones,
has been condensed by Vidal in a very important work, published in 1953, en-
titled “Calculation of Apparent Orbits of Double Stars”, book that constitutes
without a doubt, as | already wrote in the moment of its appearance, the most
remarkable contribution in our time to the study of the orbits of double stars.
On the other hand, Vidal did not limit himself only to the theory, he was also
interested in the practical application of his methods, inventing and making
construct by the prestigious Swiss company Coradi his ingenious “Orbigrafo”,
a device that allows to directly draw up on the paper the curve that represents
the angles of position as a function of the distances, respecting rigorously the
law of areas. This instrument is still used by numerous researchers, mainly in
the Astronomical Observatory of the University of Santiago.”

The first works of Vidal on Differential Geometry go back to 1943-47.
His studies on parallel curves on surfaces of constant curvature are specially
outstanding, because they lead to a generalization of the classical formulas
of Steiner for parallel connected curves in the plane; the methods used by
Vidal in this study were used later by the C.B. Allendoerfer on the spheres.
His works on these subjects, that belong to what at that time was known as
Differential Geometry “in the large”, led him in a natural way to consider
the study of some problems of Integral Geometry on surfaces. His numerous
contributions in this area have not been out of phase with the passage of
time, and it is not difficult to find references to them in recent articles
dedicated, for example, to the study of the volume of geodesic tubes in
Riemannian manifolds of arbitrary curvature.

The study of the integral invariants of geodesics led Vidal to consider
its generalization and, in the last term, to the study of the measures in
foliated manifolds, via by which Vidal introduces himself in a new subject
of research, very novel at that time, subject of which he has been the pioneer
in Spain. Once again, the results obtained by Vidal between 1964 and 1967
continue being mentioned in recent publications on the topic.



From 1966, the year in which the first doctoral thesis directed by him ap-
pears, Vidal stops being an isolated researcher and begins to form a compact
team of researchers constituted by young people graduated in the Section
of Mathematics of the Faculty of Sciences of the University of Santiago.
The numerous subjects of thesis that Vidal proposes to his students extend
his personal interests in research to other subjects, such as almost-product
or almost-hermitian structures. Between 1966 and 1978 Vidal directed a
total of fifteen doctoral theses and, to an age in which a certain diminu-
tion in his research activity would be logical, he published five articles on
Differential Geometry, gave four communications in Congresses and wrote
three monographs. In his articles of these last years there are again very
remarkable contributions, such as the notion of almost foliated metric for
almost-product structures, or the definition and characterization of two new
families of almost-hermitian structures, whose scientific name universally
accepted and adopted is the one of “geometries G; and G3”, being the
“G” by the adjective “Gallegas” as it was indicated specifically in the note
published in the “Comptes Rendus” of the Academy of Sciences of Paris in
which they appeared in 1976.

The Creative Restlessness of E. Vidal Abascal

When Vidal arrives at the university, first as student and years later as
professor, mathematics in Spanish was totally out of phase and almost iso-
lated with respect to the currents of study followed in the most important
research centers of abroad. The first trips that he made abroad (to Switzer-
land in 1952 and 1953, and to the ICM in Edinburg in 1958) allowed him
to state this reality, and he became aware of the urgent and inexcusable
necessity of putting a remedy to this situation. Vidal did not content him-
self with speaking or writing about what was precise to do, like many of his
contemporaries in Spain did, instead, he acted, and as a result of his actions
Vidal became a pioneer in opening the mathematical research in Galician
universities, or even more, it should be said, in the Spanish universities, to
the international mathematical community, in particular to Europe.

Once his academic situation at the university became steady, and in
spite of the difficulties and obstacles that existed in Spain at that time,
Vidal manages the first visits of prestigious foreign mathematicians to San-
tiago de Compostela. Between 1960 and 1978 more than forty foreign pro-
fessors visited Vidal’s department, coming from Brazil, Belgium, England,
France, Germany, Israel, Portugal, Romania, Switzerland and the USA;
here, they lectured graduate courses, gave conferences, or participated in



the International Colloquia organized by Vidal. Among those mathemati-
cians one can find the names of some of the most prestigious geometers of
those decades. A fact to be specially remarked is that Prof. René Deheuvels,
from the University of Paris VII (France), was nominated as Visiting Pro-
fessor of the University of Santiago to lecture, during two consecutive aca-
demic years, courses of doctorate with full academic validity, a singular case
in the Spanish mathematics of that time.

Moreover, Vidal organized three International Colloquia on Differential
Geometry, held at the University of Santiago in 1963, 1967 and 1972, the
first of them being, in fact, the first international congress of mathematics
celebrated in Spain. In 1978 a fourth International Colloquium specially
dedicated to Vidal was held as a tribute in the occasion of his academic
retirement. Later four new Colloquia, celebrated in 1984, 1988, 1994 and
2008, gave a continuity to the series initiated under the direction of Vidal.

With these two actions, the visits of foreign mathematicians, and the
organization of international meetings, Vidal reached the first of his objec-
tives: for his students to know some of the most actual lines of research on
differential geometry of that time.

But Vidal had a second objective in mind: to get his students traveling
abroad to improve his training as researchers. And he also accomplished
this objective. Some of his students went, for long stays, to France (in Paris
and Strasbourg), to England (in Durhan) and to the USA (in Harvard and
Maryland).

The profits of these two actions for the Spanish mathematics were clear:
between 1965 and 1978 Vidal directed 15 doctoral thesis, and one can find,
even today, the traces of his work through the work of his students, and
not only in the University of Santiago but also in the Universities of Sevilla,
Granada, Valencia, Bilbao, or La Laguna (Canary Islands), for example.

Prof. Luis A. Santalé (University of Buenos Aires, Argentine), when
commenting the set of the work of Vidal Abascal, wrote in 1980:

“It is fundamental to remark that the importance of his works is even, if not
surpassed, by the fact of having created in Santiago de Compostela a School
of Geometry from where some brilliant students have already went to another
Spanish universities and there they are having an outstanding behavior. He
knew the way to form a School. He knew how to create and to direct, for long
years, a center with its own publications, a place for important national and
international congresses and meetings, obliged visit for the most outstanding
figures of the time, who came there to lecture courses and conferences with
the certainty that their teachings will felt in a land that has been diligently



prepared by Vidal Abascal, who knew how to made of his Institute a warm and
welcoming complement for the own beauties of Santiago. His work has been
persistent and always directed with tenacity, intelligence and love. Students
and colleagues know well of his extraordinary charming, the smoothness in his
behavior, the nobility in his relationship, and his cleverness in the direction.”

These efforts and initiatives of Vidal Abascal were not recognized at
Spanish level, as it had been of justice. Nevertheless, the French Govern-
ment compensated his efforts granting to him the medal of “Officier dans
I’Ordre des Palmes Académiques” in 1974. This medal was, at that time,
rarely granted outside France, and with it the exceptional personality of
Prof. Vidal Abascal was recognized. Prof. Deheuvels in the act of imposi-
tion of this medal said:

“...He knew how to stimulate in fifteen years the mathematical activity in
the Spanish Universities. .. He got, in few years, to make Santiago well known
in the scientific world, not only by the outstanding Colloquia that he organized
but also by his own scientific works or by the works of his students...the
concession by the French Government of this medal shows that his reputation
has exceeded widely the frontiers.”

Vidal Abascal essayist, painter, etc.

As much in his speech of entrance as Member of the Royal Academy of
Galicia (“The Crisis of the European University”, A Coruna, 1971), like
in his essay “Science and the Socialized University” (Ed. Dossat, Madrid
1972), or in his numerous journalistic collaborations, Vidal showed clearly
his restlessness before the crisis by which the Spanish university was passing
through, and in particular the crisis of the Galician university, that at that
time was reduced to the University of Santiago. Through his writings his will
of a liberal and progressive man is clear, deeply worried about a university
unable to give a suitable answer to the social demands of that time.

Also in Vidal’s writings the poverty of the resources destined to promote
research, basic or applied, were an object of reflection as well as the neces-
sity of making a suitable and long-term planning that allowed to obtain
a greater profitability of the limited existing resources, or the deficiencies
in the system of access to the university, or in the systems of training and
promotion of its teaching staffs.

Vidal was also a painter. His taste for painting came from his youth, al-
though he confessed that painting always had been for him only a “hobby”.
He made a first showing of his paintings in A Corufia, 1947; this was followed
by others in Santiago de Compostela (1948, 1975 and 1978), Vigo (1950 and



1976), Pontevedra (1974, 1975 and 1980), Ourense (1977), Madrid (1979)
and Barcelona (1983). Vidal also published a few articles about painting
and was a critic of art; in 1972 he pronounced a conference in the Galician
Center of Buenos Aires (Argentine) about “The Galician Painting School”,
and in 1979 he published a book entitled “On the University and the Gali-
cian Painting” (Univ. of Santiago, 1979). Many of his pictorial works appear
at the present in museums and particular collections.



PART A

Foliation theory
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CHARACTERISTIC CLASSES FOR RIEMANNIAN
FOLIATIONS

Steven Hurder

Department of Mathematics (m/c 249), University of Illinois at Chicago
Chicago, IL 60607-7045, USA
E-mail: hurderQuic.edu

The purpose of this paper is to both survey and offer some new results on the
non-triviality of the characteristic classes of Riemannian foliations. We give
examples where the primary Pontrjagin classes are all linearly independent.
The independence of the secondary classes is also discussed, along with their
total variation. Finally, we give a negative solution of a conjecture that the
map of classifying spaces F'RI'q — FT'q is trivial for codimension ¢ > 1.

Keywords: Riemannian foliation, characteristic classes, secondary classes,
Chern-Simons classes

1. Introduction

The Chern-Simons class® of a closed 3-manifold M, considered as foliated
by its points, is the most well-known of the secondary classes for Rieman-
nian foliations. Foliations with leaves of positive dimension offer a much
richer class to study, and the values of their secondary classes reflect both
geometric (metric) and dynamical properties of the foliations. It is known
that all of these classes can be realized independently for explicit examples
(Theorem 4.3), but there remain a number of open problems to study. In
this note, we survey the known results, highlight some of the open problems,
and provide a negative answer to an outstanding conjecture.

Let M be a smooth manifold of dimension n, and let F be a smooth
foliation of codimension gq. We say that F is a Riemannian foliation if
there is a smooth Riemannian metric g on T'M which is projectable with
respect to F. Identify the normal bundle @) with the orthogonal space T F*,
and let @ have the restricted Riemannian metric gg = ¢|Q. For a vector
X € T, M let X+ € Q, denote its orthogonal projection. Given a leafwise
path v between points x,y on a leaf L, the transverse holonomy h. along
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7 induces a linear transformation dh,[y]: @, — Q. The fact that the
Riemannian metric g on T'M is projectable is equivalent to the fact that
the transverse linear holonomy transformation dh,[y] is an isometry for all
such paths,16:17:39-41,49

There are a large variety of examples of Riemannian foliations which
arise naturally in geometry. Given a smooth fibration 7: M — B, the
connected components of the fibers of = define the leaves of a foliation F of
M. A Riemannian metric g on T'M is projectable if there is a Riemannian
metric gg on T'B such that the restriction of g to the normal bundle Q) =
TF+ is the lift of the metric gp. The pair (7: M — B, g) is said to be a
Riemannian submersion. Such foliations provide the most basic examples
of Riemannian foliations.

Suspensions of isometric actions of finitely generated groups provide an-
other canonical class of examples of Riemannian foliations. The celebrated
Molino Structure Theory for Riemannian foliations of compact manifolds
reduces, in a broad sense, the study of the geometry of Riemannian fo-
liations to a mélange of these two types of examples — a combination of
fibrations and group actions; see Theorems 6.2 and 6.3 below. When the
dimension of M is at most 4, the Molino approach yields a “classification”
of all Riemannian foliations. However, in general the structure theory is
too rich and subtle to effect a classification for codimension ¢ > 3 and leaf
dimensions p > 2. The survey by Ghys, Appendix E of4!
of the classification problem circa 1988.

The secondary characteristic classes of Riemannian foliations give an-
other approach to a broad classification scheme. Their study focuses at-
tention on various classes of Riemannian foliations, which are investigated
in terms of known examples and their Molino Structure Theory, and the
values of their characteristic classes, often leading to new insights.

The characteristic classes of a Riemannian foliation are divided into
three types: the primary classes, given by the ring generated by the Euler
and Pontrjagin classes; the secondary classes; and the blend of these two as
defined by the Cheeger-Simons differential characters. Each of these types
of invariants have been more or less extensively studied, as discussed below.

gives an overview

The paper also includes various new results and unpublished observations,
some of which were presented in the author’s talk.2?

The main new result of this paper uses characteristic classes to give a
negative answer to Conjecture 3 of the Ghys survey [op. cit.]. The proof of
the following is given in §3.

Theorem 1.1. Forq > 2, the map Hap—1(FRT¢;Z) — Hup—1(FT¢; Z) has
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infinite-dimensional image for all degrees 4k — 1 > 2q.

This paper is an expanded version of a talk given at the joint AMS-
RSME Meeting in Seville, Spain in June 2003. The talk was dedicated to
the memory of Connor Lazarov, who passed away on February 27, 2003. We
dedicate this work to his memory, and especially his fun-loving approach
to all things, including his mathematics, which contributed so much to the
field of Riemannian foliations.

This work was supported in part by NSF grant DMS-0406254.

2. Classifying spaces

The universal Riemannian groupoid RI'; is generated by the collection of
all local isometries v: (Uy,g,) — (V,95) where g/ and g are complete
Riemannian metrics on R?, and U,,V, C RY are open subsets. Let BRI,
denote the classifying space of the groupoid RI';. The Hausdorff topological
1415 If we
restrict to orientation-preserving maps of R?, then we obtain the groupoid
denoted by RT'} with classifying space BRT/.

The universal groupoid I'; of R? is that generated by the collection of
all local diffeomorphisms v: U, — V, where U,, V., C R? are open subsets.
The realization of the groupoid I'y is a non-Hausdorff topological space
BTy, which is well-defined up to weak-homotopy equivalence.

An RT —structure on M is an open covering Y = {U, | a € A} of M
and for each o € A, there is given

space BRIy is well-defined up to weak-homotopy equivalence.

e a smooth map f,: U, — V, C R¢
e a Riemannian metric g/, on R?

such that the pull-backs f;1(TR?) — U, define a smooth vector bundle
@ — M with Riemannian metric ¢|Q = go = fag,,. An RI';—structure on
M determines a continuous map M — |U| — BRT,,.

Foliations Fy and F; of codimension g of M are integrably homotopic if
there is a foliation F of M x R of codimension ¢ such that F is everywhere
transverse to the slices M x {t}, so defines a foliation F; of codimension-q of
M x{t}, and F; of My agrees with F; of M for ¢ = 0, 1. This notion extends
to Riemannian foliations, where we require that F defines a Riemannian
foliation of codimension-q of M x R.

Theorem 2.1 (Haefliger'15). A Riemannian foliation (F,g) of M
with oriented mormal bundle defines an RF;rfstructure on M. The
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homotopy class of the composition hr g: M — BRF;r depends only on
the integrable homotopy class of (F,g).

The derivative of a local isometry v: (U, g/) — (V,, g7) takes values in
SO(q), and is functorial, so induces a classifying map v: BRI‘;r — BSO(q).
The homotopy fiber of v is denoted by F'RI';. The space FRI', classifies
RI‘;rfstructures with a (homotopy class of) framing for Q). Let P — M be
the bundle of oriented orthonormal frames of Q — M, and s: M — P a
choice of framing of (). Then we have the commutative diagram:

SO(q) = SO(q) = SO(q)
! | !
P ig FRT, i FT,
s 11 ! !
w0 e K Br}
I v lv
BSO(q) = BSO(q)

where the right-hand column is the sequence of classifying spaces for the
groupoid defined by the germs of local diffeomorphisms of R?. The natural
maps f: FRI'y — FTy and f: BRT'] — BT are induced by the natural
transformation which “forgets” the normal Riemannian metric data.

The approach to classifying foliations initiated by Haefliger in!41?
based on the study of the homotopy classes of maps [M, BRF;] from a
manifold M without boundary to BRF;F. Given a homotopy class of an
embedding of an oriented subbundle ¢ C T'M of dimension ¢, one studies
the homotopy classes of maps hr g: M — BRF;r such that the composition
vohrg: M — BSO(q) classifies the homotopy type of the subbundle Q.
The “Haefliger classification” of Riemannian foliations is thus based on the
study of the homotopy types of the spaces BRF&|r and FRI,.

In the case of codimension-one, a Riemannian foliation with oriented
normal bundle of M is equivalent to specifying a closed, non-vanishing 1-
form w on M. As SO(1) is the trivial group, FRT'T = BRI'J, and the
classifying map M — BRI'] is determined by the real cohomology class of
w, which follows from the following result of Joel Pasternack. Let Rs denote
the real line, considered as a discrete group, and BRy its classifying space.

is
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Theorem 2.2 (Pasternack*®). There is a natural homotopy equivalence
BRI ~ FRT', ~ BR;.

For codimension ¢ > 2, SO(g) is not contractible, and the homotopy
types of BRF;r and F'RI'; are related by the above fibration sequence. For
the space F'RI'; there is a partial generalization of Pasternack’s Theorem.

Theorem 2.3 (Hurder®'9). The space FRT, is (q—1)-connected. That
is, m¢(FRT'q) = {0} for 0 < ¢ < q. Moreover, the volume form associated
to the transverse metric defines a surjection vol: mq(FRI) — R.

Proof. We just give a sketch; see'® for details. Following a remark by Mil-
nor, one observes that by the Phillips Immersion Theorem,*6 48 an FRT ~
structure on S¢ for 0 < ¢ < ¢ corresponds to a Riemannian metric defined
on an open neighborhood retract of the ¢-sphere, S* € U C RY.

Given an F'RI'j—structure on the open set U C R? — which is equiv-
alent to specifying a Riemannian metric on TU — one then constructs an
explicit integrable homotopy through framed RI';-structures on a smaller
open neighborhood S¢ ¢ V € U. The integrable homotopy starts with the
given Riemannian metric on TV, and ends with the standard Euclidean
metric on T'V, which represents the “trivial” F'RI',—structure on S*. Thus,
every F'RI',—structure on S* is homotopic to the trivial structure.

The surjection vol : ms(FRT'y) — R is well-known, and is realized by
varying the total volume of a Riemannian metric on S9, considered as foli-
ated by points. O

Associated to the classifying map v: BRF;r — BSO(q) is the Puppe
sequence

.- —QFRT, % QBRI'} —S0(g) > FRT, — BRI} -~ BSO(q)
1)
In the case of codimension ¢ = 2, SO(2) = S! and FRI'y is 1-connected,
so the map 0: SO(2) — FRT'; is contractible. This yields as an immediate
consequence:

Theorem 2.4 (Hurder?'). QBRI = SO(2) x QFRT.

It is noted in?' that the homotopy equivalence in Theorem 2.4 is not an
H-space equivalence, as this would imply that map v*: H*(BSO(2);R) —
H*(BRI'2;R) is an injection, which is false. In contrast, we have the fol-
lowing result:
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Theorem 2.5. The connecting map §: SO(q) — FRI'y in (1) is not ho-
motopic to a constant for ¢ > 3.

Note that the map §: SO(q) — FRI', classifies the Riemannian foliation
with standard framed normal bundle on SO(g) x R?, obtained via the pull-
back of the standard product foliation of SO(g) x R? via the action of SO(q)
on R?. Theorem 2.5 asserts that the canonical twisted foliation of SO(gq) x
R? is not integrably homotopic through framed Riemannian foliations to
the standard product foliation. This will be proven in section 4, using basic
properties of the secondary classes for Riemannian foliations. For the non-
Riemannian case, it is conjectured that the connecting map §: SO(q) —
FT, is homotopic to the constant map.?

To close this discussion of general properties of the classifying spaces of
Riemannian foliations, we pose a problem particular to codimension two:

Problem 2.1. Prove that the map induced by the wvolume form
vol : mo(FRT2) — R is an isomorphism. That is, given two RTa-structures
Fo and Fy on M = R3 — {0}, with homotopic normal bundles, prove that
Fo and F1 are homotopic as RlUs-structures if and only if they have coho-
mologous transverse volume forms.

One can view this as asking for a “transverse uniformization theorem”
for Riemannian foliations of codimension two. Note that Example 5.2 below
shows the conclusion of Problem 2.1 is false for ¢ = 3.

3. Primary classes

The primary classes of a Riemannian foliation are those obtained from
the cohomology of the classifying space of the normal bundle @ — M,
pulled-back via the classifying map v: M — BSO(q). Recall®® that the
cohomology groups of SO(g) are isomorphic to free polynomial ring:

H*(BSO(2);Z) = Z[FEx]
H*(BSO(q);Z) 2 Z|Em, P1,...,Ppn_1], ¢=2m >4
H*(BSO(q);Z) 2 Z[Py,...,Pyn], q=2m+1>3
As usual, P; denotes the Pontrjagin cohomology class of degree 45, E,,
denotes the Euler class of degree 2m, and the square E2, = P, is the top
degree generator of the Pontrjagin ring.
There are three main results concerning the wuniversal map
v*: HY(BSO(q); R) — H'(BRT'}; R), where R is a coefficient ring, which
we discuss in detail below.
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Theorem 3.1 (Pasternack®®). v*: H/(BSO(q);R) — H‘(BRI[;R) is
trivial for £ > q.

Theorem 3.2 (Bott, Heitsch®). v*: H*(BSO(q); Z) — H*(BRL'};Z)
18 1njective.

Theorem 3.3 (Hurder'®?2). v*: H*(BSO(q);R) — HZ(BRF;;R) is
injective for £ < q.

The contrast between Theorems 3.1 and 3.2 is one of the themes of this
section, while the proof of Theorem 3.3 is based on an observation.

Let V, denote the Levi-Civita connection on ¢ — M associated to
the projectable metric g for F. The Chern-Weil construction associates to
each universal class P; the closed Pontrjagin form p;(V,) € Q% (M;R).
For ¢ = 2m, as @) is assumed to be oriented, there is also the Euler form
em(Vy) € Q2™ (M;R) whose square €,,(Vy)? = p (V). The universal map
v*: H*(BSO(q);R) — H*(BRT'[;R) is defined by its values on foliated
manifolds, where v*(P;) = [p;(V,)] € HY(M;R), and [3] represents the
de Rham cohomology class of a closed form (.

Let m be the least integer such that ¢ < 2m + 2. Given J =
(J1, 42, - - - Jm) With each jp > 0, set p; = p{l -p? ---pdm which has degree
4|J| =4(j1 + - - - + jm). Let P denote a basis monomial: for ¢ = 2m + 1, it
has the form P = p; with deg(P) = 4|J|. For ¢ = 2m, either P = p; with
deg(P) = 4|J|, or P = ey, - py with deg(P) = 4|J| + 2m.

Pasternack®* first observed in his thesis that the proof of the Bott Van-
ishing Theorem* can be strengthened in the case of Riemannian foliations,
as the adapted metric V, is projectable. He showed that on the level of
differential forms, an analogue of the Bott Vanishing Theorem holds.

Theorem 3.4 (Pasternack*®4%). If deg(P) > g then P(V,) = 0.

Theorem 3.1 follows immediately. Today, this result is considered “obvious”,
but that is due to the later extensive development of this field in the 1970’s.

Next consider the injectivity of v*: H*(BSO(q); R) — H*(BRTJ;R).
We recall a basic observation of Thom.3®

Theorem 3.5. There is a compact, orientable Riemannian manifold B of
dimension q such that all of the Pontrjagin and Fuler classes up to degree
q are independent in H*(B;R). If q is odd, then B can be chosen to be a
connected manifold.
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Proof. For g even, let B equal the disjoint union of all products of the form
CP" x .- x CP%* x S x --- x S with dimension g. For ¢ odd, B is the
connected sum of all products of the form CP% x ---x CP%* x §1 x ... x §*
with dimension ¢. The claim then follows by the Splitting Principle®® for
the Pontrjagin classes. O

Proof of Theorem 3.3. This now follows from the universal properties
of BRF;, as we endow the manifold B with the foliation F by points, with
the standard Riemannian metric on B. O

The proof of Theorem 3.3 in'? used the fact that v: BRI’} — BSO(q)
is g-connected.

Next, we discuss the results of Bott and Heitsch.> Let K C SO(q) be
a closed Lie subgroup, and let I' C K be a finitely-generated subgroup.
Suppose that B is a closed connected manifold, with basepoint by € B.
Assume there is a surjection p: A = m(B,by) — I' C K C SO(q). Then
via the natural action of SO(g) on R? we obtain an action of A on R?. Let
B — B denote the universal covering of B, equipped with the right action
of A by deck transformations. Then form the flat bundle

E, =B xRY/(b-7,7) ~ (b,p() - 7) > B/A =B (2)

As the action of A on RY preserves the standard Riemannian metric, we
obtain a Riemannian foliation ¥, on E, whose leaves are the integral man-
ifolds of the flat structure. The classifying map of the foliation F, is given
by the composition of maps

E, — BA — B(K;) — B(SO(q);) — BRI} (3)

where K5 and SO(q),; denotes the corresponding Lie groups considered with
the discrete topology, and B(K;) and B(SO(q)s) are the corresponding
classifying spaces.

The Bott-Heitsch examples take K to be a maximal torus, so that for
g=2morq=2m+ 1, we have K = T™ = SO(2) x --- x SO(2) with m
factors. Consider first the case ¢ = 2. For an odd prime p, let T' = Z/pZ,
embedded as the p-th roots of unity in K = SO(2). Let B = S**1/T
be the quotient of the standard odd-dimensional sphere, and consider the
composition

vop: B—E, — B(Z/pZ) — B(SO(2);) — BRI} - BSO(2) (4)
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The composition v o p classifies the Euler class of the flat bundle E, — B,
which is torsion. The map in cohomology with Z/pZ-coefficients,

(vop)*: H(BSO(2); Z/pZ) — H*(B;Z/pZ) (5)
is injective for x < 2/¢. It follows that the map
v*: H*(BSO(2);Z/pZ) — H*(BRTJ;Z/pZ) (6)

is injective in all degrees. As this holds true for all odd primes, it is also
injective for integral cohomology. (I

Theorem 3.2 is a striking result, as Theorem 3.1 implies that
v*: H*(BSO(2);Q) — H*(BRI'];Q) is the trivial map for * > 2. One
thus concludes from the Universal Coefficient Theorem for cohomology®
that the homology groups H. (BRI‘;r ; Z) cannot be finitely generated in all
odd degrees * > 3.

The treatment of the cases where ¢ = 2m > 2 and ¢ = 2m + 1 > 2
follows similarly, where one takes I' = (Z/pZ)™ C T™ C SO(q), and let
p — oo. An application of the splitting theorem for the Pontrjagin classes
of vector bundles then yields Theorem 3.2.

The fibration sequence FRI'; — BRI} — BSO(q) yields a spectral
sequence converging to the homology groups H *(BRF;; 7) with E%-term

B}, = H,(BSO(q); H(FRT; Z)) (7)

It follows that the groups Hs(F'RT';;Z) cannot all be finitely generated for
odd degrees * > ¢. In fact, we will see that this follows from the results of
Pasternack and Lazarov discussed in the next section on secondary classes,
but the homology classes being detected via the torsion classes above seem
to be of a different “sort” than those detected via the secondary classes.

Recall that the universal classifying map f: FFRI'; — FT'y “forgets” the
added structure of a holonomy-invariant transverse Riemannian metric for
the foliation. It has been conjectured (see page 3084!) that this map induces
the trivial map in homotopy.

Conjecture 3.1. fu: mi(FRT,) — mp(FTy) is trivial for all k > 0.
The ideas of the proof of Theorem 3.2 imply that Conjecture 3.1 is false.

Theorem 3.6. The image of f.: Hax—1(BRT (;Z) — Hup—1(BTy;Z) is
infinite-dimensional for 4k > 2q > 4.
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Proof. Our approach uses the homological methods of the proof of Theo-
rem 3.2 in® and especially the commutative diagram from page 144.

Let P € H*(BSO(q);Z) for 4k > q be a generating monomial.
The Bott-Heitsch Theorem 3.2 implies that the image f* o v*(P) €
H 4k(BR1";r; Z) is not a torsion class under the composition

H*(BSO(q); Z) ~ H*(BT'};2) = H*(BRI'];2) (8)

Let Ayp—1 = image{H;;k,l(BRF;r;Z) — H4k,1(BI‘;r;Z)}. Suppose
that Ayg_1 is finite-dimensional, then Ext(A4r_1,Z) is a torsion group.
Consider the commutative diagram:

H*(BSO(q);Z)
v l
T e
Ext(Hy_1 (BT§32), Z) — H*(BI'{3Z) —> Hom(Hy(BUY:Z), Z)

o

Ext(Agr—1, Z) I* I

O‘*i
e

-
Ext(Hy,_1(BRUS;Z), Z) — H**(BRT};2Z) — Hom(Hy,(BRUS;2), Z)

In the diagram, e is the evaluation map of cohomology on homology, and 7
maps onto its kernel. The inclusion ¢: Ayp_1 C H4k_1(BF;r; Z) induces the map
v*, and the surjection o: Hyy_1 (BRI ;Z) — Ayx_1 induces o*.

The Bott Vanishing Theorem implies that the class
eov*(P) € Hom(Hyy(BT;;Z), Z) C Hom(Hyy,(BTf;Z), Q)

is trivial for deg(P) > 2q. Thus, there exists Pr € Ext(H4k_1(BF;r;Z), Z)
such that 7(Pr) = v*(P). The class " (Pr) € Ext(Agg_1, Z) is torsion, by the
assumption on Ay _1. Thus, f*orv™(P) = 700" 0*(P;) is a torsion class, which
contradicts the Bott-Heitsch results. Thus, A4x_1 cannot be finite-dimensional
for 4k > 2q. a

Corollary 3.1. The image of fi: Huy—1(FRU;Z) — Hup—1(FT;Z) is
infinite-dimensional for 4k > 2q > 4.

Proof. This follows from the commutative diagram following Theorem 2.1,
the functorial properties of the spectral sequence (7), the fact that
H,.(BSO(q);Z) is finitely generated in all degrees, and Theorem 3.6. O
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Problem 3.1. Find geometric interpretations of the cycles in the image of
the map fi: Hap—1(FRT;Z) — Hup—1(FTy; Z).

The construction of foliations with solenoidal minimal sets in!9:26

give one
realization of some of the classes in the image of this map, as discussed
in the talk by the author?® at the conference of these Proceedings. Neither

these examples,?% nor the situation overall, is understood in sufficient depth.

4. Secondary classes

Assume that (F,g) is a Riemannian foliation of codimension gq. We also
assume that there exists a framing s: M — P of the normal bundle. Then
the data (F,g,s) yields a classifying map hi ;: M — FRI'q. In this sec-
tion, we discuss the construction of the secondary characteristic classes of
such foliations, constructed using the Chern-Weil method,® and some of the
results about these classes.

Recall that V, denotes the Levi-Civita connection of the projectable
metric g on Q.

Let Z(SO(q)) denote the ring of Ad-invariant polynomials on the Lie
algebra s0(q) of SO(g). Then we have

7(SO(2))  Rle,]
Z(SO(2m)) = Rlem,p1,---sPm—1) , ¢ =2m >4
Z(SO(2m+1)) 2 R[p1,-.-,pm] , ¢=2m+1>3
where the p; are the Pontrjagin polynomials, and e, is the Euler polynomial
defined for ¢ even.

The symmetric polynomials p; evaluated on the curvature matrix of
2-forms associated to the connection V, yields closed forms Az 4(p;) =
pe(Vy) € QY (M). Then Ax[p;] = [pj(V,)] € HY(M;R) represents the
Pontrjagin class Pj(Q). The Euler form Ar 4(en) = en(V,) € Q™ (M)
and the Euler class Ag yle,,] € H*™(M,R) are similarly defined when
q = 2m. We thus obtain a multiplicative homomorphism

Argq:Z(SO(q)) — H*(M;R)

As noted in Theorem 3.4, Pasternack first observed that for V4 the adapted
connection to a Riemannian foliation, the map Az , vanishes identically in
degrees greater than gq.

Definition 4.1. For ¢ = 2m, set
Z(SO(q))2m = Rlem,p1,p2,-- -, pm—1]/(P | deg(P) > q)
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For ¢ = 2m + 1, set
Z(SO(q))2m+1 = Rp1,p2,-- -, pm]/(P | deg(P) > q)

Corollary 4.1 (Pasternack). Let (F,g) be a Riemannian foliation of
M with codimension q. Then there is a characteristic homomorphism
Ar,q:Z(SO(q))q — H*(M;R), which is functorial for transversal maps
between foliated manifolds.

Of course, if we assume that the normal bundle @ is trivial, then this
map is zero in cohomology. The point of the construction of secondary
classes is to obtain geometric information from the forms p;(V,) € Q% (M),
even if they are exact. If we do not assume that @ is trivial, then one still
knows that the cohomology classes [p;(V,)] € H* (M;R) lie in the image
of the integral cohomology, H*(M;Z) — H*(M;R) so that one can use
the construction of Cheeger-Simons differential characters as in”%3152 to
define secondary invariants in the groups H¥~1(M;R/Z). These classes are
closely related to the Bott-Heitsch examples above, and to the secondary
classes constructed below.

Given a trivialization s: M — P, let V4 be the flat connection on @
for which s is parallel. Set V; = tV, + (1 — ¢)V,, which we consider as a
connection on the bundle ) extended as product over M x R. Then the
Pontrjagin forms for V; yield closed forms p;(V:) € Q% (M x R). Define
the 45 — 1 degree transgression form

1
b =15(Ves) = [ 1u0/00p, (0} At € Q410 (9)
0
which satisfies the coboundary relation on forms:

dh;j(Vg,8) =p;j(Vye) = pi(Vs) = pj(Vy)

For g = 2m we also introduce the transgression of the Euler form,

Xom = X (Vg 8) = /O ((0)00)em (V)Y Adt € QL (M)  (10)

which satisfies the coboundary equation dx., = emn(Vy). Note that if 45 > g,
then the form p;(Vy) = 0, so the transgression form h; is closed. The
cohomology class [h;] = A% (h;) € HY ' (M;R) is said to be a secondary
cohomology class. In general, introduce the graded differential complexes:

RWQm = A(hlaahm—lem)®I(SO(Q))2m
RW2m+1 =A (hl, R hm) ® Z(SO(q))27n+1
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where dw (h; ®1) = 1Qp; and dw (xm ®1) = e, @1. For I = (i1 < -+ < iy)
and J = (j1 < -+ < jg) set

h1®pJ=h11/\-~-/\h¢e®pj1/\'-~/\pjk (11)

Note that deg(hy @ py) = 4(|I|+|J|) — ¢, and that dw (h; ® ps) = 0 exactly
when 4i; 4+ 4]|J| > ¢. In the following, the expression h; ® p; will always
assume that the indexing sets I and J are ordered as above.

Theorem 4.1 (Lazarov - Pasternack3?). Let (F,g) be a Riemannian
foliation of codimension q > 2 of a manifold M without boundary, and
assume that there is given a framing of the normal bundle, s: M — P.
Then the above constructions yield a map of differential graded algebras

A% 1 RW, — Q"(M) (12)

such that the induced map on cohomology, A% ,: H*(RWy) — H*(M;R),
is independent of the choice of basic connection V4, and depends only on the
integrable homotopy class of F as a Riemannian foliation and the homotopy
class of the framing s.

This construction can also be recovered from the method of truncated Weil
algebras applied to the Lie algebra so(q) (see Kamber and Tondeur2:3%),

The functoriality of the construction of A%  implies, in the usual way:32:34

Corollary 4.2. There exists a universal characteristic homomorphism
A: H*(RWg,dw) — H*(FRI'y;R) (13)

There are many natural questions about how the values of these sec-
ondary classes are related to the geometry and dynamical properties of the
foliation (F, g, s). We discuss some known results in the following.

First, consider the role of the section s: M — P. Given any smooth map
w: M — SO(q), we obtain a new framing s’ = s-¢: M — P by setting
§'(x) = s(x) - p(z). Thus, ¢ can be thought of as a gauge transformation of
the normal bundle Q — M.

The cohomology of the Lie algebra so(g) is isomorphic to an exterior
algebra, generated by the cohomology classes of left-invariant closed forms
7; € AY~1(s0(q)) for j < g/2, and the Euler form y,, € A*™~!(s0(q)) when
g = 2m. The map ¢ pulls these back to closed forms ¢*(7;) € Q¥~1(M).

Theorem 4.2 (Lazarov3334). Suppose that two framings s,s’ of Q are
related by a gauge transformation p: M — SO(q), s’ = s- . Then on the
level of forms,

A o(hy) = D 4(h) + " (1)) (14)



24

In particular, for j > q/4, we have the relation in cohomology
A% glhj] = A% glhy] + ¢*[1;] € HYV7H(M;R) (15)

The relation (14) can be used to easily calculate exactly how the cohomol-
ogy classes A% [hy ® py| and Asf,)g[hl ® pg] associated to framings s, s’
are related. (See §4,34 and?®? for details.) Here is one simple application of
Theorem 4.2:

Proof of Theorem 2.5. For the product foliation of SO(g) x R? we have
a natural identification of the transverse orthogonal frame bundle P =
SO(g) x SO(q). Let s: SO(q) — P be the map s(z) = z x {Id}, called the
product framing. Then the map A%  : RW, — Q*(M) is identically zero.

On the other hand, the connecting map ¢: SO(q) — FRI'y in (1) classi-
fies the Riemannian foliation F5 of SO(g) x R?, obtained via the pull-back of
the standard product foliation of SO(g) x R? via the action of SO(g) on R?.
However, the normal framing of Fj is the product framing on SO(gq) x R4.
Let ¢: SO(g) — SO(q) be defined by p(x) = 271 for z € SO(g). Then Fs
is diffeomorphic to the product foliation of SO(g) x R? with the framing
defined by the gauge action of ¢.

It follows from Theorem 4.2 that for j > ¢/4, A;;,g[hj] =] =41 €
H*~1(SO(q);R) is a generator. Hence, the connecting map §: SO(q) —
FRT', cannot be homotopic to the identity if there exists j > ¢/4 such that
7; € H¥=1(SO(q); R) is non-zero. This is the case for all ¢ > 2. m|

The original Chern-Simons invariants of 3-manifolds® can be considered
as examples of the above constructions. Let M be a closed oriented, con-
nected 3-manifold with Riemannian metric g. Consider M as foliated by
points, then we obtain a Riemannian foliation of codimension 3. Choose
an oriented framing s: M x R®> — TM, then the transgression form
A% (h) € H*(M;R) = R is well-defined. Note that by formula (15),
the mod Z-reduction A% (h1) € H?*(M;R/Z) = R/Z is then independent
of the choice of framing. This invariant of the metric is just the Chern-
Simons invariant.? for (M, g). On the other hand, Atiyah showed® that for
a 3-manifold, there is a “canonical” choice of framing sy for T M, so that
there is a canonical R-valued Chern-Simons invariant, A% (h1) € R.

Chern and Simons® also show that the values of A%  (h1) € R/Z can
vary non-trivially with the choice of Riemannian metric.

One of the standard problems in foliation theory, is to determine
whether the universal characteristic map is injective. For the classifying
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space BI'; of smooth foliations, this remains one of the outstanding open
problems.?* In contrast, for Riemannian foliations, the universal map (13)
is injective. We present here a new proof of this, based on Theorem 3.5.

Theorem 4.3 (Hurder'®). There exists a compact manifold M and a
Riemannian foliation F of M with trivial normal bundle, such that F is
defined by a fibration over a compact manifold of dimension q, and the
characteristic map A% ,: H*(RWy) — H*(M) is injective. Moreover, if q
s odd, then M can be chosen to be connected.

Proof. Let B be the compact, oriented Riemannian manifold defined in the
proof Theorem 3.5. Let M be the bundle of oriented orthonormal frames
for TB. The basepoint map 7: M — B defines a fibration SO(¢) — M —
B, whose fiber L, = 7~ 1(z) over € B is the group SO(q) of oriented
orthonormal frames in T, B. Let F be the foliation defined by the fibration.
The Riemannian metric on B lifts to the transverse metric on the normal
bundle Q = 7*T'B. The bundle @) has a canonical framing s, where for
b e B and A € SO(g) the framing of Q4 is that defined by the matrix A.

The normal bundle restricted to L, is trivial, as it is just the constant
lift of T, B. That is, Q|L, = 7*(T,B) = L, x R%. The basic connection
V, restricted to Q|L, is the connection associated to the product bundle
L, x RY. However, the canonical framing of @@ — M restricted to Q|L, is
twisted by SO(g). Thus, the connection Vs on @ for which the canonical
framing is parallel, restricts to the Maurer-Cartan form on SO(q) x R?
along each fiber L,.

By Chern-Weil theory, the forms A% (h;) = h;(Vy,s) restricted to
L, = SO(q) are closed, and their classes in cohomology define the free
exterior generators for the cohomology H*(SO(g);R). (In the even case
q = 2m, one must include the Euler class x,, as well.)

Give the algebra RW, the basic filtration by the degree in Z(SO(g)),,
and the forms in Q*(M) the basic filtration by their degree in 7*Q*(B).
(See®” for example.) The characteristic map A%, preserves the filtrations,
hence induces a map of the associated Leray-Hirsch spectral sequences,

AV EXY(RWy,dw) — EX* (M, d,)
For r = 2, we then have
A" By (RW,) = (RW,,dw) — Ei*(M,dy) = H*(SO(q); R)o H" (B R)

which is injective by the remark above. Pass to the E—limit to obtain that
A% .o H*(RW,) — H*(M) induces an injective map of associated graded
algebras, hence is injective. O
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It seems to be an artifact of the proof that for ¢ > 4 even, the manifold
M we obtain is not connected.

Problem 4.1. For ¢ > 4 even, does there exists a closed, connected
manifold M and a Riemannian foliation F of M of codimension-q
and trivial normal bundle, such that the secondary characteristic map
A% 2 H'(RW,) — H*(M) injects? Is there a cohomological obstruction
to the existence of such an example?

Note that in the examples constructed in the proof of Theorem 4.3, the
image of the monomials h; ® py for 4i; + 4|J| > ¢ (and hence h; ® py is
dw-closed) are integral:

A% [hr @ py] € Image {H*(M,Z) — H*(M,R)}

This follows since the restriction of the forms A%  (hr) to the leaves of
JF are integral cohomology classes. In general, one cannot expect a similar
integrality result to hold for examples with all leaves compact, as is shown
by the Chern-Simons example previously mentioned. However, a more re-
stricted statement holds.

Definition 4.2. A foliation F of a manifold M is compact Hausdorff if
every leaf of F is a compact manifold, and the leaf space M/F is a Hausdorff
space.

Theorem 4.4 (Epstein,'? Millett3"). A compact Hausdorff foliation F
admits a holonomy-invariant Riemannian metric on its normal bundle Q.

In the next section, we discuss the division of the secondary classes into
“rigid” and “variable” classes. One can show the following:

Theorem 4.5. Let F be a compact Hausdorff foliation of codimension q
of M with trivial normal bundle. If hy ® py is a rigid class, then

A% ,[hr ®py] € Image {H*(M,Q) — H*(M,R)}

This follows for the case when the leaf space M/F is a smooth manifold
from'® whose methods extend to this more general situation.

It is an interesting problem to find geometric conditions on a Rieman-
nian foliation which imply the rationality of the secondary classes.'! Ratio-
nality should be associated to rigidity properties for the global holonomy of
the leaf closures, one of the fundamental geometric concepts in the Molino
Structure theory discussed in §6. One expects rationality results for the sec-
ondary classes analogous to the celebrated results of Reznikov,?%%! possibly
with some additional assumptions on the geometry of the leaves.
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5. Variation of secondary classes

The secondary classes of a foliation are divided into two types, the “rigid”
and the “variable” classes. Examples show that the variable classes are
sensitive to both the geometry and dynamical properties of the foliation,
while the rigid classes seem to be topological in nature.

A monomial h; @ p;j € RWj, is said to be rigid if deg(p;; Aps) > g+ 2.
Note that if 4i; + 4|J| > ¢, then this condition is automatically satisfied
when ¢ = 4k or ¢ = 4k + 1. Here is the key property of the rigid classes:

Theorem 5.1 (Lazarov and Pasternack, Theorem 5.53%). Let
(Ft, gt, st) be a smooth 1-parameter family of framed Riemannian foliations.
Let hy ® py € RW, be a rigid class. Then

AF golhr @ psl = A%, g [hr @ pj] € H*(M;R)

Note that the family {(Fi,g:) | 0 < t < 1} need not be a Riemannian
foliation of codimension-q of M x [0,1].

For the special case where ¢ = 4k — 2 > 6, a stronger form of the above
result is true:

Theorem 5.2 (Lazarov and Pasternack, Theorem 5.634).

Let (F,gt,st) be a smooth 1-parameter family, where F is a fized folia-
tion of codimension q, each g¢ is a holonomy invariant Riemannian metric
on Q, and s¢ is a smooth family of framings on Q. Let hy ® p; € RW,
satisfy deg(pi, Apy) > q+ 1. Then

AR golhr @ps) = AF  [h @ ps] € H*(M;R)

We say that these classes are metric rigid. Thus, the classes [h; ® pj] €
H*(RW,) are metric rigid when deg(hi;, ® py) > g, and rigid under all
deformations when deg(h;, @ py) > q+ 1.

A closed monomial h; ® p; which is not rigid, is said to be variable. In
the special case ¢ = 2, the class [y1 ®e1] € H3(RW,) is variable. For ¢ > 2,
neither the Euler class e,, or its transgression x,, can occur in a variable
class, so for ¢ = 4k — 2 or ¢ = 4k — 1, the variable classes are spanned by
the closed monomials

V, = {h1 ®@py | 4i1 + 4|7 = 4k} (16)

Let vfj denote the dimension of the subspace of H*(RW,) spanned by the
variable monomials.
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Theorem 5.2 implies that for codimension ¢ = 4k — 2 > 6, in order to
continuously vary the value of a variable class h; ® py it is necessary to
deform the underlying foliation. For ¢ = 4k — 1, the value of variable class
may (possibly) be continuously varied by simply changing the transverse
metric for the foliation. We illustrate this with two examples.

Example 5.1 (Chern-Simons, Example 2 in §6°). Consider S® as
the Lie group SU(2) with Lie algebra spanned by

SRS R

which gives a framing s of TS®. Let g, be the Riemannian metric on S® for
which the parallel Lie vector fields {u- X,Y,Z} are an orthonormal basis.
Let F denote the point-foliation of S®. Then [hi] € H3(RW3) and for each
u >0, we have A%, [hi] € H3(S*;R) =~ R.

d
Theorem 5.3 (Theorem 6.99). %|u:1 (A% 4. [m]) #0.

One expects similar results also hold for other compact Lie groups of
dimension 4k — 1 > 7, although the author does not know of a published
calculation of this.

Chern and Simons also prove a fundamental fact about the conformal
rigidity of the transgression classes, and as their calculations are all local,
the result carries over to Riemannian foliations:

Theorem 5.4 (Theorem 4.5°). The rigid secondary classes in codimen-
sion ¢ = 4k—1 are conformal invariants. That is, let (F, g) be a Riemannian
foliation of codimension q = 4k — 1 of the closed manifold M. Let s be a
framing of the normal bundle Q. Let u: M — R be a smooth function,
which is constant along the leaves of F. Define a conformal deformation of
g by setting g, = exp(p(t)) - g. Then for all [h; @ p;] € H*(RWy, dw) with
4iy +4|J|=q+1,

A% o [h @ py] = Ak y[hr @ ps] € H*(M;R)
Combining Theorems 5.1, 5.2 and 5.4 we obtain:

Corollary 5.1. The secondary classes of Riemannian foliations are con-
formal invariants.

A modification of the original examples of Bott® and Baum-Cheeger?
show that all of the variable secondary classes vary independently, by a
suitable variation of foliations.
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Example 5.2 (Lazarov-Pasternack®®). Let a = (ay,...,q) € R,
Let (x1,y1,%2,Y2, ..., %ok, Y2r) denote coordinates on R4k, and define a
Killing vector field X, on R* by
k
Xa = Z al{xza/ayz — yﬁ/axl}
i=1

Let ¢%: R* — R* be the isometric flow of X,, which restricts to an
isometric flow on the unit sphere S**~1, so defines a Riemannian foliation
F. of codimension q = 4k — 2 of S*1.

Let h; ® py satisfy 4i + 4|J| = 4k. Associated to p; A py is an Ad-
invariant polynomial ¢; ; on so(4k) of degree 2k. Let M — S*~1 denote
the bundle of orthonormal frames for the normal bundle to F,, for o near
0 € R?*. The spectral sequence for SO(4k — 2) — M — S*~1 collapses at
the E5°-term, hence H*(M;R) = H*(S*~1 R) ® H*(SO(4k — 2);R). Let
[C] € H*~1(M,R) correspond to the fundamental class of the base.

Theorem 5.5 (§§2 & 335). There ewists A # 0 independent of the choice
of p; N\ py such that

(al,...,agk)
al ...a2k

s Wi, J
(A%, glhi @ pJ],[C]) = - (17)

These examples are for ¢ = 4k — 2. Multiplying by a factor of St in
the transverse direction yields examples with codimension 4k — 1, and the
same secondary invariants. Hence, we have the following corollary, due to
Lazarov and Pasternack:

Corollary 5.2 (Theorem 3.63%). Let ¢ = 4k — 2 or 4k — 1. Evaluation
on a basis of H**1(RW,;dw) defines a surjective map

mak—1(BRU]) — R%" (18)
In particular, all of the variable secondary classes in degree 4k — 1 vary
independently.

Although not stated by Lazarov and Pasternack,?® these examples also
imply that all of the variable secondary classes for Riemannian foliations
vary independently, as stated in Theorem 42°.

19,30,34-36,53,54 ontain a more extensive collection of exam-

The papers
ples of the calculation of the secondary classes for Riemannian foliations.
We mention also the very interesting work of Morita®® which shows

there is an extended set of secondary invariants, beyond those described
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above. This paper uses the Chern-Weil approach of Kamber and Tondeur to
extend the construction of secondary invariants for Riemannian foliations to
include an affine factor in its transverse holonomy group. Moreover, Morita
gives examples to show these additional classes are non-zero for a natural
sets of examples, and hence for ¢ > 2, give further non-triviality results for
the homotopy type of FRI,.

6. Molino Structure Theory

The values of certain of the secondary classes for Riemannian foliations
can vary under an appropriate deformation of the underlying Riemannian
foliation. This raises the question, exactly what aspects of the dynamics of
F contributes to this variation? Molino’s Structure Theory for Riemannian
foliations provides a framework for studying this problem, as highlighted in
Molino’s survey.*?2 We recall below some of the main results of this theory,
in order to formulate some of the open questions. The reader can consult
Molino, 4! Haefliger,'®'” or Moerdijk and Mréun®® for further details.

Recall that we assume M is a closed, connected smooth manifold, (F, g)
is a smooth Riemannian foliation of codimension ¢ with tangential distri-
bution F' = TF, and that the normal bundle Q@ — M to F is oriented.

Let m: M — M be the bundle of oriented orthonormal frames for Q.
For x € M, the fiber 771 (z) = Fr1(Q,) is the space of orthogonal frames
of @, with positive orientation. The manifold Misa principal right SO(q)-
bundle. Set T = (x,¢) € M for e € Frt (Qz)-

The manifold M has a Riemannian foliation 7 , whose leaves are the
holonomy coverings of the leaves of F. The definition of F can be found
in the sources cited above, but there is an easy intuitive definition. Let X
denote a vector field on M which is everywhere tangent to the leaves of F,
so that its flow p;: M — M defines F-preserving diffeomorphisms. For each
x € M, t+ pi(z) defines a path in the leaf L through . The differential of
these maps induce transverse isometries Dyp: Qp — Qo () Which act on
the oriented frames of ), hence define paths in M. Given 7 = (z,e) € M ,
the leaf Eg is defined by declaring that the path ¢t — D.,¢;(e) is tangent
to L2 Tt follows from the construction that the restriction 7 : L2 — L of
the projection m to each leaf of Fisa covering map.

There is an SO(g)-invariant Riemannian metric g on TM such that F
is Riemannian. The metric g satisfies dr : TF — TF is an isometry, and
the restriction of g to the tangent space T'm of the fibers of 7 is induced
from the natural bi-invariant metric on SO(q). Then dr restricted to the
orthogonal complement (TF & Tr)% is a Riemannian submersion to Q.
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A fundamental observation is that F is Transversally Parallelizable
(TP). Let Diff (M, F) denote the subgroup of diffeomorphisms of M which
map leaves to leaves for .7-' not necessarily takmg a leaf to itself. The TP
condition is that Diff (M F) acts transitively on M.

Given 7 = (z,e) € M, let L% denote the closure of the leaf L, in M, and
let L denote the closure of the leaf L% in M. For notational convenience,
we set N, = L_Q and N; = L_g Note that the distinction between N, C M
and Nz C M is indicated by the basepoint.

Theorem 6.1. Given any pair of points T,y € ]/\4\, there is a diffeo-
morphism ® € Diff (M\ , .7?) which restricts to a foliated diffeomorphism,
®: N3z — Ny. Hence, given any pair of points x,y € M, the universal cov-
erings of the leaves L" and L’; of F are diffeomorphic and quasi-isometric.

This is a key property of Riemannian foliations, and is used to establish the
general Molino Structure Theory, which gives a description of the closures
of the leaves of F and F.

Theorem 6.2 (Molino®41). Let M be a closed, connected smooth man-
ifold, and (F,g) a smooth Riemannian foliation of codimension q of M.
Let W = M/F be the quotient of M by the closures of the leaves of F, and
T: M — W the quotient map.

(1) For each T € ]/\4\, the closure N3 of Eg is a submanifold of M.

(2) The set of all leaf closures Nz defines a foliation g of]\//f with all leaves
compact without holonomy.

(3) The quotient leaf space W is a closed manifold with an induced right
SO(q)-action, and the induced fibration T : M — W is SO(q)-
equivariant.

(4) W is a Hausdorff space, and there is an SO(q)-equivariant commutative
diagram:

L
M 5w
T | | 7
T
M — W

The second main result of the structure theory provides a description
of the closures of the leaves of F and F, and the structure of F|Nz.
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Theorem 6.3 (Molino®41). Let M be a closed, connected smooth man-

ifold, and (F,g) a smooth Riemannian foliation of codimension q of M.

(1) There exists a simply connected Lie group G, whose Lie algebra g
18 spanned by the holonomy-invariant vector fields on Nz transverse
to ]-" such that the restricted foliation F of N3 is a Lie G-foliation
with all leaves dense, defined by a Maurer-Cartan connection I1-form
wgc :TN; — g.

(2) Let pi: (Nz,%) — G be the global holonomy map of the flat connec-
tion w . Then the image ./\/'A C G of pz is dense in G.

7. Some open problems

Theorems 6.2 and 6.3 suggest a number of questions about the secondary
classes of Riemannian foliations. It is worth recalling that for the example
constructed in the proof of Theorem 4.3 of a Riemannian foliation for which
the characteristic map is injective, all of its leaves are compact, and so the
structural Lie group G of Theorem 6.3 reduces to the trivial group. For this
example, all of the secondary classes are integral.

The first two problems invoke the structure of the quotient manifold
W = M/& and space W = M/F.

Problem 7.1. Suppose that foliation F of M by the leaf closures of F is
a non-singular foliation. Show that all secondary classes of F are rational.
In the case where every leaf of F is dense in M, so W reduces to a point,
are the secondary classes necessarily integral?

In all examples where there exists a family of foliations for which the sec-
ondary classes vary non-trivially, the quotient space W is singular, hence
the action of SO(g) on W has singular orbits. The action of SO(q) thus
defines a stratification of . (See?® for a discussion of the stratifications
associated to a Riemannian foliation, and some of their properties.)

Problem 7.2. How do the values of the secondary classes for a Rieman-
nian foliation depend upon the SO(q)-stratification of W ? Are there condi-
tions on the structure of the stratification which are sufficient to imply that
the secondary classes are rational?

The next problems concern the role of the structural Lie group G of a
Riemannian foliation F.
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Problem 7.3. Suppose the structural Lie group G is nilpotent. For exam-
ple, if all leaves of F have polynomial growth, the G must be nilpotent.% ¢
Show that all rigid secondary classes of F are rational.

All of the known examples of families of Riemannian foliations for which
the secondary classes vary non-trivially are obtained by the action of an
abelian group R?, and so the structural Lie group G is necessarily abelian.
In contrast, one can ask whether there is a generalization to the secondary
classes of Riemannian foliations of the results of Reznikov that the rigid
secondary classes of flat bundles must be rational.??:%!

Problem 7.4. Suppose the structural Lie group G is semi-simple with real
rank at least 2, without any factors of R. Must the values of the secondary
classes be rigid under deformation? Are all of the characteristic classes of
F are rational?

Problem 7.5. Assume the leaves of F admit a Riemannian metric for
which they are Riemannian locally symmetric spaces of higher rank.>%°”

Must all of the characteristic classes of F be rational?

The final question is more global in nature, as it asks how the topology
of the ambient manifold M influences the values of the secondary classes
for a Riemannian foliation F of M. Of course, one influence might be that
the cohomology group H*(M;R) = {0} where ¢ = deg(h; ® p;), and then
Ar(hr ® py) = 0 is rather immediate. Are there more subtle influences,
such as whether particular restrictions on the fundamental group m (M)
restrict the values of the secondary classes for Riemannian foliations of M7

Problem 7.6. How does the topology of a compact manifold M influence
the secondary classes for a Riemannian foliation (F, g) with normal framing
sof M?

There are various partial results for Problem 7.6 in the literature,34-36:54

but no systematic treatment. It seems likely that an analysis such as in
Ghys'? for Riemannian foliations of simply connected manifolds would yield
new results in the direction of this question.
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1. Introduction

A smooth foliation is a partition of a smooth manifold M as the union of
immersed p-dimensional submanifolds called leaves; it is defined by a cover
of M by open balls U; and diffeomorphisms ¢; : U; — BP x BY such that
every leaf intersects U; in a countable union of sets of the form ¢; ' (BP x{-})
called plaques. We denote by

pj 0 0; (@i ti) = (w5 = wji (@i, ta), 15 = 15 (L))

the change of coordinates.

Garnett initiated the theory of harmonic measures®

(see also?3) on
a foliation equipped with a smooth Riemannian metric ds? on its tangent
bundle. Denote by Az the Laplacian associated to ds? along the leaves of F:
a harmonic measure is a probability measure m on M verifying A rm = 0 in
the weak sense, i.e. [ Az fdm = 0 for any smooth function f on M. Garnett
proved that such measures always exist, and moreover, she developped an
ergodic theory for such measures, in connexion with the foliated Brownian
motion.
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In this work?®, a foliation will be called uniquely ergodic if on any min-
imal closed F-saturated subset is supported a unique harmonic measure.
In the sixties, Furstenberg’ gave an example of a diffeomorphism of the
2-torus, with dense orbits, and with uncountably many invariant measures.
By suspending such a diffeomorphism, one obtains an example of a foliation
with dense leaves and uncountably many transverse invariant measures.

A transverse invariant measure for F is a family of Radon measures v;
on the ball B?, such that (¢;;).v; = v; where t;; is defined. This notion
has been introduced'? by Plante. Such a family of measures gives rise to
a harmonic measure by forming their product with the leafwise volume.
The harmonic measures obtained by this contruction are called totally in-
variant. For instance, by suspending Furtenberg’s example of a minimal
non-uniquely ergodic diffeomorphism, all the harmonic measures are to-
tally invariant.

When a foliation does not carry any transverse invariant measure, the
transverse dynamics is richer, and non unique-ergodicity is much less likely
to happen. For instance, unique ergodicity is known in the following cases:

o transversally conformal foliations without any invariant measure, see.*

e homogeneous foliations whose leaves are the orbit of a locally free action
of the affine group (i.e. M = G/T" where I is a lattice of a Lie group,
and the foliation is given by the orbit of the left action of a copy of the
affine group in G). This fact is a consequence of a combination of the
work of Ratner!?® and of Petite.!!

e the suspension of a representation of the fundamental group of a com-
pact manifold in SL(d+ 1, R) acting by projective transformations are
uniquely ergodic,'? as soon as the representation is contracting and
irreducible.

Petite,'t however, has constructed minimal laminations with several non
totally invariant harmonic measures using tilings of the hyperbolic plane.
Our goal is to provide smooth examples of this kind: we construct a smooth
foliation by Riemannian surfaces of a 5-dimensional manifold, with dense
leaves, and with uncountably many non totally invariant ergodic harmonic
measures.

We also provide examples in the holomorphic world: we construct a
non uniquely-ergodic (but not minimal) holomorphic foliation by curves of

2Usually, unique ergodicity means that there is a unique harmonic measure. However we
prefer to allow the existence of several minimal sets.
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a compact complex manifold, without any transverse invariant measure.
These examples contrast with the unique ergodicity phenomenom occuring
for (complex) codimension 1 foliations (see©).

2. The construction

Let M € SL(2,Z) be a hyperbolic matrix, i.e. it has two eigenvalues 0 <
a <1< B. Let (a1,az2) and (b1, b2) be eigenvectors corresponding to o and
(3, i.e. we have the relations

aaq + bay = aay, cay + day = aas

aby + bby = (b1, cby + dbs = [bs

where a, b, c,d are the coefficient of M. Let H be the upper half-plane,
whose elements are the complex numbers w with positive imaginary part.
Consider the group G generated by the following diffeomorphisms of the
product H x R:

go(w, z) = (aw, Bz) ,

gi(w,z) = (w+a;,z+b;), i=12.

The subgroup G’ of G generated by g1 and gs preserves each fiber of the
fibration by planes

R2 - HxR "™ (0,00),
and acts by a discrete lattice of translations on them. Thus the action of
G’ is free and discontinuous, and the quotient G'\H x R is a torus bundle
over (0,00), which is naturally diffeomorphic to T? x (0, 00), where T? is
the quotient of R? by the translations (z, 2) — (z+a;, z+b;), i = 1,2. The
relations

googiogy =gfogsand gyogaogy =giogs

show that the group G’ is normal in G. The element gg acts on the quotient
G"\H x R = T? x (0, 00) by a linear automorphism on the first factor, and
multiplication by a on the second. Thus the action of G on H x R is free,
discontinuous and cocompact; one of its fundamental domains is T? x [a, 1].
We will denote by

e F the foliation of H x R defined by dz = 0; it is invariant by the group
G.



39

o (T? x (0,0), F) the quotient of (H x R, F) by G".
e (M, F,) the quotient of (H x R, F) by G.

Let ds? = hlfzﬂ), be a Riemannian metric on the leaves of F: it is invariant
under the group G. We denote by ds? the induced metric on the leaves of
F and Fy.

Let N be a compact smooth manifold and ® : N — N be a diffeomor-
phism. We denote (Ng, Fs) the quotient of the product T2 x (0,00) x N,
together with the product foliation F x {-}, by the map (go, ®). This is a
compact foliated manifold fibering over (M, F,) with fiber N. The Rieman-
nian metric on the leaves of Fg induced by g¢ is still denoted by g. Recall

that a subset of Ng is Fe-saturated if it is a union of leaves.

Lemma 2.1. To a ®-invariant closed subset F' of N, we associate the Fg-
saturated closed subset of Ny defined as the quotient of T? x (0,00) x F
by (go, ®). This is a bijection between the ®-invariant closed subsets of N
and the Fg-saturated subsets of Ng. In particular, if all the orbits of ® are
dense, all the leaves of Fg are also dense.

Proof. Let M be a Fg-saturated closed subset of N, and M its pullback
to T? x (0,00) x N. It is a closed F x {-}-invariant subset. Since F intersects
aset T2 x {-} of T? x (0,00) on a linear irrational foliation of the 2-torus,
every leaf of F is dense in T2 x (0,00). Thus M must be of the form
T? x (0,00) x F, where F is a closed subset. The set F' must be ®-invariant
for M to be Fgp-saturated. O

The form fdz is go-invariant on T? x (0, 00) if and only if fo gy = af.
For instance, the form

w =Im(w) dz

is go-invariant and vanishes on F. Denote by vol the volume form corre-
sponding to ds? on the leaves, and by V = vol A w the volume form on
T? x (0,00): both of them are go-invariant. The following result is a conse-
quence of Petite’s work;!! however we have preferred to give an independent
proof of it in our particular situation.

Lemma 2.2. The harmonic measures on Fg are the images of measures
of the form V@ u on H x R x N, where u is a ®-invariant measure.

Proof. Let us prove that if p is a ®-invariant measure, V ® u defines a
harmonic measure for Fg. First it is invariant by the group H generated
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by G’ x {id} and by the transformation (go, ®). Consider the coordinates
(w,z,p) of H x (0,00) x N. We have

V ® p = Im(w) voly ® (dz @ dp) .

Because Im(w) is harmonic on the leaves of F, V ® p is harmonic, by
Garnett’s desintegration lemma.® Moreover, it is invariant by the group H,
so it defines a harmonic measure on the quotient H\H x R x N.

The converse is harder. Let m be a harmonic measure on Fg. It can be
pushed to a harmonic measure m’ on the foliation F, of go\T? x (0, c0).
By*?, since F, does not carry any invariant measure, and since all leaves
are dense, we know that F, has a unique® harmonic measure. This measure
is necessarily the volume form V.

Let m be the Radon measure on H x (0, 00) X N, obtained as the ”pull-
back” of the measure m. By Garnett’s decomposition lemma,’

m = @vol Adv(z,p),

1

where v is a Radon measure on R x N, and ¢ € L; .(vol ® v) is a non

negative measurable function, harmonic on v-a.e. leaf of F x {-}. Moreover,
we can suppose that o(v/—1,z,p) = 1. Let I be a compact interval in R,
and fr: R x (0,00) — (0, 00) the function

fr(w) :/I ng(w,z,p) dv(z,p) .

It is harmonic. Because m is mapped to V' by the projection (w, z,p) —
(w, z), we have f; = cst - Im(w). But the harmonic function Im(w) is ex-
tremal in the cone of positive harmonic function on the upper half-plane,
so that for v a.e. (z,p)

p(w, z,p) = Im(w) .

Recall that v is mapped by (z,p) — 2z to the Lebesgue measure dz.
By Fubini’s theorem, there is a family of probability measures p, on N,
depending measurably on z, such that

V:/uzdz.

The map (z, z) — . is invariant by the translations (z, 2) — (z+a;, 2+b;),
i = 1,2. It induces a measurable map from T2 to the space of probabil-
ity measures on N which is constant on the irrational foliation defined by

PIn?, Garnett only stated this statement for the stable folation of the geodesic flow of a

compact surface of curvature —1; however, her proof also works for the foliation Fj.
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dz4 = 0. Because this foliation is ergodic with respect to the Lebesgue mea-
sure, . = p is constant for almost every point z with respect to Lebesgue
measure. The measure p is ®-invariant since 7 is invariant by (go, ®). O

Recall that Furstenberg” has shown that there is an analytic diffeomor-
phism ® of the 2-torus T2, whose orbits are dense, but with uncountably
many invariant measures. Lemmas 2.1 and 2.2 show that the foliation Fg
of the 5-manifold Ng satisfies the conclusions of the abstract.

It is possible to make a slightly different construction in the holomorphic
world. We follow the construction of p. 174'. Let M = (m;;) € SL(3,Z)
be a matrix with one real eigenvalue a@ > 1, and two complex conjugate
eigenvalues 3 and 3 with modulus |3| = |3| < 1. Let (ai,a2,a3) be a real
eigenvector of M corresponding to a and (by, bs,b3) an eigenvector of M
corresponding to (3. Since (a1,az,as), (b1,be,b3) and (b, by, b3) are inde-
pendent over C, the vectors (a1,b1), (ag2,bs) and (as,bs) are independent
over R.

Let N be a compact complex manifold and ¥ be a complex automor-
phism of N. Let G be the group of automorphisms of the product CxH x N
generated by the maps

go(w, z,p) = (aw, Bz, ¥(p))

gi(w7z7p):(w+aiaz+biap)7 Z:13273

These transformations preserve the holomorphic foliation F defined by
{w = cst, p = cst}. As before, the group G acts freely, properly and
discontinuously on C x H x N. The quotient is denoted by Ny, and the
quotient of F by Fy. Lemmas 2.1 and 2.2 also work for the foliation Fy.

It is not known wether there exists an automorphism of a compact com-
plex manifold with every orbit dense, but with several invariant measures.
However, if we choose ¥ to be a hyperbolic linear automorphism of a torus,
it is possible to find a minimal closed W-invariant subset supporting sev-
eral W-invariant measures. The foliation Fg has an Fy-saturated subset
carrying several harmonic measures.

3. Questions

e Let F be a smooth foliation of a compact manifold, and ds?, i = 1,2 be
Riemannian metrics on the leaves. Is it true® that the convex compact

©There is an example® of a smooth codimension 1 foliation of a compact 3-manifold with
the following properties:
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subset of harmonic measures for ds? and ds3 respectively are image of
each other by an affine automorphism of the space of finite measures?
This is true for transversally conformal foliations,* in which case the
compact subsets of harmonic measures are simplex of the dimension
given by the number of minimal closed F-saturated sets.

e Does there exist a non uniquely-ergodic foliation by surfaces of a 4-
manifold, which does not carry a transverse invariant measure?
e [s there a holomorphic foliation by curves of a complex projec-
tive/Kéhler manifold which is not uniquely ergodic?
e [s there a biholomorphism of a compact complex manifold with every
orbit dense and more than one invariant measure?
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— it has dense leaves
— it does not carry any transverse invariant measure
— there is a Riemannian metric g on the leaves which is smooth on the leaves and

continuous transversally, such that there are several A -harmonic measures.

This contrast with the fact that if the metric is transversally Holder, then there is a
unique harmonic measure.* Hence one has to suppose that the metrics ds? are at least
transversally Holder for this question to have a positive answer.
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group of C" diffeomorphisms Diff"(M") (1 < r < oo, r # n + 1) of the
compact connected n-dimensional manifold M™ with handle decomposition
without handles of the middle index n/2. More precisely, for any elements f
and g of such Diff"(M™)g \ {id}, f can be written as a product of at most
16n + 28 conjugates of g or g~ !, which we denote by f € (Cy)167*28. We have
better estimates for several manifolds. For the n-dimensional sphere S™, for
any elements f and g of Diff"(S™)o \ {id} (1 <r < oo, r #n+1), f € (Cy)12?,
and for a compact connected 3-manifold M3, for any elements f and g of
Diff" (M3)o \ {id} (1 <r < oo, 7 #4), f € (Cg)*.

Keywords: Diffeomorphism group, uniformly perfect group, uniformly simple
group, commutator subgroup
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1. Introduction

In 1947, Ulam and von Neumann?? announced the following theorem.

Theorem 1.1 (Ulam-von Neumann??2). The group of orientation pre-
serving homeomorphisms of the 2-dimensional sphere S? is a simple group.
Moreover there is a positive integer N such that for any orientation pre-
serving homeomorphisms f and g of S%, f can be written as a product of
N conjugates of g if g is not the identity.

In 1958, Anderson! showed the following theorem.

Theorem 1.2 (Anderson'). Let Homeo(S™)y denote the identity compo-
nent of the group of homeomorphisms of the n-dimensional sphere S™. For
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n =1, 2, 3 and for elements f and g € Homeo(S™)o\{id}, f can be written
1

as a product of at most 6 conjugates of g or g—".

In 1960, Fisher® showed that for a compact connected manifold M™ of
dim n < 3, Homeo(M™) is a simple group.

Here, a group G is said to be simple if G contains no nontrivial proper
normal subgroups. Equivalently, G is simple if, for f € G and g € G \ {e},
f can be written as a product of conjugates of g or g~ *.

In 1970, Epstein®? showed that for certain groups such as the group
of C" diffeomorphisms (r < oo) where we can apply the fragmentation
technique, the perfectness implies the simplicity.

Here a group G is said to be perfect if the abelianization of G is a trivial
group. Equivalently, G is perfect if any element of G can be written as a
product of commutators.

For a manifold M™, let Diff"(M™) denote the group of C" diffeomor-
phisms of M™, and Diff] (M™), the group of C" diffeomorphisms of M™
with compact support (1 < r < o). Here the support supp(f) of a diffeo-
morphism f of M™ is defined to be the closure of {xz € M™ | f(x) # x}. Let
Diff"(M™)p and Diff(M™)y denote the identity components of Diff"(M™)
and Diff],(M™) with respect to the C" topology, respectively.?

Herman-Mather-Thurston?7:1%:1115 showed the perfectness of the iden-
tity component Diff (M ™) of the group of C" diffeomorphisms (1 < r < oo,
r # n+ 1) of an n-dimensional manifold M™ with compact support, which
implies the simplicity of the group when M™ is connected.

For g € G, let Cy denote the union of the conjugate classes of g and of
g~1. Then G is simple if G = (J,—,(Cy)* for any element g € G \ {e}. For
a simple group G, we can define an interesting distance function on the set
[Cy | g€ G\ {e}} by

d(Cy,Cy) =logmin{k | Cy C (Cy)* and C, C (Cy)"}.

Definition 1.1. We say that G is uniformly simple if there is a positive
integer N such that, for f € G and g € G\ {e}, f can be written as a
product of at most N conjugates of g or g=1: G = Uszl(Cg)k.

In other words, G is uniformly simple if the distance function d on
{Cy | g € G\ {e}} is bounded.

There are simple groups which are not uniformly simple. For example,
the direct limit A, of the alternate groups A, the identity component of
the group of volume preserving diffeomorphisms with compact support of
R"™ (n > 3), etc.
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If an infinite group is uniformly simple, then it is uniformly perfect.
Here a group G is said to be uniformly perfect if there is a positive integer
N such that any element f € G can be written as a product of at most N
commutators. By using the results of Herman-Mather-Thurston,27-10-11,15
we showed?! the uniform perfectness of Diff"(M™)g (1 <r < oo, 7 #n+1)
for the compact n-dimensional manifold M™ with handle decomposition
without handles of the middle index n/2.

We show in this paper, the uniform simplicity of the identity component
Diff"(M™)p (1 <r < oo, r #n+ 1) of the group of diffeomorphisms of the
compact connected n-dimensional manifold M™ with handle decomposition
without handles of the middle index n/2. This uniform simplicity (in par-
ticular, the estimates on the number of conjugates) follows from certain
improvement of the proof in?! of the uniform perfectness of Diff"(M™),
(see also Remark 3.3).

Our results in this paper are as follows.

Theorem 1.3. For the n-dimensional sphere S™ (n > 1), for any elements
fand g of DIf"(S™)o \{id} A1 <r<oo,r#n+1), f can be written as a

product of at most 12 conjugates of g or g *.

For a handle decomposition, let ¢ be the order of the set of indices
which appears as the indices of handles in the handle decomposition. In
the following theorems, for a manifold M™, ¢(M™) denotes the minimum
of such numbers ¢ among the handle decompositions of M™ without the
middle index n/2 (if n is even). Of course, ¢(M™) < n + 1.

Theorem 1.4. Let M?™ be a compact connected (2m)-dimensional man-
ifold with handle decomposition without handles of index m, then for any
elements f and g of Diff"(M?>™)g \ {id} (1 <r <oo,r#2m+1), f can

be written as a product of at most 16c(M?>™) + 8 conjugates of g or g~ *.

Theorem 1.5. Let M*™ L be a compact connected (2m + 1)-dimensional
manifold, then for any elements f and g of Diff"(M?*™ 1)\ {id} (1 <r <
00, 7 #2m+2), f can be written as a product of at most 16¢(M>"+1) 412

conjugates of g or g~ *.

Since ¢(M™) < n+ 1, we have the following corollary.

Corollary 1.1. Let M™ be a compact connected n-dimensional manifold
with handle decomposition without handles of index n/2. For any elements
fand g of DIff"(M™)o \{id} (1 <r < oo, r#n+1), f can be written as

a product of at most 16n + 28 conjugates of g or g~ *.
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In many cases, we have a better estimate on the number of conjugates.
In particular, for a compact connected 3-dimensional manifolds M3, we
have the following.

Corollary 1.2. Let M3 be a compact connected 3-dimensional manifold.
For any elements f and g of Diff"(M?3)o \ {id} (1 <r <oo,r#4), f can

be written as a product of at most 44 conjugates of g or g~ *.

In Section 2, we review the results of our previous paper?!

and give
the necessary improvement. In Section 3, we give the proofs of theorems.
There we also remark that for the n-dimensional sphere S™, any element f €
Diff (§™)¢ can be written as a product of 3 commutators, and for a compact
(2m+1)-dimensional manifold M?™+! any element f € Diff(M?™+1)y can

be written as a product of 5 commutators.

2. Uniform perfectness of diffeomorphism groups

In Theorem 4.1%!, we showed the following.

Theorem 2.1 (Tsuboi?!). Let M™ be the interior of a compact n-
dimensional manifold with handle decomposition with handles of indices
not greater than (n — 1)/2, then any element of Diff.(M™)y (1 < r < oo,
r#n+1) can be written as a product of two commutators.

To discuss the uniform simplicity, we use an improvement of this the-
orem. In the proof of this theorem, we used a nice Morse function on
M" to find a k-dimensional complex K* differentiably embedded in M"
(k < (n —1)/2) which is a deformation retract of M™, and an isotopy
{Hi}ieo,1) (Ho = id) with a neighborhood V' of K* such that (Hy)’(V)
(j € Z) are disjoint. We will use the Morse function on M™ and the asso-
ciated handle decomposition to show the following theorem.

Theorem 2.2. Let M™ be the interior of a compact n-dimensional man-
ifold with handle decomposition with handles of indices not greater than
(n —1)/2. Let ¢ be the order of the set of indices appearing in the handle
decomposition. Then any element of Diff_(M™)g (1 <r <oo,r#n+1)
can be written as a product of two commutators. Moreover, if M™ is con-
nected, any element of Diff.(M™)o can be written as a product of 4c + 1
commutators with support in balls.

To prove Theorem 2.2, we review the Morse functions and handle de-

compositions. Before the beginning of the proof of Theorem 2.2, let f denote

a Morse function and we fix notations as in2!.
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Let f : M™ — R be a Morse function on a compact connected n-
dimensional manifold M™ such that f(M™) = [0,n], the set of critical
points of index k is contained in f~1(k) (k =0, ..., n) and f~1(0) and
f~1(n) are one point sets.

Put Wi, = f~1([0,k + 1/2]), and then this W} is a compact manifold
with boundary OWy, = f~!(k+1/2). Let c¢; be the number of critical points
of index k. Then the manifold W}, is diffeomorphic to the manifold obtained
from Wy_1 by attaching ¢, handles of index k (k =0, ..., n). This means
the following.

Let D* x D" * be the product of the k-dimensional disk D* and the
(n — k)-dimensional disk D"~*. Let ; : (0D*) x D" % — OW),_; (i = 1,
..., ¢) be diffeomorphisms with disjoint images. Let

Cr
Wi = Wi U, o, L0 x 00,
i=1
be the space obtained from the disjoint union Wj_q U ||, (D¥ x D"=F),
by identifying

z € ((0D*) x D" %), c (D* x D"7F);

with goi(x) € OWi_1 C Wi_1.

In this paper, we consider that W) is a submanifold with corner of Wy
and Wy, \ W} is diffeomorphic to 0Wy x (—o0,k + 1/2] (which is shown
by using the flowlines of the gradient flow ;). The handles (D* x D"~F),
(=1, ..., c) of index k are contained in the interior of Wy. Then we have
the sequence

Dr=WocW/cWyCc---CW,CcWyC---CW =W, =M".

By choosing a Riemannian metric on the manifold M™, the Morse func-
tion f defines the gradient vector field and the gradient flow ¥;. The fixed
points of the gradient flow ¥, are precisely the critical points of f. The
core disk and the co-core disk of a handle of a handle decomposition of M™
correspond to the local stable manifold and the local unstable manifold of
the corresponding fixed point p of the gradient flow ¥, respectively.'3:14
Let ef and ¢/7~% denote the global stable manifold and the global unsta-
ble manifold, respectively, for the fixed point p of ¥; which is a critical
point of index k of f. Then e¥ and /7~ are diffecomorphic to R* and
R"F respectively. Then we know that the global stable manifolds and the
global unstable manifolds of fixed points of ¥; form the cell decomposition
Ur_o U™, e and the dual cell decomposition (Ji_, S, €/7™* of M™, re-
spectively.'® The dual cell decomposition is the cell decomposition for the
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Morse function n— f. Consider the k-skeleton X (%) of the cell decomposition
and the (n — k — 1)-skeleton X’("=*=1) of the dual cell decomposition:

x(B) — U Uej and  X/(n—k=1) _ U Uem—j.
j<ki=1 jok41i=1
X&) and X'(m=k=1) are compact sets. The boundary Wy, of Wy, is trans-
verse to the gradient flow ¥;, and hence M \ (X*) U X'(»=k=1)) ig diffeo-
morphic to W}y x R by the map

Wi x R (2,t) — Wi(x) € M\ (X® y x/ (k1)

Moreover @;(OW},) converges to X *) as t — —oo and to X'(""F=1) as

t — oo. Hence, M \ X'("~#=1) is diffeomorphic to the interior int(1}) of
Wi and X *) is a deformation retract of both Wy and M \ X'(»~k=1).

X® cint(Wy,) € Wy, ¢ M\ X/(n=k=1D),

Hence we call X ) the core complex of Wj.

The core disks (D* x {0}); is in the stable manifold for the gradient
flow W, of the critical point ({0} x {0}); of index k. We may consider the
flow ¥; on the handle (D* x D"~F); of index k is in the form of a direct
product of linear flows. Then the stable manifold e is written as

b= U wm@{ohy) or k= [ J @w(D*xDH)).

te(—o0,0] TE(—00,0] tE(—00,T]

Using the gradient flow W, for any neighborhood V of X®*) and for
any compact subset A in int(Wj), we can construct an isotopy {G: :
int(Wx) — int(Wyg) }1eo,1] with compact support such that Go = iding(w, ),
G| X*® =idyw (t €[0,1]) and G1(A) C V. A similar statement is true
for X®) ¢ M\ X/(n—k=1),

We prove the following lemma which is the core complex version of
Lemma 4.3%L.

Lemma 2.1. Let M™ be a compact n-dimensional manifold. Let X¥) be
the k skeleton of the cell decomposition associated with a Morse function
on M™. Let L be a compact set which is a union of finitely many images
of R® (s < {) under differentiable maps. If k + ¢+ 1 < n then there is an
isotopy {Fy : M™ — M"}ici01) (Fo = 1id) such that Fy(X®)N L = 0.

Proof. We construct the isotopy Fy, skeleton by skeleton. Assume that for
u < k — 1, there is an isotopy {F}*}+ejo,1) (Fo' = id) such that FHX®yn
LY = (. Then there is a neighborhood U,, of X(*) such that F*(U,)NL¢ = 0.
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Let u + 1 < k. Since the number of (u + 1)-dimensional cells of X (*)

is cy41, there is a negative real number 7,41 such that, for the (u + 1)-
dimensional cells e*** (i = 1, ..., ¢g) of X®) W, ((9D*tx D"~u~1),) C

A Tu+1
U,. Since there are only finitely many handles of index u + 1, we can take
Tu+1 uniformly on 7.

We define F**! with support in (J{“4' &, (D" x D"~%~1);). Note

Tut1
that
Cut1
U Zr (D" x D™ h)y) (€ Wiyy)
i=1

_— ((8Du+1 XDn—u—l)i) C
Uy, there is a disk (D"**! x {0}); C (int(D“*1) x {0}); such that

is a union of disjoint closed balls in M™. Since ¥.

e, (DU int(D"41)) x D" 1)) € U,
Hence
Cu++1
XU L | O (it(D™F) x {0}),).
=1

We have the projection

p=projyo¥_, . ¥, (D" x D" 1)) — D"u L
Since p(¥r,,, (D" x D"=“~1),) N L) is a finite union of images of R’

(s <l <n—k—1<mn—u—2)under differentiable maps, it is a measure zero
subset of D"~%~1 and since L’ is compact, it is a nowhere dense subset of
D"~ Take a point ¢ close to 0 in the complement of

P(Wr, (D" x D7) N L),

Let {F/"'}epa (Fg™' = id) be the isotopy with support in
Uit e, (D x D™u=1),) such that
Ftqul(ngqul (ﬁ, O)) = W‘Fu+1 ({E, tﬂ(w))

for ¥, (x,0) € (D! x D"~*~1);), where p : int(D'*T!) — [0,1] is a
C* function with compact support such that u(z) = 1 for z € D"*+! C

int(D’'“*1) such that

e, (D \ it (D7) x D1 C U,
and
XD AL AW, (DU x D)) € W (D7 % {0)),).

Thus we obtain an isotopy {F}*"'},c[0,1] such that F{*™ (X +Dyn L = 0.
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Then we define F; to be the composition of Ff, ..., FP. O

Remark 2.1. Note that the support of the isotopy {F}*};c[0,1] is contained
in a disjoint union of balls, hence it is contained in a larger embedded ball
V. Note also that we can choose F}* which is a commutator with support in
the ball. It is because we can take a ball V! C V! C V,, which contains the
support of the isotopy {F}'}+c[0,1), and choose an element o € Diff (V)
such that a(V/) NV/ = 0 and (V) N X = (§, Then Fia(Fp) ‘o™
coincides with Fj* on X %),

Proof of Theorem 2.2. By applying Lemma 2.1 to the core complex X (¥)
of M™ with respect to X *) itself, there is an isotopy {F}}icjo,1) (Fo = id)
such that Fy (X®)) N X®*) = ). Then there is a neighborhood W of X (¥)
such that W N Fy (W) = (). By using the gradient flow, we can construct
an isotopy {Gi}iepo,1) (Go = id) such that Gi(Fy(W)) C W. Then for
g=GioF and U = W\ G1(FL(W)), ¢(U) (j € Z) are disjoint (see
Lemma 4.5%1).

Note here that F}; = Ff o--- o F{ is a product of ¢ commutators with
support in balls by Remark 2.1, where F} = id if there are no handles of
index u.

On the other hand, G is defined by using the gradient flow. However, G
can also be written as a product of isotopies with support in neighborhoods
of

(D“x D" ) u ) ®w((D*x0oD""))
t€[0,00)

which shrink these sets to the core disks (D* x {0});, where i = 1, ...,
cu; w = 0, ..., k. These neighborhoods are balls and the product G} of
these isotopies for the handles of the same index u is with support in a
disjoint union of balls. Hence it is also supported in a larger embedded ball.
By an argument similar to that in Remark 2.1, G} can be replaced by a
commutator with support in the ball without changing G%|(Fy(W). Hence
G1 = GY%0---0GY¥ is also a product of ¢ commutators with support in balls.

Now any element f € Diff.(M™)y (1 < r < 00, r # n+1) is conjugate to
an element with support in U by an isotopy constructed from the gradient
flow ¥;. We may assume that the support of f is contained in U.

By the results of Herman-Mather-Thurston,? 7101115 f can be written
as a product of commutators such that the support of each commutator is
contained in an embedded ball.
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Hence we can write f = [a1,b1] - - - [ak, bi|, where the supports of a; and
b; are contained in a ball V; in U. We put

k

H=T1]d""(lar,br] -+ [as, b)) g" ",
i=1

where g = Gy o Fy. Then H is an element of Dift].(M™)q and
H™'gHg ! = ([a1,b1] - [ak, be]) ™ H 9" " ait1, bipa]g ™"
= H 9" air1, bipalg ™"

= Hg’“ "ai11g"" Hgk "bipag' "]

k-1 k—1

By putting A = H ¢*ai19°F and B = H " bis19"F, f can be
i=0 i=0

written as a product of two commutators: f = [A, B][g, H }].

Now, note that the supports of A and B are contained in a disjoint union
Ule g(V;) of balls g(V;). Thus the supports of A and B are contained in a
larger embedded ball.

Since F; and (G; can be written as products of ¢ commutators with
support in balls, g = G710 F; can be written as a product of 2¢ commutators
with support in balls and [g, H~!] = g(H '¢g~'H) can be written as a
product of 4¢ commutators with support in balls. Thus f can be written as
a product of 4c + 1 commutators with support in balls. O

Remark 2.2. In many cases, we can construct Fy such that (Fy)7(W)
(j € Z) are disjoint. In this case, we use F; and W in the place of g and U,
and f is written as a product of 2c + 1 commutators with support in balls.
In particular, for a 3-dimensional handle body H?, this is the case, where
¢ = 2. Hence any element of Diff],(H?)y (1 <1 < oo, r # 4) can be written
as a product of 5 commutators with support in balls.

3. Uniform simplicity of the diffeomorphism groups

First we review how the perfectness of Diff’(R")o implies the simplicity
of Diff,(M™)o for a connected manifold M. That is, we have the following
lemma which is now well known.
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Lemma 3.1. Let M™ be a connected n-dimensional manifold. Let g be a
nontrivial element of Diff,(M™)o. Assume that f € Diff,(M™)o is written
as a product of commutators [a;,b;] (i =1, ..., k): f =la1,b1] - [a, b],
where a; and b; are with support in an embedded ball U; C U; C M"™. Then

f can be written as a product of 4k conjugates of g and g~ .

Proof. Since g is a nontrivial element of Diff], (M™)g, there is an open ball
U C U C M" such that g(U) N U = . Then any commutator [a,b] in
Diff/ (U)o can be written as a product of 4 conjugates of g or g—*. For, if
a, b € Diff’, (U)o, then by putting ¢ = g~ lag, we have cb = bc and

aba='b~! = gcg~lbgc g bt
=gcg e tebge b bg 0L
=gleg~ e (bege™ 07 1) (bg ™Mb,

Now for f = [a1,b1] - [ak, by, there are balls U; such that supp(a;),
supp(b;) C U;. By the ball theorem, there is a diffecomorphism h; €
Diff"(M™)q such that h;(U;) = U. Since h;[a;, b;jJh; ~! is with support in U,
it can be written as a product of 4 conjugates of g or g~': h;[a;,b;|h; 7! €
(Cy)*. Hence [a;,bi] € (Cy)* and f = [a1,b1] - [ak, bi] € (Cy)*F. |

Before proving Theorem 1.3, we give a remark which makes a better
estimate on the number of commutators than our previous one (Theo-
rem 5.221).

Remark 3.1. In Theorem 5.2%!, we showed that any element f € Diff(S™),
can be written as a product of 4 commutators. However, we can in fact write
f € Diff(S™)o as a product of 3 commutators with support in embedded
balls. The reason is as follows: By Theorem 5.1%!, for f € Diff"(5")o,
we have the decomposition f = g o h, where g € Diff,(S" \ Q%) and
h € Diff. (8™ \ P%)g for some points P? and Q° € S™. We have a closed
ball V containing the support of the isotopy of ¢ and take a diffeomorphism
a € Diff, (5™ \ Q°)o, such that a(V) NV =0 and P° ¢ a(V). Then
f=(gag™ta" ) o (ag ta"" h)
and
supp(ag~ta'h) C a(V) Usupp(h) # P°.

Thus gag~ta~! € Diff(S™ \ Q%) and ag~ta~th € Diff,(S™ \ PY)q. Here
ag~ta~'h can be written as a product of 2 commutators by Theorem 2.1
(Theorem 4.1%1). Since S™\ Q° and S™\ P° are diffeomorphic to R"™ and
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any commutator of Diff(R")q is with support in a ball, f can be written
as a product of 3 commutators with support in embedded balls.

Proof of Theorem 1.3. By Remark 3.1, any element f € Diff"(S™), can
be written as a product of 3 commutators with support in embedded balls.
By Lemma 3.1, f is written as a product of 4 - 3 = 12 conjugates of ~ or
v~ for any nontrivial element v € Diff"(S™),. O

By using Theorem 2.2, and Theorem 5.22', the proof of Theorem 1.4 is
straightforward.

Proof of Theorem 1.4. Let M?™ be a compact connected (2m)-
dimensional manifold with handle decomposition without handles of in-
dex m. For M?™, from the handle decomposition, we obtain P™! and
QM1 € M*™ such that P~ c M?™\ Q™ ! and QM c M?m\ pm—1
are deformation retracts. By Theorem 5.22!, any element f of Diff" (M?™),
can be decomposed as f = g o h, where g € Diff.(M?™ \ k(Q™ 1)) and
h € Diff.(M?™\ P™~1)o. Then by Theorem 2.2, g and h can be written as
products of 4c(M?*™\ k(Q™~ 1)) +1 and 4c¢(M?™\ P™~1) + 1 commutators
with support in balls if 1 <7 < 0o, r # 2m + 1, respectively. Since

(M \ K(Q™TY) + e(MP™ \ P = c(M*™),

f can be written as 4¢(M?™) + 2 commutators with support in balls. By
Lemma 3.1, for any nontrivial element v € Diff"(M?™)g, f can be written
as a product of 16¢(M>™) + 8 conjugates of v or v~ 1. O

Before proving Theorem 1.5, we give a better estimate on the number
of commutators than our previous one (Theorem 6.121).

Remark 3.2. In Theorem 6.12!, we showed that for a compact (2m + 1)-
dimensional manifold M?™*! any element f € Diff" (M?™+1) (1 <r < o0,
r # 2m + 2) can be written as a product of 6 commutators. We can in fact
write f € Diff"(M?™ 1)y as a product of 5 commutators. The reason is
just as follows: For a compact connected (2m + 1)-dimensional manifold
M?m+1 we obtain P™ and Q™ C M?™*! from the handle decomposition
such that P™ C M?m+1\ Q™ and Q™ C M?*m+L\ P™ are deformation
retracts. By Theorem 6.22!, any element f of Diff" (M?™*1)q can be de-
composed as f = a o g o h, where a is with support in a disjoint union of
balls, g € Diff,(M?™ 1\ k(Q™))o and h € Diff},(M?>m+1\ k'(P™))o. By an
argument similar to that in Remark 2.1 or 3.1, the diffeomorphism a can
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be replaced by a commutator with support in the ball by changing g. Since
g and h can be written as products of two commutators by Theorem 2.1
(Theorem 4.1%1), f can be written as products of 5 commutators.

Proof of Theorem 1.5. By Remark 3.2, any element f of Diff" (M?m+1),
is decomposed as f = aogoh, where a is a commutator with support in the
ball, g € Diff, (M?™ 1\ k(Q™))o and h € Diff], (M?>™+1\ k/(P™))o. Then by
Theorem 2.2, g and h can be written as products of 4c(M?™ 1\ k(Q™))+1
and 4e(M>mT1\ K/ (P™)) + 1 commutators with support in balls if 1 < r <
00, T # 2m + 2, respectively. Since

(M \ K(Q™) + c(M>™ I\ K/ (P™)) = c(M*™),

f can be written as 4c(M?™*1) + 3 commutators with support in balls.
By Lemma 3.1, for any nontrivial element v € Diff"(M?™*1)y, f can be
written as a product of 16¢(M?™+1) + 12 conjugates of v or v~ 1. O

Proof of Corollary 1.2. By Remark 2.2, for a 3-dimensional open handle
body H3, any element of Diff](H?) (1 < r < oo, r # 4) can be written
as a product of 5 commutators with support in balls. Now any element
f € Diff"(M?3)g, can be decomposed as f = a o go h as in the proof of
Theorem 1.5. Since g and h can be written as products of 5 commutators
with support in balls, f can be written as 11 commutators with support in
balls. By Lemma 3.1, for any nontrivial element v € Diff" (M?3)g, f can be
written as a product of 44 conjugates of v or v~ 1. O

Remark 3.3. The uniform simplicity of the groups we treated also follows
from a proposition of Burago-Ivanov-Polterovich (Proposition 1.15%), our
previous remark (Remark 6.62!) and Lemma 3.1. We note here that the
fragmentation norm? of an element of Diff"(S™)g is at most 2, that of an
element of Diff"(M?™)y for M?™ with handle decomposition without han-
dles of index m is at most 2¢(M?>™)+2, that of an element of Diff" (M2 +1),
is at most 2¢(M?™*+1) + 3. The reason is that for g = G o Fy which we
used in the proof of Theorem 2.2,
G10F1:G?o---oG’foF{“o---oFf
=(GYo FY)o (FY) ' o (Gio Fi) o (FY)

o(Ff o FY) ' o (Gi o FY) o (F{ o FY)

0o (Ff oo F) ™o (Gho Ff) o (Ff~ o0 FY)
and GY o F}* (0 < u < k) is with support in a union of disjoint balls, hence
is with support in a larger ball. Hence ¢ = G; o F} can be written as a
product of ¢ diffeomorphisms with support in embedded balls.
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In this exposition we survey convergences of contact structures to foliations
from the point of view of Thurston’s and Thurston—Bennequin’s inequalities
featuring the case when the structures are associated with spinnable structures
and their Dehn fillings. Also we review previous works by the author and
others® and!? as the main motivation for the above.

1. Thurston’s Inequality

Let us first recall Thurston’s inequality for foliations of codimension 1 on
3-manifolds and Thurston-Bennequin’s inequality for contact structures,
which we can regard as topological expressions of ‘(pseudo-)convexity’. Un-
less otherwise specified, throughout the article all 3-manifolds are oriented
and compact, foliations and contact structures are both tangentially and
transversely oriented in a coherent way, and so are embedded surfaces as
well.

Let F be a foliation of codimension one on a closed oriented 3-manifold
M. Assuming that F has no Reeb components, Thurston showed the fol-
lowing inequality for arbitrary embedded closed surface ¥ of genus g > 0.

Thurston’s Absolute Inequality (cf.'®)
(e(TF), [ED] < [x(B)] = 29 — 2.

Here e(+) and x(-) denote the Euler class and the Fuler characteristic.

As a principle the following relative inequality is more refined, which also
Thurston proved under the same assumption. Let 3 be any Seifert surface
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whose oriented boundary L = 9% is a positively transverse link to F. As
> is homotopically equivalent to a 1-complex, there exists a trivialization
X of TF|g. Let LX denote the shift of L along X|z. Consider the linking
number lk(L, L*) between L and L, which is also regarded as the relative
Euler number —(e(T'F), [E, L]) under the boundary condition that T F|y, is
trivialized by TF NTY along L.

Thurston’s Relative Inequality (cf.'®) 1k(L,LY) < —x(%).

These inequalities have their complete analogues in contact topology.
Simply replacing T'F with an oriented contact plane field £ in Thurston’s
inequalities, we obtain so called Thurston-Bennequin’s absolute and relative
inequalities for oriented contact structures. In the contact case, because the
relative inequality is definitely stronger than the absolute one, we usually
refer to the relative one simply as Thurston-Bennequin’s inequality.

Not only because these inequalities look alike in the foliation and contact
cases, through convergences of contact structures to foliations (or perturba-
tions of foliations to contact structures, vice versa) which are studied under
the name of ‘confoliations’ in,? their similarities are drawing our attentions.

Now let us take an isotopic family {&;} (or more generally an isomorphic
sequence {&,}) of contact structures which converges to a foliation F as
plane fields in C%-topology. Then as an oriented R2-bundles, the &;’s and
TF are clearly isomorphic, if the absolute inequality holds for one, then for
the other the corresponding absolute one holds as well.

On the other hand, concerning the relative inequalities the situation is
more delicate. If Thurston-Bennequin’s relative inequality holds for &,’s,
namely &,’s are tight, then Thurston’s relative inequality holds for F. But
the converse is not true in general. If an oriented link is positively transverse
to F, so is it to &,’s for large enough n as well. However a transverse link to
a &, needs not to be transverse to F in general. For example, there exists
an isotopic family of overtwisted contact structures which converges to the
standard contact structure & on S (cf.89).

Example 1.1. A bad convergence like the above happens each time when
we take a spinnable structure (=open book decomposition) of M3 with
monodromy ¢ which supports a tight contact structure £, as its Thurston—
Winkelnkemper construction (®17). In such a case, the contact structure can
be isotopically deformed and converges to a spinnable foliation F, (®9). &,
and F, satisfy the four inequalities. Now we can arrange the Lutz twist
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§opr of & and its isotopic family so as to converge to F,, by the same
construction as in.®*

One of the aim of this article is to show that we can avoid such bad con-
vergences for contact sructures and foliations associated with a spinnable
structure or its Dehn filling. Here, the Dehn filling implies the one performed
on the complement of the Reeb component (i.e., the neighbourhood of the
binder). In this article, we call this just as the Dehn filling of the spinnable
structure.

In Bennequin’s pioneering work! it is shown that Thurston-Bennequin’s
relative inequality implies the tightness of a contact structure. Conversely
the elimination lemma due to Eliashberg? and Giroux* tells that the tight-
ness implies both the absolute and Thurston-Bennequin’s relative inequal-
ity. Therefore the relative one implies the absolute one, but the implication
is not direct and to show it we should once pass through the tightness. This
indirectness appears more seriously on the foliation side, namely, Thurston’s
relative inequality does not imply the absolute one.

The known examples of foliations for which the absolute inequality fails
but the relative one holds are very limited. They are all not more than a
variant of ¢ = {92 x {x}} on S? x S. It is pausible that there is essentially
no more such foliations on prime 3-manifolds.

The following diagram summarizes the situations explained above.

Diagram 1.2.
Contact Structures &, &, converge to a foliation F

‘ absolute Th.-B. inequality ‘ = ‘ absolute Th. inequality ‘
r fr 1)

: rarely but
does fail
9 U I

‘ relative Th.—B. ineqality ‘ == ‘ relative Th. ineqality ‘

< often fails =

In the final section we expalin the bottom arrow form right to left
holds for foliations and contact structures associated with spinnable struc-
tures and their Dehn fillings. We close this section by raising the following
problem.
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Problem 1.3. Specify the class of foliations for which the right side ver-
tical arrow from bottom to top fails.

2. Thurston’s Absolute Inequality for Spinnable Foliations

Here we review the results in® very briefly in a limited situation. Let F = E;
be a compact oriented surface of genus g with one bondary component.
The mapping class group M; of I = Eé relative to the boundary admits a
generating system {7, ..., 724} which are right handed Dehn-twists along
the simple closed curves Cy, ..., C4 indicated in the following figure. This
system is called the Dehn-Lickorish-Humphries (DHL for short) generators.

Dehn-Lickorish-Humphries generators Spinnable Foliation

Let M, be the 3-manifold which admits a spinnable structure with
page F' and monodromy ¢ € M;. Naturally associated with this spinnable
structure is the spinnable foliation F,. For a detailed description, see.’
Also a contact structure &, is canonically associated by the Thurston-
Winkelnkemper construction (}7) to the monodromy ¢. Moreover we can
place F, and {, in such a way that by the vector field X obtained as the
intersection X = §, A T'F,, of the two 2-plane fields generates a flow with
which &, is isotoped and converging to T'F,.

Let us assume that in a presentation of ¢ with DHL-generators, neither
of 75 and 74 appears. Then the monodromy ¢ is presented as

!
o =10 HTZJ;, (i €{5,6,...,29}, k=1,...,1).
=4

Let us also assume jgj1j3 # 0 because otherwise it is shown as Theorem
a in® that e(TF) = 0 € H?(M,;Q), so that Thurston’s absolute inequality
vacantly holds.
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Theorem b, c.  The condition

1 1 1

—+—+—=0

Jo J1J3
is equivalent to e(TF) # 0 € H*(My; Q). In this case necessarily Thurston’s
absolute inequality fails.

The above condition implies at least one of jo, j1, j3 is negative. If every
exponent is non-negative, a theorem of Loi-Piergallini” asserts that (M, )
is Stein-fillable and the corresponing foliation and contact structure satisfy
the four inequalities. The above theorem says that the condition implies
the strong ‘non-convexity’.

3. Dehn Filling

Concerning the specific monodromies studied in the previous section, it
turned out in the work of!'? that if we perform a Dehn filling along the
Reeb component of M, and take an appropriate foliation, in most cases
Thurston’s absolute inequality is recovered. In this section let us recall this
phenomenon.

Let £y be a longitude of the boundary of the complement of the interior
of the Reeb component of F,. Namely, ¢y is the oriented boundary of a
page in terms of the spinnable structure. Also let mg denote the meridian,
which bounds a disk of the Reeb component in M,. Now remove the Reeb
component from (M, F,) and paste back the Reeb component with new
meridian m = —ply+gmy for a primitive integer vector (p, ¢). The resultant
manifold M, is called the Dehn filling with coefficient r = —¢g/p. (This might
be different from the conventional one. The reason for this convention on
the coefficient is to make the following description simpler.) The resultant
foliation is denoted by F,.. We also obtain a contact structure &. on M,
by more or less the same construction as Thurston-Winkelnkemper’s with
least twisting on the solid torus.

If » = 0 we obtain M, and nothing is changed. If r = oo, the boundaries
of the pages become meridians and M, is just a mapping torus of ¢ : F—F
which is the natural extension of ¢ to the filling up F of F by a disk. For
integral Dehn fillings, the following proposition is easy to see.

Proposition 3.1. For any integer r = n € Z, the triple (M., F,., &) is iso-
morphic to (My(n), Fy(n)s p(n)) Which is associated with the monodoromy
o(n) = ¢ o714 m, where 'F C intF denotes a simple closed curve parallel

to OF.
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For the sake of simplicity, we assume that the holonomy ¢ is a compo-
sition of only 79’s, 71’s, and 73’s, namely, ¢ = 7°7" 73°. We also keep on
assuming the same condition as in the previous section

1 1 1
Jo J1 I3
which assures e(TF,) # 0 € H?>(M,;Q) for any coefficient 7.

The following result is based on a theorem of Sela (1) which grew out

of Gabai’s fundamental work on sutured manifold decomposition.

=0

Theorem 3.2 (}2).  For all r € QU {oo} but finitely many exceptions,
F, satisfies Thurston’s absolute inequality.

At least in this situation, even under the presence of Reeb component,
Thurston’s absolute inequality tends to hold.
The following proposition is also well known and not difficult to show.

Proposition 3.3.  For any monodoromy p, ¢(n) is written as a product
of only right-handed Dehn twists for n > 0 € N. Consequently, for such n,
the structures are Stein fillable and satisfy the four inequalities.

The set T, = {r; &, is tight} of coefficients includes the above integers.
By the work of Honda-Kazez-Mati¢,® we also know that T,NZ is included
in {n € Z; p(n) is right-veering }.

Now our interests on these examples amount to the following question.

Problem 3.4. Are ¢, fillable or tight for non-integral r > 07

4. Bennequin’s Isotopy Lemma

In the final section we explain that Bennequin’s isotopy lemma which was
extended to the case of spinnable structures in'? has a slight generalization,
namely to the case of Dehn fillings.

Generalized Bennequin’s Isotopy Lemma  For Dehn fillings asso-
ciated with any spinnable structure of any coefficient r, F,. and &, can be
placed so that the following statement holds:

Any positively transverse link to &. can be isotoped through such
links to one which is also positively transverse to F,.
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Consequently, the bottom horizontal arrow from right to left in Diagram
1.2, which is labeled as ‘often fails’, holds for Dehn fillings of spinnable
structures.

In the above statement ‘placed’ implies the following: We can fix the
placement of F,.. Then, for a natural realization of £, we can find an isotopy
by which &, is reset well with respect to F,.

This lemma holds even for a spinnable structure with a page F' which
has more than one boundary components. In such a case, the coefficient r
should be regarded as a multi-index respecting each boundary component.
However, in what follows, only for the simplicity, the arguments go as if F’
has only one boundary component.

A proof of Bennequin’s isotopy lemma in the case of spinnable struc-
tures is very roughly outlined in.!® Of course the basic ideas are all due
to Bennequin (!). In this section we give a fairy quick explain the proof
of the above lemma, focusing our attntion on the point where the proof is
modified from the case of spinnable structures to that of Dehn fillings. The
detailed proof will appear in the forthcoming paper.!!

The first step of the isotopy makes the link avoid the Reeb component.
This is not at all difficult in Bennequin’s original case, which can be re-
garded as the spinnable structure with monodromy ¢ = Id p2, but it is not
the same even in the case of spinnable structure. This is overlooked in.'°
This can be fixed but requires a compicated explanation. So it is detailed
in.!! Between spinnable structures and Dehn fillings, no change is needed
for this step.

In the second step of isotopy, on the pages, the link is devided into short
pieces each of which are always positive or always negative with respect to
the pages. Here instead of considering foliations, we take care of only pages,
because away from the boundary they are the same.

The vector field of the intersection of the foliation and contact structure
(see the description in Section 2) has positive divergence. The pieces which
are negative with respect to the foliation flows out to the boundary by
this vector field. We have to take care of self-intersections. This is achieved
by further breaking the pieces into shorter ones. This step has no change
from.10

Now we come to the important step. On the boundary of the solid torus,
a small piece of the link is positively transverse to the contact structure but
negative with respect to the pages. The piece is easily isotoped relative to
the end points in the solid torus ‘to the other side’ of the boundary so that
the piece is positively transverse with respect to the pages. This process is
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easier in the case of spinnable structures, as seen in the following.

In the case of a Dehn filling M,., before realizing the above isotopy, first
we change the original spinnable structure M, into some M, ,), because
M, is considered to be also a Dehn filling of M, for any n € Z. It is easy
to find such n that the new meridian is positive with respect to the pages.
The new meridian m for M, is mo — néo.

Then, on the boundary of the solid torus, to describe our Dehn filling,
we still have a freedom for the choice of the longitude £ up to Z - m.

m l m

Ly =

Thin lines indicate the boundary of pages.

We can take ¢ so that on the (—£)-m plane the boundary of the pages has
a positive slope less than 1. The contact structure on the boundary draws
a line field on the boundary torus which is close to the boundary of the
pages. So we put a contact sturcture on the solid torus which is presented
as ker[df + r?dw], where (r,w,0) (r < R) is the cylindrical coordinate for
the Reeb component as a solid torus. An appropriate choice of radius R
makes it fit to the contact structure on the pages.

From the situation we see that on the (—¢)-m plane the slope of the
contact structure is positive and steeper than that of the pages. The piece
of the link is positive with respect to the contact structure but negative
with respect to the pages. Therefore its direction is ‘down-left’ and pinched
in a narrow sector between the pages and the contact structures.

Then we can push the piece in the same way as in the case of spinnable
structures. The result of this isotopy is, as drawn in the figure, transverse
to F... This completes all the process of isotopies.
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The Fatou-Julia decomposition for foliation is previously introduced by Ghys,
Gomez-Mont and Saludes.® On the other hand, another Fatou-Julia decom-
position can be considered.? We will briefly explain how the difference is, and
discuss properties of the Julia sets. Some examples are also given. The details
including proofs of results will appear elsewhere.

Keywords: Transversally holomorphic foliations, Fatou sets, Julia sets

1. Introduction

The Fatou-Julia decomposition is one of the most basic concepts in studying
complex dynamical systems. It is expected that the Fatou-Julia decomposi-
tion also exists for transversally holomorphic foliations of complex codimen-
sion one. Such a decomposition is firstly introduced by Ghys, Gomez-Mont
and Saludes.® The decomposition is introduced by using vector fields in-
variant under the holonomy and related to deformations of foliations. On
the other hand, the Fatou set is usually defined in terms of normal families.
One can indeed ask if holonomies form a normal family, and define another
Fatou-Julia decomposition.? Two decompositions are in a simple relation,
namely, the Fatou set in the sense of Ghys, Gomez-Mont and Saludes is
always contained in the Fatou set in our sense. When studying character-
istic classes, the Julia sets are usually preferable to be small. From this
viewpoint, the decomposition based on normal families is useful. On the
other hand, relation to deformations is less obvious. Our definition of Ju-
lia sets is similar to those of mapping iterations so that one can expect
they have common properties, for example, the Julia set is expected to

*The author is partially supported by Grant-in Aid for Scientific research (No. 19684001).
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have hyperbolic (expanding or contracting) holonomies. It is true under
certain assumptions. In this article, we will explain the definition as well as
some properties of Julia sets from this point of view. We will present some
examples which illustrates properties of Julia sets.

This article is based on a talk which the author gave at “VIII Inter-
national Colloquium on Differential Geometry” held in Santiago de Com-
postela during 7-11 of July, 2008. The author will express his gratitude
to the organizers for their warm hospitality. He will also grateful to the
referee for valuable comments. Especially, Proposition 2.1 and its proof is
suggested by him. The details including proofs of results will appear else-
where.? Some additional account can be found in another review of related
results.*

2. Definition of the Fatou and Julia sets

Let M be a closed manifold and let F be a transversally holomorphic fo-
liation of M. We assume that the complex codimension of F is equal to
one. Let T be a complete transversal for F, namely, every leaf of F meets
T at least once, and the holonomy pseudogroup associated with 1" consists
of biholomorphic local diffeomorphisms.

Before defining the Fatou set of F, we will define the Fatou set of (I, T)
as follows. Since M is compact, we may assume that the number of con-
nected components of T is finite and that each component is an open disc
in C. Moreover, we can find another complete transversal 7' by slightly
shrinking the complete transversal T. Let (I"/,T’) be the holonomy pseu-
dogroup obtained by restricting I" to T”. (I'',T”) is called a reduction of
(I,T).

Definition 2.1. Let (I, T) and (I’,T”) be as above.

(1) A connected open subset U of T is called a Fatou neighborhood if the
following conditions are satisfied.

(a) The germ of any element of I'" defined on a neighborhood of a point
in U extends to an element of I" defined on the whole U.
(b) Let

I, = {Py c F‘ v is defined on U and the extension of }
U - b)

the germ of an element of I as in (a)

then Iy is a normal family.
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(2) The union of Fatou neighborhoods is called the Fatou set of (I'',T”)
and denoted by F(I"). The complement of the Fatou set is called the
Julia set of (I'",T") and denoted by J(I"').

(3) The Fatou set of (I,T) is the I'-orbit of F(I'"), namely, F(I') =
I(F(I')). The Julia set of (I',T) is the complement of F(I') and de-
noted by J(I).

It is known that (I, T') is compactly generated.'® The definition of the Fatou
and Julia sets actually works for compactly generated pseudogroups.

Remark 2.1.

(1) I'y is a normal family if any subfamily .% of I'y admits a subfamily
which uniformly converges on compact sets. This implies that asymp-
totic behavior of holonomies on U is tame.

(2) We can choose T so that T' can be embedded as a bounded subset of C
because M is compact. Then, Iy is always a normal family by virtue
of Montel’s theorem. On the other hand, it is necessary to fix a domain
of definition in order to speak of normal families. This leads to the first
condition in Definition 2.1.

The notion of Fatou set is closely related with complete pseudogroups®
as follows. A pseudogroup (I',T) is complete if for each pair of points = and
y of T', there are open neighborhoods U of x and V' of y with the following
properties, namely, if 7y, is the germ of an element of I" of which the source
contains 2’ € U and the target contains 3’ € V then there is an element
~ € I' of which the germ at 2’ is equal to 7,s. Such a pair (U, V) is called
a completeness pair.

Complete pseudogroups appear for example as the holonomy pseu-
dogroups of Riemannian foliations of closed manifolds.** Theorem 2.1 be-
low suggests that these notions are of the same nature. It is straightforward
that I" is complete on the Fatou set in a uniform way. Actually the com-
pleteness of I" on F(I') is used in the study of the structure of the Fatou
sets. Moreover, the following proposition holds. The proposition together
with the proof is suggested by the referee, to whom the author is grateful.

Proposition 2.1. Let F be the union of x € T’ such that there is a com-
pleteness pair (Uy,Vy) for any y € T'. Then F = F(I").

Proof. Since (I',T) is compactly generated, we may assume that T is a
finite union of open balls in C. Hence it suffices to verify that the condition
(1)-(a) in Definition 2.1 holds precisely on F'. Suppose that x € F'. Since
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the closure 77 in T is compact, we can find a finite set of completeness pairs
{(U;, Vi) }1<i<n for T such that T” is covered by {V;}. Then U = U;N---NU,,
is a Fatou neighborhood. The inclusion F(I'") C F is clear. m|

Remark 2.2.

(1) If (I, T) is not compactly generated, then completeness is not preserved
under equivalences of pseudogroups.! It is also the case for the Fatou-
Julia decomposition. See Example 4.5.

(2) The closure of complete pseudogroups of local isometries can be de-
fined.® Hence, by Theorem 2.1 below, the closure of I'| F(r) can be
defined. Let I} be the closure in this sense. On the other hand, another
closure of I'| p(ry can be defined as follows. Let U be a Fatou neighbor-
hood and let Iy be the closure of I in the space of local biholomorphic
diffeomorphisms with respect to the compact-open topology. We denote
by Iy the pseudogroup generated by Iy, where U runs through Fatou
neighborhoods. Then I'; can be regarded as a closure of I'| p(py. It can
be shown that I} and I5 coincide.

F(I') and J(I') are I'-invariant. Hence the saturation of F'(I") in M
makes a sense.

Definition 2.2. The Fatou set of F is the saturation of F(I') in M and
denoted by F(F). The Julia set of F is the saturation of J(I") in M and
denoted by J(F). The connected components of F'(I") and J(I") are called
the Fatou components and the Julia components, respectively.

F(I') and F(F) are open. Of course, J(F) is the complement of F'(F).

The following lemma justifies the above definition.

Lemma 2.1.

(1) F(I') is independent of the choice of (I'",T").
(2) F(F) is independent of the choice of (I',T).

Let z € F(F) and let [ be a leaf path originated from x. The definition
says that if [ becomes long, then the holonomy along [ will converge to a
mapping after choosing a subsequence. Hence the dynamics in the Fatou set
will be mild. Indeed, the following property of the Fatou set is fundamental.

Theorem 2.1. F is transversally Hermitian'? when restricted to F(F).
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This is shown as follows. First an invariant metric which is locally Lips-
chitz continuous can be explicitly constructed. Once this is done, it turns
out that holonomies satisfy a first order differential equation which is Lip-
schitz continuous. This allows to apply classical results and arguments of
H. Cartan on local Lie groups,® and it follows that F restricted to F(F) is
transversally Hermitian.

Theorem 2.1 is quite relevant in the study of F(F) and also of J(F).
For example, one can introduce the notion of critical exponent and con-
formal measures for I' analogous to the case of mapping iterations. The
construction strongly depends on the above theorem.

The Fatou and Julia sets of foliations are firstly introduced by Ghys,
Gomez-Mont and Saludes.® The decomposition is defined by using holon-
omy invariant vector fields. Namely, if there is a section of the complex
normal bundle of certain regularity which does not vanish at x € M, then
x belongs to the Fatou set. We refer the original article for the details and
only remark the following fact.

Proposition 2.2. Let Fgas(F) be the Fatou set in the sense of Ghys,
Gomez-Mont and Saludes, then Faas(F) is contained in F(F). The inclu-
sion can be strict.

Roughly speaking, the reason is as follows. If there is a holonomy invariant
vector field, then it induces a vector field on 7" invariant under I". If this
vector field does not vanish at p € T”, then it does not vanish also at v(p)
for any v € I''. One can integrate the vector field near v(p), v € I/, at
the same time and obtain a holonomy defined on a neighborhood of p. The
resulting holonomy does not necessarily belong to I/, but it belongs to I".
In view of Theorem 3.1 below, it is preferable that the Julia set is small.
On the other hand, the decomposition by Ghys, Gomez-Mont and Saludes
is directly related to deformations of foliations. Our Julia set is too large
to admit such vector fields.

The difference between F'(F) and Fgag(F) is not quite large. Actually
F(F) has a similar structure to that of Fgas(F). The difference largely
occurs in the following situations:

(1) There is a holonomy of finite order. If such a holonomy exists, the
corresponding leaf belongs to F(F) but not to Fgas(F).

(2) It can be shown that the foliation naturally induces a Riemannian foli-
ation F in the unit normal bundle on F(F). If there is a leaf, say, L of
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F which meets a fiber of the unit normal~bundle more than once, the
leaves of F contained in the projection of L fail to belong to Faas(F).

The both cases are easily realized as suspensions.

3. Some properties of Julia sets

The Julia set is expected to play a role of minimal sets of real codimension-
one foliations. For example, we have the following weak version of Duminy’s
theorem.”> !

Theorem 3.1.

(1) The Godbillon-Vey class vanishes if J(F) is empty.
(2) The imaginary part of the Bott class vanishes if J(F) is empty.

This is a straightforward consequence of Theorem 2.1 and the definition
of characteristic classes. A precise version which concerns the Godbillon
measure in the sense of Heitsch-Hurder!'' and the residue of the imaginary
part of the Bott class? can be also shown.

Since the definition of J(F) is similar to that of the Julia sets for map-
ping iterations, one can expect they have common or similar properties.
For example, it can be shown that J(F) contains at most a finite number
of closed leaves. One of the significant properties of the Julia sets for map-
ping iterations and the limit sets of Kleinian groups is that they contain
many hyperbolic fixed points except elementary cases. We do not know if
it is also the case for J(F), however, J(F) can be characterized as follows.
In order to make the idea clearer, we give the statement in terms of folia-
tions but in an ambiguous way. The precise statement is made in terms of
pseudogroups.

Theorem 3.2. A point z € M belongs to J(F) if and only if there are two

sequences, {zn} in M which converges to z and {v,} of holonomies, such

that each 7y, is associated to a path originated from z, and lim |y, |, =
n—oo n

+o00. Here the case where z, = z for all n is allowed.

Remark 3.1. Theorem 3.2 suggests that J(F) contains a hyperbolic holon-
omy (i.e., the absolute value of the differential is not equal to one) associated
to a loop under some mild condition. Indeed, some results are known. First,
an analogy of conical limit sets in the context of complex dynamical sys-
tems (of mapping iterations) can be also introduced for J(F), and it can be



71

shown that J(F) contains a hyperbolic holonomy if the conical limit set is
non-empty. Second, according to a recent result of Deroin and Kleptsyn,®
there exists a hyperbolic holonomy under the absence of transversal invari-
ant measures. Leaves with hyperbolic holonomies are always contained in
J(F) so that J(F) also contains a hyperbolic holonomy if F does not admit
any transversal invariant measure. It seems quite difficult for F to admit
an invariant measure unless J(F) is empty or F contains closed leaves. It
is also known that the number of closed leaves contained in J(F) is finite.
Finally, it is known that the support of the Godbillon measure contains
leaves of exponential growth if it is non-empty.'? A precise version of The-
orem 3.1 implies that J(F) contains leaves of exponential growth if the
Godbillon-Vey class of F is non-trivial.

Some notions concerning the Julia sets of mapping iterations and the
limit sets of Kleinian groups will be also valid for J(F). For example, if
F(I') is non-empty then we can consider the critical exponent of I' as
follows. For a Kleinian group, the critical exponent is defined by looking at
the convergence of Poincaré series. A direct analogue of the Poincaré series

for I" will be >~ |9/|, where I, denotes the subset of I" which consists of
er,
elements deﬁged near z, and 7’ denotes the usual differential viewed as a
function which is defined by fixing an embedding of T" into C. However, it
can be shown that the sum does not converge for any s even if x € F(I").
This can be avoided as follows. There is an invariant metric on F(I"). If
we write this metric as g2 |dz|> on T, then 17|, 9(v(x)) = g(z). Hence the
sum can be replaced with g; m To be precise, we should consider
vel,

the integral / g *dmg, where dm, denotes the volume form with respect
T/
to g on T” (1/g is considered to be 0 on J(I")). In this way we can speak

of critical exponent of I'. We refer to the original article? for details with
some further studies.

4. Examples

It is known that the number of closed leaves in J(F) is finite as mentioned
in Remark 3.1. However, the number can be arbitrarily large if the manifold
M is not fixed.

Example 4.1. Let [z : 21 : 22] be the homogeneous coordinates of CP?
and let C* = {[z0 : 21 : 22] € CP?|2; # 0}, and let (u1,u2) the inhomoge-
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neous coordinates on C2. Let X be a vector field on C? given by
X = )\1U15i’u,1 + /\QUQ%.

We assume that A\jAe # 0, A1 # A2 and A\;/Ay € R, then X induces
a singular foliation F of CP? with three singularities p; = [0 : 0 : 1],
p2=1[0:1:0]and ps = [1:0:0]. Let L; = {[20: 21 : 22] € CP?|2 =0},
D; be a small round ball centered at p; and S; ~ S be its boundary.
The condition A;/As € R implies that F is transversal to S;. Let M =
CP?\ (D1 UDyU D3) and let M3 be its double, then M3 naturally inherits
a transversally holomorphic foliation F3 induced from JF. The foliation F3
has three compact leaves Ly, £1 and Lo, namely, the leaves induced from
Lo, L1 and L. Then, one can show that F(F3) = M3\ (Lo U L1 U Lo).
The number of the Julia components can be arbitrarily large as follows. Let
M’ be a copy of M and let OM’ = 5] U S, U S%. Let My be the manifold
with boundary obtained by gluing M with M’ along S; and S{, and S5
and S%, then OM; = S3 U S%. Let Fy be the natural foliation of the double
My of My, then J(Fy) consists of 4 connected components. In general, let
Ny,--+,N,_5 be copies of M7 and let M, be the manifold obtained by
gluing them. Let F, be the naturally induced foliation of M,., then J(F;)
consists of r connected components. We remark that this construction can
be also described by using blowing-ups.

Example 4.2. Let I' be a Kleinian group and let CP! = Q(T") U A(T) be
the decomposition into the domain of discontinuity and the limit set. Let
F be a suspension of this action, then F(F) is the suspension of Q(I") and
the J(F) is the suspension of A(T).

Example 4.3. There is a transversally Hermitian foliation F such that
Jags(F) is the whole manifold (Example 8.6%), where Jggs(F) denotes
the Julia set in the sense of Ghys, Gomez-Mont and Saludes. On the other
hand, J(F) is empty. In particular, F'(F) 2 Fags(F).

Example 4.4. There is a foliation F of a connected manifold such that
the interior of Jegs(F) is non-empty without being the whole manifold
(Example 8.9%). It is obtained by modifying a certain Fatou component
into a Julia set (in the sense of Ghys, Gomez-Mont and Saludes). However,
it is easily seen that this modification does not change the Fatou component
into a Julia set in our sense and that the interior of J(F) is empty.

It seems unknown whether there exist foliations whose Julia set has non-
empty interior. On the other hand, the Julia set of foliations can be the
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whole manifold. Such an example can be obtained by taking suspensions as
in Examples 4.2.

We do not know if there is a reasonable extension of the Fatou-Julia
decomposition to not necessarily closed manifolds (or non-compactly gen-
erated pseudogroups). Indeed, it is relevant to choose (I'/,T’) so that the
closure of T” in T is compact in defining the Fatou set.

Example 4.5. Let D(r) be the disc in C of radius r and let F be the
foliation of M = (—1,1) x D(1) with leaves (—1,1) x {z}. If M itself is
regarded as a foliation atlas, then the Fatou set should be the whole M. On
the other hand, let 7 € Z and define a foliation atlas as follows. For 7 > 0, let
{Vj(l) }j=1.2,... be an open covering of D(1) by discs of radius 27%. Let Wj(z) =
(~1+1/277 14 1/27 ) x VD and T\ = {~14+1/27} x V", Giving
an order to {W,"}, let {W\"} = {(W{, W}, -} and {T\"} = {T{, T4, }.
Set then Uy = (—1/2,1/2) x D(1), Ty = {0} x D(1), and U; = W[, T; = T
for i # 0. Let (I, T") be a pseudogroup obtained by shrinking 7”. Note that
the closure of 7" in T is non-compact. Applying the definition to (I, T) and
(I'",T"), the Fatou set is empty.

Note that this construction can be done in a foliation chart. The above
example also shows that if we directly apply Definition 2.1 to a foliation of
an open set, then the Fatou-Julia decomposition will depend on the choice
of the realization of the holonomy pseudogroup.
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SINGULAR RIEMANNIAN FOLIATIONS ON SPACES
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We describe the topological structure of cocompact singular Riemannian folia-
tions on Riemannian manifolds without conjugate points. We prove that such
foliations are regular and developable and have regular closures. We deduce
that in some cases such foliations do not exist.

Keywords: Negative curvature, focal points, geodesic flow

1. Introduction

Riemannian manifolds of non-negative curvature often admit large groups
of isometries. Moreover, there are many famous examples of Riemannian fo-
liations on such spaces, like the Hopf fibrations and of singular Riemannian
foliations, such as isoparametric foliations. Singular Riemannian foliations
on non-negatively curved manifolds tend to be homogeneous and seem to
be rather rigid objects. On the other hand, (singular) Riemannian foliations
on such spaces are often related to other rigidity questions (cf.1™%).

If one changes the sign of the curvature then the situation seems to
be completely different on the first glance. For instance, in a simply con-
nected negatively curved manifold there are infinite-dimensional families of
Riemannian submersions to the real line and there seem to be no hope of
getting any kind of control of such objects. However, for compact manifold
of non-positive curvature the situation seems again be very similar to the
“rigid” non-negatively curved world. The first indication is the famous re-
sult of Bochner” that describes connected isometry groups of such spaces.
In particular, the isometry group of a compact negatively curved manifold
turns out to be finite. Indeed, this is the case for any Riemannian metric on
10 11

such manifolds, since they have positive minimal volume. it is shown

that the existence of a Riemannian flow on a compact manifold forces its
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minimal volume to be zero, thus Riemannian flows do not exist on compact
negatively curved manifolds. Finally, A. Zeghib proved in Theorem F'? that
on a compact negatively curved manifold there are no (regular) Riemannian
foliations at all.

Remark 1.1. Previously, the non-existence of regular Riemannian foli-
ations on compact negatively curved manifolds was claimed in'® and, in
special cases in'41%. However, these proofs are not correct, cf.'® and the
discussion in pp. 1435-1436'2.

Here, we generalize the non-existence theorem to singular Riemannian
foliations, a broad generalization of regular Riemannian foliations and iso-
metric group actions. We prove:

Theorem 1.1. Singular Riemannian foliations do not exist on compact
negatively curved manifolds.

Remark 1.2. In'? the non-existence result was proved under the assump-
tion that the singular Riemannian foliations has horizontal sections, i.e.,
that the horizontal distribution in the regular part is integrable.

In fact, in analogy with'? we prove in a broader context that a singular
Riemannian foliation on a compact negatively curved manifold cannot have
singular leaves, i.e., it must be a regular Riemannian foliation. Then we
apply'2. Our main result result used in Theorem 1.1 describes the topology
of singular Riemannian foliations in the following more general situation.

Theorem 1.2. Let M be a complete Riemannian manifold without conju-
gate points and let F be a singular Riemannian foliation on M such that
the space of leaves M /F has bounded diameter with respect to the quotient
pseudo-metric. Then F is a regular foliations and has a reqular closure F.
The quotient M/ F is a good Riemannian orbifold without conjugate points.
The leaves of the lift F of F to the universal covering M of M are closed
and contractible. They are given by a Riemannian submersion p : M — B
to a contractible manifold B.

In the case of a simply connected total space M we deduce from the
last part of Theorem 1.2:

Corollary 1.1. Let M be a complete, simply connected Riemannian man-
ifold without conjugate points. Then there are no non-trivial singular Rie-
mannian foliations F on M with a bounded quotient M/F.
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Remark 1.3. In the case M = R" the last result was recently shown in'®
using different methods.

The proof of Theorem 1.2 is divided into a geometric and a topological
part. In the geometric part, similar to'”, we analyze the structure of F and
prove that regular leaves of F do not have focal points (this already implies
the first two claims in our theorem). The idea of the proof is that focal
points of regular leaves correspond either to crossings of singular leaves or
to conjugate points in the quotient. Now, the Poincare recurrence theorem
for the quasi-geodesic flow on the quotient M/F (cf. Theorem 1.6'%; here
we use the compactness of the quotient) tells us that the existence of a
single focal point would imply the existence of a horizontal geodesic with
arbitrary many focal points. (This is a modified form of the statement that
on a compact Riemannian manifold with uniformly bounded number of
conjugate points along all geodesics, there are no conjugate points at all).
However, the absence of conjugate points on M implies that each leaf has at
most dim(M) focal points along any horizontal geodesic. This contradiction
finishes the geometric part of the proof.

The remaining part of the proof is finished by using the following purely
topological observation.

Proposition 1.1. Let M be an aspherical manifold with a complete Rie-
mannian metric. Let F be a Riemannian foliation on M with dense leaves.
Then the leaves of the lift F of F to the universal covering M are closed
and contractible. The lifted foliation Fis giwen by a Riemannian submer-
sion p : M — B onto a contractible homogeneous manifold B.

2. Preliminaries

A transnormal system F on a Riemannian manifold M is a decomposition
of M into smooth, injectively immersed, connected submanifolds, called
leaves, such that geodesics emanating perpendicularly to one leaf stay per-
pendicularly to all leaves. A transnormal system F is called a singular
Riemannian foliation if there are smooth vector fields X; on M such that
for each point p € M the tangent space T,L(p) of the leaf L(p) through
p is given as the span of the vectors X;(p) € T,M. We refer to®1920 for
more on singular Riemannian foliations. Examples of singular Riemannian
foliations are (regular) Riemannian foliations and the orbit decomposition
of an isometric group action.

If M is complete then leaves of a transnormal system F are equidistant
and the distance between leaves define a natural pseudo-metric on the space
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of leaves. This pseudo-metric space is bounded if and only if some finite
tubular neighborhood of a leaf coincides with the whole space. If F is closed,
i.e., if leaves of F are closed then the quotient B = M/F is a complete,
locally compact, geodesic metric space, that is compact if and only if it
is bounded. Moreover, B is an Alexandrov space with curvature locally
bounded below. If it is compact, its Hausdorff measure is finite.

Let F be a singular Riemannian foliation on the Riemannian manifold
M. The dimension of F, dim(F), is the maximal dimension of its leaves. For
s < dim(F) denote by ¥ the subset of all points © € M with dim(L(z)) =
s. Then X, is an embedded submanifold of M and the restriction of F to
Ys is a Riemannian foliation. For a point x € M, we denote by %% the
connected component of ¥, through z, where s = dim(L(x)). We call the
decomposition of M into the manifolds 3% the canonical stratification of
M. The subset ¥gim(F) is open, dense and connected in M. It is the regular
stratum M. It will be denoted by My and will also be called the set or
regular points of M. All other strata X% are called singular strata.

Let F be a singular Riemannian foliation on a complete Riemannian
manifold M. Then the decomposition F of M into closures of leaves of F
is a transnormal system, that we will call the closure of F. The restriction
of F to each stratum ¥ of M (with respect to F) is a singular Riemannian
foliation.

For a transnormal system F on M, we will call a point x € M regular
if its leaf is regular, i.e., if it has the maximal dimension. The closure of a
singular leaf of a singular Riemannian manifold F on a complete Rieman-
nian manifold M is a singular leaf of F. In particular, if F does not have
singular leaves then F is a (regular) Riemannian foliation.

Let M, F,F be as above. Then M gets a canonical stratification with
respect to F that is finer than the canonical stratification with respect to
F, such that the restriction of F to each stratum is a Riemannian foliation.
The main stratum My is again open and dense. This defines a canonical
stratification of the quotient B = M/F into smooth Riemannian orbifolds.
The main stratum My is projected to the main stratum By of B that is
open and dense in B. If B is compact, the orbifold By has finite volume.

Horizontal geodesics of the transnormal system F are projected to con-
catenations of geodesics in B. Each horizontal geodesic in the regular part
My is projected to an orbifold-geodesic in By. Let 7 and 72 be horizontal
geodesics whose projections n; and 12 to B coincide initially. Then n; and 19
coincide on the whole real line (cf.'%2! for the case of singular Riemannian
foliation and!®22 for the case of closed transnormal systems). Therefore the
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geodesic flow on M restricted to the space of horizontal vectors projects to
a “quasi-geodesic” flow on the “unit tangent bundle” of B. Note, finally,
that for each regular leaf L of F and each horizontal geodesic v starting
on L, each intersection point of v with a singular leaf is a focal point of L
along ~.

We finish this section with an easy application of the Poincaré’s recur-
rence theorem:

Lemma 2.1. Let By be a (non-necessarily) complete Riemannian orbifold
with finite volume. Let V' be a non-empty open subset of the unit tangent
bundle Uy of Bgy. Assume that the geodesic flow ¢¢(v) is defined for all
v €V and all t > 0. Let a positive real number T be given. Then there is
a non-empty open subset Vo C V and T > T such that ¢7(Vy) C V, and
such that ¢(v) is defined for all v € Vi and all t € [T, 0].

3. Geometric arguments

Using the preparation from the last section, we can now easily prove the
geometric part of Theorem 1.2.

Let M,F be as in Theorem 1.2. Consider the closure F of F. Let B
denote the compact quotient B = M/F with the projection ¢ : M — B.
Let By be the regular part of B, i.e., the set of all regular leaves of F in M.

We are going to prove that all regular leaves of F have no focal points in
M. Assume the contrary. Denote by My the regular part of M (with respect
to JF; the original singular foliation F will not be used in this section).
Let H be the horizontal distribution on M. Let H' be the space of unit
vectors in ‘H, with the foot point projection p : H' — M. For h € H' let
A"+ [0,00) — M denote the horizontal geodesic starting in the direction
of h. By L(h) we denote the leaf of F through the foot point p(h) € M.
By f(h) we will denote the L(h)-index of 4", i.e., the number of L(h)-focal
points along 7. By A" we denote the Lagrangian space of normal Jacobi
fields along " that consists of L(h)-Jacobi fields (cf.2?). As in??, we denote
for an interval I C (0,00) by indan(I) the number of L(h)-focal points
along 7" in y"(I).

Since there are no conjugate points in the manifold M, the function f
is bounded by dim(M) on H! (Corollary 1.223). Let m be the maximum of
the function f, that is positive by our assumption. Choose some ho € H!
with f(ho) = m. Choose some T > 0 such that all (precisely m, when
counted with multiplicity) L(hg)-focal points along v come before T, i.e.,
inds, ((0,T)) = m. By continuity of indices and maximality of m, we find
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an open neighborhood V of hg in H!, with indn ((0,T)) = m, for all h € V.

Since each intersection of 4" with a singular leaf happens in a focal
point, for all h € V, the geodesic 4" : [T,00) — M does not intersect
singular leaves. Thus, 4" ([T, 00)) is contained in My and, for its projection
n" = q o~ we have n"([T,<) C By. Due to Lemma 2.1, we find an
open subset Vp of V and some T > T such that for all A € V we have
Y1[0,00) C My and (v")(T) € V.

Choose now some h € Vj. Since v" is contained in My, the projection
n" = qo~" is an orbifold-geodesic in By. Moreover, L(h)-focal points along
~" correspond to conjugate points along n". For the Jacobi equation along
n" (in terms of,2® this is the transversal Jacobi equation introduced in®),
we have the following picture. The point 7" (T') has at least one conjugate
point along 1" in the interval (T, T + T) (in fact, there are precisely m
such points counted with multiplicities). Therefore, "(0) has at least one
conjugate point along 7" in the interval (T', T+ T') (Corollary 1.32%). Since
T > T, by assumption, we get an L(h)-focal point v"(¢) along v" for some
t > T, in contradiction to indx (0, 00) = inda» (0, T).

Thus, we have proved, that all regular leaves of F have no focal points.
Hence F has no singular leaves. Therefore,  and F are regular Riemannian
foliation. Moreover, since focal points of leaves of a closed regular Rieman-
nian foliation correspond to conjugate points in the quotient orbifold, we
deduce that the quotient B = M/F has no conjugate points.

4. Topological arguments

First, we are going to prove Proposition 1.1. Thus let M be an aspheri-
cal manifold with a complete Riemannian metric. Let F be a Riemannian
foliation on M with dense leaves. Let M be the universal covering of M.
Denote by I' the group of deck transformations of M. Let F be the lift of
F to M and denote by F; the closure of F. Since F is invariant under the
action of I', so is its closure F;. Thus F7 induces a singular Riemannian
foliation F5 on M whose leaves contain the leaves of F. Since the leaves of
F are dense so must be the leaves of F5. In particular, 7> and, therefore,
JF1 must be regular Riemannian foliations. Consider the Riemannian orb-
ifold B=M /F1. Since Fy has dense leaves, the natural isometric action of
I' on B must have dense orbits. In particular, B must be a homogeneous
Riemannian manifold.

Thus, the projection p : M — B is a Riemannian submersion. From
the long exact sequence of the fibration p (and the contractibility of M)
we deduce that B must be simply connected. Since B is homogeneous,



81

its homotopy and homology groups are finitely generated. From the long
exact sequence of p we deduce that the homotopy groups of the fibers L
of p (these are leaves of F7) are abelian and finitely generated. Hence, the
homology groups of L are finitely generated as well. Now, we can apply the
spectral sequence for the fiber bundle p, as in p. 5994, and deduce that the
homology groups of L and B must vanish in positive degrees. We conclude
that L and B are contractible.

It remains to prove that the leaves of F are closed, i.e., that F and F
coincide. Assume the contrary and take a non-closed leaf L. Then its closure
L is a leaf of Fy, hence it is contractible. Thus the restriction of F to L is a
Riemannian foliation with dense leaves on a complete, contractible manifold
L. But this is impossible.?* This finishes the proof of Proposition 1.1.

Now we can finish the proof of Theorem 1.2. We already now, that the
closure F is a regular Riemannian foliation on M. Moreover, the leaves
of F have no focal points, and M/F is a Riemannian orbifold without
conjugate points. Now, the proof of Theorem 22° reveals that the lift F; of
F to the universal covering M is a simple foliation. Moreover, the quotient
B=M /F1 is a Riemannian manifold without conjugate points. From the
long exact sequence we deduce that Bis simply connected. Therefore, it is
diffeomorphic to R™. Each leaf L of F; has no focal points. Therefore, its
normal exponential map is a diffeomorphism. Thus the distance function
d; : L — R to each point © € M\ L is a Morse function on L with only one
critical point. Therefore, L is diffeomorphic to a Euclidean space as well.

In particular, the leaves of F are aspherical. From Proposition 1.1 we
deduce that the lift F of F to M has closed and contractible leaves. In
particular, all leaves of F have trivial fundamental group and therefore no
holonomy. Therefore, Fisa simple foliation. From the long exact sequence
we deduce that the quotient B; = M /.7:' is a contractible manifold.
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We develop variational formulae for the total m-th mean curvatures of
codimension-one distributions on a compact Riemannian manifold M"+1.
Based on the method of our recent work Rovenski-Walczak (2007) we show
that the total generalized mean curvatures over M (c) of constant curvature
¢ do not depend on the choice of k orthonormal vector fields, that for k = 1
was proved by Brito-Langevin—Rosenberg (1981). We calculate the variations
of the total generalized mean curvatures for k£ orthonormal vector fields on a
compact Riemannian manifold M.

Keywords: Distribution, vector field, Riemannian metric, mean curvatures,
variation, Newtonian transformation, integral formula

0. Introduction

Let F be a codimension-one foliation with a unit normal N on a compact
Riemannian manifold M"+1, and Ay = —(VN)* the Weingarten operator
of the leaves of F. The elementary symmetric functions o,,(A) of an xn
matrix A are defined by the equality " 04, (A)t™ = det(I, +tA), where
I,, is the unit matrix. Brito, Langevin & Rosenberg? (generalizing result by
Asimov!) have shown that for M™*! of constant curvature c the integrals

I,(N) = [ om(AN)dvol (1)

M
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depend on n, m, ¢ and vol(M) only, namely,

In(N) = {cm/2(:1//22)v01(M), n, m even, @
0, n or m odd.

In this case, I}, (0) = 0 for any variation N(s). One may show that
om(AN) =om(—=VN), 1<m<n. (3)

In3* we generalized a result by Asimov ! and Brito-Langevin-Rosenberg 2,
see (2), dropping their restriction that M has constant sectional curvature.

For A = (A1,..., Ap) € Z7 and t = (t1,...tx) € R denote by t* =
e 2. Set [A| = 3, \i. The mean curvatures ox(Ai, ... Ay) of a set of
order n quadratic matrices A1, ... Ay are defined by the polynomial equality

det(In +t1 Ay + ...+ tpdg) =Y Aen oa(A1,... Ap)t*. (4)

Theorem 0.1 (3). Let N be a unit vector field on a compact locally sym-
metric space M™ L. Then for any m > 0

/Mgm(N)dvolzo, gm(N):Z”A”:maA(Bl(N),...Bm(N)),

where A = (A1,...,A\m) 18 a sequence of nonnegative integers [IAl = A1+
2X + ... + mAm and Bop(N) = (‘2}3 RE, Bopr(N) = %H), REVN.

The formula (5) for few initial values of m, m = 1,2, 3, reads as3

/ o1(VN)dvol = 0, / 03(VN) = < Rie(N, N) dvol = 0,
M M 2
1 1
/ 03(VN) = 5 Ric(N, N) Te(VN) + 3 Tr(Ry VN) dvol = 0. (6)
M

Reilly ® developed variational formulae for the functional (1) of a ”single”
hypersurface M C RV,

A problem we are interested in is to develop variational formulae for
the functionals I, (N) (m > 0), N being a unit vector field on a compact M.
We do not assume that the orthogonal distribution N= is integrable.

Extending our methods®* (see Theorem 0.1) we generalize (2).

Theorem 0.2. Let Ny,...Ny (k> 1) be an orthonormal system of vector
fields on a compact Riemannian manifold M1 with the condition Ry, =
cl, (i <k) (for ezample, M has a constant curvature c). Then the integrals

L(Ny,...Ny) :/ o, (VN1, ... VNy) dvol (7)
M
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do not depend on Ni,...Ny: they depend on n, k, A = (A1,...\x), ¢ and
vol(M) only. In particular, I, (N1,...Ni) = 0 when ¢ = 0 or when either
[A| or n is odd.

Hence, the natural extension of the problem is to develop wvariational
formulae for the functionals (7) for any compact Riemannian manifold with
k orthonormal vector fields Ny, ..., Ng.

The proposed variational formulae for Ix(Ni,...Ng) can be applied
to k-webs and also to a k-regular unit vector field N on a Riemannian
manifold, i.e., such a field N for which N itself and its k — 1 derivatives,
VNN, Vn(VNN),...(VN)*LN, are point-wise linearly independent.

We will present the 1-st variation of (1) in the form

I.(0) = / om(VN)dvol = / {ar,(N), &) dvol,
M M
where "dot” denotes differentiation with respect to s at s = 0. Therefore,
the Euler-Lagrange equation for (1) has the form ar(N)+ = 0, where (-)*
is the orthogonal to N component. Similarly, the Fuler-Lagrange equations
for (7) constitute a system a’ (Ny,... Ng)ti =0 (1 <i < k).

1. Main Results

We will call the vector field div K = Tr(VK) = >, (V, K)e;, the divergence
of a linear operator K : TM — TM. Let R be the curvature tensor and
Ry = R(-, N)N the Jacobi operator. The Ricci curvature in a direction NV is
Ric(N,N) =>_,(R(e;, N)N,e;), where {e;} is a local orthonormal basis of
N+. Denote by R(S) the vector valued bilinear form (X,Y) — R(X, N)SY,
where S is a linear operator on T M.

Definition 1.1. The Newtonian transformations of a n X n matrix A are
defined inductively by To(A) = I,, Tin(4) = on(A)I,—AT,,—1(A) for
1 < m < n. Hence, the m-th Newtonian transformation (or tensor) is

T(A) = o (A) Iy — o1 (A) A+ ...+ (~1)™A™,  0<m<n. (8)

Theorem 1.1. Let N be a unit vector field on a compact Riemannian
manifold M™"*. Then N is a critical point of the functional (1) for m > 0
if and only if the following Euler-Lagrange equation holds:

[divT!,_ (VN)]™ =0, (9)
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Here (-)* is a conjugated (transposed) operator. Clearly, div T} (VN) =
div I,, = 0. For m = 2, the left-hand-side of (9) reads as

[divTHVN)] ™ = [Voy(VN) — div(VNH)] ™™, and so on.

Denote by Ric(N) = > R(N, e;) e; the vector field dual via (-) to the
linear form X — Y .(R(e;, N)X,e;) for any X € TM. Let Zo y be the
bilinear form on the space of vector fields orthogonal to N given by

Ton(X,Y) = Ric(X,Y) — Ric(N, N)(X,Y).
With this notation, we have the following.

Corollary 1.1. A unit vector field N on a compact Riemannian manifold
M is a critical point for the functional Io(N), see (1), if and only if

Ric(N)* =0, (10)

where (-)* is the orthogonal to N component. It is a point of local minimum
if the form Io y is positive definite on the space of sections of N*t.

Remark 1.1. For a map between compact Riemannian spaces f: M™ —
N, the energy is defined to be E(f) = 3 [, 2" 1 (d f(eq),d f(eq)) dvol
(see, etc). A unit vector field on a Riemannian manifold M can be consid-
ered as a map between M and Tj M, the unit tangent bundle equipped with
the Sasaki metric. Then, the energy of a unit vector field N on a compact
Riemannian manifold M™ can be expressed by the formula

E(N) = %VOI(M) + % /M |[VN|*dvol. (11)

The integral in (11), up to some constants, is the total bending B(N) of N:

B(N) =c, y IVN|?dvol, ¢, =1/((n—1)vol(S™)). (12)

Recall that vol(S"~1) = g(’fn—% The problem of minimizing £(N) or B(N)
has been studied by several authors, see ”8. Let N be a unit vector field on
M\ S, M"*! being a compact Riemannian manifold and S a finite subset

of M. If n > 2, then®

n+1

E(N) >

25— vol(M).

/ Ric(N, N)dvol+
M

Hence the minimal value of I5(V) is useful for estimation from below of the
energy of a vector field on M.
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Corollary 1.2. A a unit vector field N on a compact Riemannian manifold
M is a critical point of the functional I3(N) if and only if

[(div N) Ric(N) + %v Ric(N,N) + Tr (R(VN))] " =0.  (13)

Remark 1.2. The last term in (13) vanishes when N is integrable and
that the Euler-Lagrange equation is satisfied for all N’s on M of constant
sectional curvature. Moreover, the first two terms in there vanish when M
is Einstein.

Next we compute the first variation of the total mean curvatures for a
finite orthonormal system of vector fields on M.

Theorem 1.2. An orthonormal set {N1,... Ny} of vector fields on a com-
pact Riemannian manifold M™ 1 is a critical point of the functional (7) for
A= (\1,... ) if and only if the following Euler-Lagrange equations hold:

-,

Z (_1)T71 Z [(gtva)wl ig.. L( )—"_O—)\il,iz.,.w(g))divgt]

1<r<|A| in,ir <k

)

where iy = 1,...k, A = (VNy,...VNy), A = VN,,-...VN;,, (-)' is a
conjugated (transposed) operator and [ - |*i is Nj-orthogonal component.
Here we put Ay =X —e; = (A1,... N —1,... ), Aij =X —e; — €5, ete.

2. Proofs

2.1. Algebraic preliminaries

Lemma 2.1. Let A(s) = cossAy +sinsAs. Then for any m > 0,
om(A(s) =)

Proof. By definition, we have

Yo Om(A(s)) t™ = det |I,, + tA(s)| = det [T, + (t cos s) A1 + (tsins)As]
=3 (Zi+j:m 0(i,j) (A1, Az)(cos s)(sin s)7 ) ¢™.

Comparing coeflicients of two polynomials of ¢t we get the claim. O

= m (09 (A1, As)(cos s) (sin s)’.
1+) =

Lemma 2.2. Let f,(z,y) = Z;'n:() fm—j; ™y’ be a homogeneous poly-
nomial of degree m > 0. Then

fm(cos s, sin s) = om Z

[m/2 : .
[ cos((m—27)s)+3; sin((m—24)s)], (14)
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where o, B; depend linearly on fn,. The equality fm(coss, sins) = fo (Vs)
for even m transforms into the linear system for the coefficients fu,—pp,

E;Zé?%)(_l)b/zé(% m— ba b)fM—l%b = 61]';1/2f0’

- o , (15)
l[):{,QZ]S,...(_l)(bil)/2C(.77 m — bv b)fmfb,b = 0, ] = 07 PN [m/Q}

Here 5f is the Kronecker’s delta, and

C(jaavb) = Z (_1)l(jil)(ll))7 C’(j7a,b) = C(jvavb) + C(a—l—b—j,mb).

0<I<j
(16)
In particular, C(4,0,b) = (=1)7(}%) and C(j,a,0) = ().

Proof. By definition f,, =, fa,(cos s)*(sin s)°. Using Binomial
Theorem and the formulae coss = (€% + e7%) /2, sins = (e* — %) /(214)
where i2 = —1, we obtain

(cos 5)%(sins)? =i~ ei;‘lii)s (T+e ) (1—e~2*)" =

_p ilat)s OED —2ijs I(a\(b 1 i(a+b—24)s
g Sa+b e > (_1)(1@)(1)21 2a+bZC(j7a,b)e .
j=0 k+l=j j=0

Hence we arrive at the Fourier polynomial expansion

(b2 b )

S 2 C(j,a,b) cos((a+b—27)s), b even
Jj=0

(cos 5)%(sin s)? = (17)

(—n@-vrz b . ,
e C(j,a,b)sin((a+b—27)s), b odd.
=0

Jj=

Notice that for a = 0 or b = 0 (17) reduces to the well known formulae,
Taylor expansion of the powers of cos and sin. Next we get

STl cos((m — 2j)s) + f; sin((m — 2)s)] =
SUEE; + Gmey) cos((m = 2§)8) + (B + Bm—y) sin((m — 2)s)].

Finally, using notation (16), we obtain the system (14), where

[m/2]

Q= Z (_1)b/2é(.]3 m_b7 b)f’m—b,bv
b=0,2,...
[m/2] _
ﬁj = Z (—1)(b71)/2C(j,m—b, b)fmflnb-
b=1,3,...

The equality f,,(coss, sins) = fo (Vs) for even m transforms into (15). O
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2.2. Proof of Theorem 0.2

Let us shorten C; = coss; and S; = sins; for ¢ < k, |s;| < w/2. Consider
a unit vector field N(s) = C1 N7 + Zf:z S1...8;_1C;N; on M. Hence
VN(s) = C;VNy + 37, 81 ... 8 1C;VN;. By definition, we obtain

> om(VN(s))t™ =det|I, +t VN(s)| =
0<m<n
det |In +tC1VNy +tS1C3V Ny + ...+ t57... Sk,leVNH =
S oa(VN1,... VN, C1 S 02 Sy 2 Okt S ).
0<m<n |A|l=m
Comparing coeflicients of the two polynomials of ¢, we get

om(VN(s)) =3 oa(VNy,...VNy) Cir s~z gm—t=ia girigie
[Al=m

Notice that [, om(VN(s))dvol = C(c,n,m) is constant by conditions and

(2). Applying Lemmas 2.1, 2.2, we obtain for all i1 < m

| ‘z | Ag[a(iw)(wvl,...VNk)c;252m*i1*%2..ci’tllsggl]dvol:const.
Hi=m—11

Repeating this argument by induction, we obtain I, (N1, ... Ny) = const.
If ¢ = 0 or if either |A| or n are odd, then we have C(c, n,|A|) = 0; hence
I, (Ny,...Ng) = 0. This completes the proof of Theorem 0.2.

Example 2.1. To illustrate Theorem 0.2 for k = 2, consider orthonormal
vector fields N1, N2 on a compact space form M/(c). If either m or n is
odd then I(; n,—;(V N1, VN) = 0. If both m and n are even then X; =
I(i,m—i(VN1, VN2) (i = 0,...m) are solutions of the system, see (15),

oo (F1)Y2C(,m = b,0) Xy, = 5], e/ (17 vol(M),

2112)37”'(_1)%71)/26(]" m—bb)Xy=0 (j=0,...m/2).

2.3. Variational formulae

Let Ny, s € (—¢,€) be a smooth one-parameter family of unit vector fields
on M, Nog = N, a given unit vector field. Set I(s) = Io(N,) for all s. One

may calculate VN = V¢, where € = dN,/ds(0) is tangent to Nt
Lemma 2.3. For any linear operator S : TM — TM we have

Tr(SVE) = div(S€) — (div ", €). (18)
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Proof. We calculate
TI‘(SV&) = Zi<5v5i§? 61'> = Ei [v€i<S€7 61'> - <VEz (Stei)a €>}
= le(Sé) - Zi[<vei(5tei) - St(veiei)a §>]
=div(5¢) — <Ei(V6iSt)e¢, §> =div(§¢) — (divst ¢). O

Lemma 2.4. If A = (A, Ag,... \) with N; > 0, Vj, and A(s) =
(A1(s),... Ag(s)) (s > 0) are smooth families of matrices, then

- k . -

ox(A(s)) = Z 0’(17>\i)(Ai,A)- (19)

The formula (19) reduces to the following one:

Fa(A(s) = D (=)™ YT o, (A T(A Ay, Ay, (20)

1<m<|A| i1y im <k

i=1

Proof. Let A;(s) = A; + sA; + o(s) and 4; = 0 for i # 1. By (4),

det(In + tl(Al—FSAl)—l— oo+ tkAk) = det([n + StlAl +t1 A1+ + tkAk)

-,

=5 Al <n ox(4) tr + > IA| <n, O(1, Al)(Ala E) trs + o(s).
A1>0
Hence, %O'A(Al + SAl,AQ,...Ak)‘SZO = 0(1))\1)(}11,/_1') for any A =
(M, A2, ... Ag) with Ay > 0. Using symmetries of these invariants, see
Lemma 1 (identity II) in3, we get (19). By Lemma 4 in3 for A =
(/\1,)\2, S /\k), with /\j > 0, V7, we have
. . . . k . .
oq, }\'il)(A'h? ) =0x; (A) Tr(Ail) - Z U(LAiliz)(AilAiQ’ A)

Applying this formula again, we obtain

i2=1

1nes ) (A Ay, A) = o, (A) Te(Ay, Asy) —igl Oty (Aiy Aiy Ay, A).
Repeating this process, or by induction, we deduce (20). O
Example 2.2. If A(s), s > 0, is a smooth family of matrices, then (20)
reduces (using definition of Newtonian transformations) to the following:
EnlA() = Y (i () T4 D T (AT, (4). (21)

For small values of m, m =1,2,3, (21) reads as 01(A(s)) = Tr(A) and

&2(A(s)) = Tr(A) Tr(A)— Tr(AA),
&3(A(s)) = 02 (A) Tr(A)— Tr(A) Tr(AA)+ Tr(A2A).
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Proof of Theorem 1.1. Denote by Ny = N + s£ + o(s) a variation of
the unit vector field N. We write down (18) with S =T,,_1(VN)

Te(Ty1 (VN)VE) = div(Tin1 (VN) €) — (divTL,_,(VN), €).
Hence, integrating (21) and applying the Divergence Theorem, we obtain

I’ (0) :/M (VN (5)) |amo d vol = —/M<d1vT;,1(VN), ¢)dvol. (22)

Since £ L N is arbitrary, the claim follows from (22). O

Proof of Theorem 1.2. Denote by N;(s) = N; + s& + o(s) (i < k)
variations of unit vector fields N;. Then NV; = §; and (V~N¢)’ = V§;. In order
to use (20), we apply (18) to find Tr(AVE;,) = div(A&;,) — (div A%, &;,).
Also applying the well-known formula (where f, X are of a class C'!)

div(fX) = fdiv(X) +(Vf, X) (23)
to f=ox, . (A) and X = A¢&;,, we arrive at
OXiy.ir (ILY) le(;{&l) = div(o—)\il...ir (ILY) ggll) - <VO—)\111T (A')a ;{&1 >

Collecting the terms, we obtain

-,

OXiy . iy (ILY) TI‘(AV&A}) = giv(o-)\il,.,ir (A) A"é-“)

_<U>\11,.,1T (A) div A* — Atvakil.,.w (A)v &1 >
Integrating and applying the Divergence Theorem, we obtain

I,(0) = [ 6a(A)dvol =
~ M - - ~
- f Z (_1)T71 Z <Atv OXiy iy (A) + O—}\il...ir( )le At? 67;1 > dvol.
M 1<r<|A| i1
Since &; L N; are arbitrary, the claim follows from the above formula. O
Proof of Corollary 1.1. Let (—¢,¢) 3 s — N be a smooth family of

unit vector fields on M, Ny = N, a given unit vector field. Set I(s) = Iz(Ny)
for all s. In view of (6) we have I(s) = [, Ric(Ns, Ni) dvol. Bi-linearity of
the Ricci form implies that

215(0) = /MRic(N,§)dv01: /M@%(N), €) dvol,

¢ = (dNs/ds)(0) being the variation field for s — N,. From (Ng, Ng) = 1
for all s, it follows that & is orthogonal to N. Since for such £ one can define
a variation N, with dN;/ds(0) =&, we get (10).

Assume now that N is a critical point for I5(N), hence Ric(N)*+ = 0.
Set ¢ = dN,/ds(0) and n = d2N,/ds*(0). Then (¢, N) = 0 and (n, N) =
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—||€]|2. Therefore, n = —||€||?N + &+ for some &+ orthogonal to N. Since
Ric(N, &+) = 0, we obtain

21"(0) = [,,;(Ric(&, &) + Ric(N, 1)) dvol
= [ (Ric(&, &) — Ric(N, N)[[¢[*)dvol. O

Remark 2.1. The solutions N of the Euler-Lagrange equation (10) are
eigenvectors of the symmetric operator Ric: TM — TM , they correspond
to the critical values of the symmetric quadratic form Ric(N, N). The unit
eigenvector X; with the minimal eigenvalue A1, i.e. /liiE(Xl) = M\ X4, cor-
responds to minimum of this form, Im‘m Ric(X, X) = Ric(Xy, X1).

Proof of Corollary 1.2. As before, £ = dN;/ds(0) is orthogonal to N
From (6) we know that

[403(VN)dvol = 1 [, Ric(N, N) Tr(VN) dvol—1 [, Tr(Ry VN) dvol,
whenever (M, (-)) is locally symmetric. We will use

(5’1 (RNVN) = TI'((RNVN)/)
= Tr(R(VN(-),§)N + R(VN(), N)¢) + Tr(Rn VE).

Taking as before (see Corollary 1.1) a l-parameter family of unit vector
fields N and differentiating the function s +— I3(s) = I3(INVs) we obtain

= [y (Tr(VN) Ric(N, €) + 1 Ric(N, N) div¢
—1Tr R(VE,N)N — L Tr R(VN(-),£)N — L Tr R(VN(:), N) €) dvol.

Applying the formula (23) to f = Ric(V, N) and X = &, using the standard
symmetries of the curvature tensor, the fact that our Riemannian manifold
is locally symmetric (VR = 0), and the Green formula ( [, div Xdvol = 0)
we arrive at

1,(0) = /M<Tr(VN) f{\iE(N)—s—%VRic(N, N)+Te(R(VN)), €) dvol, (24)

The only difficulty in calculations leading to (24) is in writing the term
Tr(R(-, N)¢, V(yN) in the form

div R(&, N)N + (Tr(-, N)VN(-), &) + (Tt R(-, VN(-))N, €)
+Tr((X,Y) = (Vx R)(E N, N),Y)

and observing that the last term vanishes due to the local symmetry of M.[J
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The transverse geometry of a Riemannian foliation has been intensively studied
in the last period of time. In this paper we present the relations between the
foliated structure of a Riemannian foliation and the classical Weitzenbock for-
mula. We obtain a transversal Weitzenbock type formula which works in a more
general setting than a recent Weitzenbdck formula due to Y. A. Kordyukov.!

Keywords: Riemannian foliation, de Rham derivative Weitzenbock formula

1. Introduction

Let us consider the smooth, foliation (M, F, g) on a closed, n-dimensional
manifold M, endowed with a Riemannian metric g. We start out by stating
some basic facts concerning the spectral sequence and the adiabatic limit
associated with the foliation. The dimension of the foliation will be denoted
by p, the codimension by ¢ and (2, d) will denote the de Rham complex on
M. In the classical way? we get a bigrading for €, induced by the foliated
structure and the bundle-like metric:

Qut=c* (| N\TF> o \NTF* ), u,veN. (1)

Then, the exterior derivative and the coderivative split into bihomoge-
neous differential components as follows:

d=do1+dio+dz_1, d =00,—1+0d1,0+0d_21, (2)

where the indices correspond to the bigrading.
Using the above operators we can define the transversal Laplace
operator:
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Definition 1.1. The transversal Laplace operator is the Laplace type op-
erator defined using d; ¢ and d_1 o:

AL H :=dy00-1,0+ d_1,0d1,0. (3)

The transversal Laplace operator has been intensively studied,? the inter-
play with basic de Rham cohomology being of particular interest.

The adiabatic limit of a foliation was introduced by E. Witten for a
Riemannian bundle over the circle.* We decompose the metric g = g, © gr
with respect to the splitting TM = TF+ @ TF. Introducing a parameter
h > 0, let us define the family of metrics

gn=h"?g1 ®gr.

The limit of the foliation (M, F, gp) as h | 0 is known as the adiabatic limit,
while the above parameter is known as the adiabatic parameter.

Considering the special case when the metric is bundle-like,® in this
paper we present a Weitzenbock formula for the transversal Laplace op-
erator when acting on arbitrary differential forms. The importance of this
approach comes from the fact that recent work of J. A. Alvarez Lépez and
Y. A. Kordyukov®” focussed on differential spectral sequence extend the
interest area from basic forms to general differential forms.

2. Canonical differential operators defined on a
Riemannian foliation

For the rest of this paper, we will consider a Riemannian foliation (i. e.
endowed with a bundle-like metric).

We also consider local infinitesimal transformations {F,}, 1 < a < ¢, of
(M, F) orthogonal to the leaves, while {E;}, 1 < i < p, will be smooth local
vector fields tangent to the leaves. Furthermore, assume that the system
{F., E;} determines an orthonormal basis {f,,e;} at any point where they
are defined. Let us consider also the dual coframes {0“,wi} for {F,, E;},
and {a®, 3} for {fa,e;}. We denote by U7 the transverse component and
by U* the leafwise component of a local tangent vector field U. For the
sake of simplicity, the local vector fields {F,} will be called basic vector
fields.® In what follows we consider arbitrary local tangent vector fields U
and V. First of all, let us remind the Gray-O’Neill tensors fields A and T':°

TyV :=VE VT + VI VE

ApV = VE VT 4 VI VE,
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where V is the Levi-Civita connection associated to g. We canonically ex-
tend the above 0th order operators on differential forms. In accordance with
the previous literature,'? let us define the following metric connection:

6UV =nxrVyngV + WQVUWQV.
As a consequence, the Levi Civita connection splits as follows:
Vv = Vur 4+ Vye + Ayt + Tye. (4)

We take an orthonormal frame field {&;} in the neighborhood of an
arbitrary point © € M which induces an orthonormal basis {e,} for T, M,
with 1 < s < n. If {©°} and {0°} are the dual coframes for {&;} and
{es} respectively, then the exterior derivative and its adjoint operator with
respect to the canonical inner product on the Riemannian manifold can be
written as follows:

d=3"0"AVe, == ig Ve..

Using (4) and the orthonormal basis {f4,e;} and {a®, 8"}, the above
two operators split as follows:

d—Za AV, —l—Za A Ay, +Zﬁ /\Vel—i—ZBZ/\Tez, (5)
Zlfavfa ZlfaAfa Ziei ei_ziei/\Tei'

Considering a foliated chart I/ on M, then”
QWU = QU /) Fu) ANV U) = QUU ) Fu) @ Q00 (U).

Here Q"(U/Fy) denotes the space of basic forms of transversal degree u,
defined on U. Then, if we take a € Q“(U/Fy) and 3 € Q%°(U), just
considering the induced bigrading, we get for the case of a Riemannian
foliation: !

diglanp) = Za AVianB+an(— Za AVB  (6)

and for the co-differential operator:

S_10(anp) = szavfamﬁﬂkham szomvfaﬁ (7)

where g(k8,U) = k(U) = g(3.Te,e;,U), in other words k is the mean

curvature form.
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Remark 2.1. If 8 vanishes, then we get?

dy oo = Zaa A %faa,
a

5,1)(30[ = — Zifa%faa + i
a

3. Adiabatic limits and Riemannian foliations

The variation of Laplace operator, Levi-Civita connection and metric ten-
sor field with respect to the adiabatic parameter has been studied in several
previous papers.®!2 In this section we recall the main results. Using the
classical Koszul formula, we are able to express all the components of the
Levi-Civita connection (determined by the transverse-tangent decomposi-
tion) as polynomials in h. We obtain:'?

Proposition 3.1. The following equalities relate the canonical Levi-Civita
connections associated to the metrics gn and g:

T L
Vit eb = V7 b, ViT0r = hVE 0,
VI Twi =VL Wi, VIEwi = VE Wi,
Vi wh = VT ', V%’;’Lwl = V7L o',
9n:T pa _ 1,277 pa gn.Lpa _ 1,2x7L pa
Vg 0% =h"Vg 0% Vg =0* =h*VE 0

(8)

for any indices a, b, i and j, with 1 < a,b < q and 1 < 1i,j < p, respectively.

In what follows let us now consider the classical Weitzenbéck formula. '3
We take an orthonormal frame field {£,;} on the neighborhood of an arbi-
trary point € M which induces an orthonormal basis {€,} for T,, M such
that V. & = 0, with 1 < s,¢ < n. If {A®} (respectively {\°}) is the dual
coframe of {&;} (respectively {€;}), considering that d = > A® A Vg, and

0 = — > ig,Vg,, we can express the Laplace operator:
S

A=ds+6d=V*"V+K, (9)

where K =: > A\*-A'- R, ,, and the dot stands for Clifford multiplication
s<t
on differential forms.

We have the following canonical splittings of the tangent and cotan-
gent bundles: TM = TF+ & TF and TM* = TF+* @ TF*. The canon-
ical transversal and leafwise projection operator will be denoted by pr?
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and pr? respectively. We can consider the rescaling homomorphism ©, :
(TM*, gn) — (TM*, g):

Oy = hidT]:L* @ idprs. (10)

The induced rescaling homomorphism on differential forms or tensor fields
will be denoted also by Oj,. One can prove that the above rescaling homo-
morphism is in fact an isometry of Riemannian vector bundles.'* This allow
us to define the rescaled operators Ay := GhAgh@,jl, vh o= thgh@;l
and K" := ©,K,,0;".

Applying (9) for @glw, where w € Q7, and by using that ©y, is in fact
an isometry of Riemannian vector bundles, we obtain the formula

(Apw,w) = <Vhw, Vhw> + <Khw,w> , (11)

where the inner product is obtained by integrating on the closed Rieman-
nian manifold M .10

We consider the covariant derivative V induced on Q%?, with v and v
satisfying u + v =r, r € N:

V QWY — C®(TM*) @ C®(A"TM*).

We refine the covariant derivative in the presence of the canonical pro-
jections operators pr? and pr—determined by the foliated structure, and
the canonical projections 7y 4, Ty—1,0+1 and my41,,—1-induced by the bi-
grading, defining the following six differential operators:

V0= @ my,)oV, Vi,00 = (Prf @ my,) oV,
Vr-11:=pr7 @ my—1,041) 0V, Ve 11 = (prf @ my—1041) 0 V,
Vri-1:= 7 @ Tus10-1)0V, V1,1 := (prf @ Tus1,0-1)0 V.

The above operators can be naturally extended from Q%" to .
In the classical manner,” we choose a foliated chart & on M; then we
obtain the following local description of the de Rham complex:

QUI(U) = QU Fu) ANV (U) = QU Fu) @ Q80 (U), (12)

As a consequence, we consider o € Q%(U/Fy) and 3 € Q%V(U), and we
evaluate the above operators acting locally on differential forms of the type
a A 3, the general formula being easy to obtain by linearity. Considering
also how these operators change the bigrading, we write all the operators
only using the Levi-Civita connection associated to g and the adiabatic
parameter h:
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hoolanB) =h (V4,0 @B+a@ Vi, (8) =hVreo(anB),
VEool@AB) =V (@A) =a@VeoB+h>Veooad s,

V%,l,l aANB)=VE | (anp)= WY1 _11aAB=hVT _11(aNp),
VZ,—M alpB)= h_lv%f_m(a ANB)=hVie _11aNB=hV, _q11(anp),
V%m_laAB%:#V#m_AaA@:JfaAVTL,ﬂ%:WVTL,NaAﬂL
a N ﬂ) = hv%}:ly_l(a A ﬂ) =haA VL71),1ﬁ = hV£)17,1(Oé A ﬂ)

In the following we denote idguq/7,) ® V0,0 by VOL,QO and Voo ®
idgo.- @) by VZ -

In order to investigate the last term of (11), let us observe that the
formulas (8) allow us to express the curvature components as polynomials
in h:12

4
K"=>"h'-K'
1=0
and in accordance with the bigrading, this means:

Kl :Kl_2,2+Kl_1,1+Ké,0+Ki,—1+Ké,—2 (13)
for 0 < <4.

4. A transversal Weitzenbock formula

We remind some previous Weitzenbock formulas and Bochner techniques for
Riemannian foliations. First of all, we refer to a vanishing result concerning
the basic de Rham complex.!® Let us consider €, the de Rham complex of
basic forms defined on the foliation and the basic cohomology groups Hj,
for 0 < r < ¢q. We consider also

6= —Zifaﬁfa,
and define

A = dd + db.

If U is a foliated chart and N a transversal, then the Weitzenbock formula
on N reads:

AN ="V Vi, + KN, (14)
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where AN and KV are the corresponding Laplace operator and canonical
curvature expression for N. Using the fact that the action of A on €
coincides with the action of AYN on the corresponding projection of €2, on
N, the authors obtain the following vanishing result:'6

Theorem 4.1. Assume the transversal curvature operator is positive. Then
H] =0, for0<r<gq.

We state now another transversal Weitzenbock type formula which
works in the setting of transversal bundle A TF+":!

Theorem 4.2. We have the following formula

AJ_:Z@;a@fa-l-zaa/\ifb(]%j;b’fa—2~@Afbfa) (15)
a,b

a
+ E O[a/\ivfakn.
a

Now, collecting the coefficients of h? in (11) and using the same tech-
nique,'? we end up with the following general transversal Weitzenbdck for-

mula:

Theorem 4.3. If (M, F,g) is a Riemannian foliations and w is a smooth
differential form of degree r defined on M, then the following equality holds:

(ALw,w) =2(V2 o, V2 o) + [Vroowl® + Ve 1w]|®  (16)
+ Ve, —11w] + (K§ ow,w) -

The above formula works in a more general setting than a previous trans-
verse Weitzenbock type formula! which works for transverse fiber bundle.
In certain situations, a useful tool for studying the basic de Rham com-
plex is the associated spectral sequence.® The spectral sequence terms do
not contain only basic differential forms, so the relations (6), (7) and our
transversal Weitzenbock type formula written for differential forms of arbi-
trary degree might help us to investigate the cohomology of a Riemannian
foliation.

Remark 4.1. If we restrict our setting to the case of transverse fiber bundle
and apply the above techniques, we obtain a global Weitzenbock formula
which corresponds to the pointwise Weitzenbock formula (15), obtained by
direct calculation.!
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DUALITY AND MINIMALITY FOR RIEMANNIAN
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We are interested in the duality properties of the cohomology of a singular
Riemannian foliation. We present here the most simple case where there exists
a general duality theorem.

Keywords: Singular Riemannian foliation, cohomological duality, minimality

1. The duality

Let F be a Riemannian foliation of dimension [ and codimension k£ on
a smooth manifold M. If M and F are orientable and M is closed, the
de Rham spectral sequence of F is finite dimensional and satisfies the du-
ality condition

Ey'(F) = By TNF).

Moreover the manifold admits a metric such that each leaf is minimal if
and only if the basic cohomology of maximum degree, E§ 0 is non null.!

Without the hypothesis on M to be closed, this result can be extended.
We assume, for the sake of simplicity, that manifolds and foliation are ori-
entable.

Proposition 1.1. Let m: M — B a locally trivial bundle with compact
fibers, F a Riemannian foliation tangent to the fibers and compatible whith
the bundle structure. Then the spectral sequece of the foliation satisfies

Ey'(F) = ES '7TNF),

where B . denotes the spectral sequence with compact supports. If B admits
a open finite covering of triviality for m, then the second term of the spectral
sequence s finite-dimensional.
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Proof. We consider the sheaf P} of local basic forms of F. One has
ESYF) = H*HY(M,Py).
Let & denote the sheaf H!(r, P%) over B. Since it is fine, we have
Ey'(F) = B*(B,£"),
where H* stands for the hypercohomology. So we have a spectral sequence
H*(B,&") = Ey"™(F),

where 5/ (U) = E3"(F|-1(1r)). Now, if v denotes the codimension of F in
the fibers, the sheaves £5' and £ *'~" are dual to each other. O

2. The minimality

Corollary 2.1. Under the hypotheses of the above proposition, the foliation
is minimal if and only if Egg #0.

Proof. This follows from the Rummler-Sullivan characterization of mini-
mality,® which asserts that minimality holds when a volume form along the
leaves, x ., defines a class in E207l(.7-'). O

3. Singular Riemannian foliations

Naturally, the setting of Proposition 1.1 arises from a singular Riemannian
foliation on a compact manifold. It induces two stratifications on the mani-
fold, one given by the dimension of the closures of the leaves, and the other
by the dimension of the leaves. On the regular stratum for the first one, the
foliation has the good properties of the proposition. If we consider the reg-
ular stratum for the second stratification, the corollary still holds because,
by continuity, the condition on yz extends to the greater stratum. Sar-
alegi, Royo and Wolak prove? the above minimality characterization with
a different method.

For a singular Riemannian foliation on a compact manifold, the proposi-
tion can be understood as a duality theorem for the intersection cohomology
of the foliation with extreme perversities.
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OPEN PROBLEMS ON FOLIATIONS

These problems were collected from the problem session on foliations
held at the ICDG 2008.

Problem 0.1 (Takashi Tsuboi). Let M be a compact and connected
manifold of dimension 2m. Is Diff (M )o uniformly perfect?

The answer is not known for example when M is T?, the Mébius band,
S? x S?2, CP? or RP2.

If M has a handle body decomposition without handles of index m then
the answer is known to be affirmative. It seems that some new ideas are
needed for the general case (T. Tsuboi).

Suppose now that M is an open manifold of arbitrary dimension. Let
K C M be a compact deformation retract of M such that there is a com-
pactly supported diffeomorphism f : M — M so that fF(K)NK = ( for
k € Z. Then it is known that any element of Diff (M) can be expressed as
a composition of two commutators.

(Added in December 2008: The answer is affirmative if 2m > 6. But
the cases where 2m = 2 and 4 are very complicated and they look far from
being settled.)

Problem 0.2 (Remi Langevin). Find, or prove that there are no foli-
ations of S®, T3 or H3/T' (a compact hyperbolic 3-manifold) whose leaves
satisfy some property (P), or that there are only some simple examples.
Here, (P) can be for example “totally geodesic”, “Dupin” or “canal sur-
faces”. For the totally geodesic and Dupin cases, the answer is that there
are essentially no such foliations (R. Langevin and P. Walczak).

Let F be a foliation on H3/T, and let F denote its lift to H3. A main
point is that LN S2_ is not so bad when L is a Dupin leaf, where Lisa leaf
ofj-: over L. Thus we may ask how is LN S2 when L is a canal leaf. We
hope that LN S2_ is something like an envelope of circles in S2, .

Here, Reeb components may exist, and a suggestion could be to know
whether there are such foliations without Reeb components.

In the same spirit, Zeghib has asked about the existence of foliations F
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on H3 /T so that the leaves ofj-: are analytic and extend through S2,. If the
answer is no, then the end of the proof could be like in the Dupin case: we
get a partition of S%,, and the density of the orbits of T' on S2 is used.

The condition “leaves are canal surfaces” is more flexible. Foliations of
S3 by canal surfaces are now completely understood (Langevin-Walczak,).

If the answer for foliations by canal surfaces of H3 /T is no, we may ask
how to relax the condition to get a few (just a few) examples.

Another property that can be considered for (P) is “elasticity”; folia-
tions with elastic leaves is a natural generalization of foliations by minimal

submanifolds.

Problem 0.3 (Pawel Walczak). On'S® or H?/T', does there exist a fam-
ily of three orthogonal foliations of codimension one? Here, orthogonality
means that the unit normal vector fields N1, No and N3 of those foliations
satisfy (N;, N;) = 0ij.

In the 1890’s, it was proved that there are no local obstructions: on any
Riemannian manifold there is a chart around each point so that the matrix
(gij) of metric coefficients is diagonal.

In the 1970’s (Hardorp), it was proved that on any compact oriented 3-
manifold there exist three foliations of codimension one transverse to each
other, so there are no topological obstructions.

Therefore, the only obstructions are global geometric. It is also known
that three pairwise orthogonal foliations intersect along common lines of
curvature, So, existence of umbilical points could serve as such obstruction.

Problem 0.4 (Pawel Walczak). Describe complete connected Rieman-
nian manifolds of bounded geometry which are not quasi-isometric to (or,
Gromov-Hausdor(f far from) the leaves or generic leaves of compact mani-
folds. Here, we refer to the Gromov-Hausdorff distance of arbitrary (com-
pact or not) metric spaces with base points.

Problem 0.5 (Paul Schweitzer). Consider the manifold of dimension 3
(Ghys and Inaba-Nishimori- Takamura- Tsuchiya)

L=LstgLsfLott---§Lp, ft-,

where py, denotes the sequence of prime numbers, and where w1 (Ly) =
Z/pZ. Can this L be (homeomorphic or diffeomorphic to) a leaf of a fo-
liation of codimension ¢ > 1 on a compact manifold?

Let N be a complete Riemannian manifold of dimension 2 and bounded
geometry. Find conditions on N to be quasi-isometric to a leaf of a foliation
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on a compact manifold (of codimension 1 or q). For instance, what about a
Liouwville ladder (a cylinder with handles spaced like the nonzero digits in a
Liouwille decimal number)?

Problem 0.6 (Vladimir Rovenski). Let M be a compact Riemannian
manifold of dimension n + v, and let F be a totally geodesic foliation of
dimension v on M. Then consider the mized curvature K, where o is the
plane generated by a vector tangent to the a leaf and a vector normal to
that leaf at the same point. We would like to find examples with v large
and K, > 0 for all such o. For instance we have the Hopf fibrations of
spheres. To be more precise, let p(n) be the mazimum number of linearly
independent vector fields on S"~1; it is known that p(n) < 2log, n+1. Does
there exist any example with v > p(n) and K, > 0 for all mized o ?

For K, = 1, it was proved that v < p(n) with a local method (Ferus,
1970).

Problem 0.7 (Hiraku Nozawa). Let M be a closed manifold, let
{Fitter=j0,1) be a smooth family of Riemannian foliations on M, and let
HE(F;) denote their basic cohomology of degree k. Is dim H¥(F;) constant
on t?

Now let {(Ft, Ji)}ter be a smooth family of transversely holomorphic
Riemannian foliations on M. Then we can consider the coresponding bi-
grading of the basic cohomology with complex coefficients, H5*(Fy). Is
dim H;°(F;) constant on t?

Problem 0.8 (Victor Kleptsyn). Let G be a finitely generated group
acting minimally on S'. A point x € S* is called non-expandable when
g (x) <1 for all g € G. Let NE denote the set of non-expandable points.
Is it true that NE # (0 implies Aexp = 07 To answer this question, we may
need the following condition denoted by (*): any non-expandable point x is
a fized point, and thus there exist g4, g_ € G such that g4+ (z) = g_(z) = z,
Fix(g+) N (z,x + €) = Fix(9—) N (x — €,2) = O for some € > 0. Does (*)
imply that we get a Markov pseudogroup? Is (*) always true?

For instance, the action of PSLa(Z) on S* = PR(R?) satisfies (*), as
well as the action of the Thomson group.

Problem 0.9 (Gilbert Hector). Consider the manifold of dimension 3
L=LyfLsLsfLrt---

like in Problem 0.5. Is L a leaf of a codimension one foliation in R*? As
variants of this question, we can ask whether L can be realized as a closed
submanifold of R*, or as a fiber of a submersion R* — R.
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If L embeds as a closed submanifold of R*, then it should be proper.
Also, the triviality of the tangent bundle is the first obstruction to be a leaf
in R*, but L is parallelizable because of its dimension is 3. The Chern-
Simons classes may be relevant for this problem because they detect lens
spaces.

If there is no answer for R*, what about R®?

Problem 0.10 (Etienne Ghys (recalled by Bertrand Deroin)).
There is an example of a lamination of a compact space by Riemann sur-
faces with one parabolic leaf and all other leaves hyperbolic (Ghys and
Kenyon). Does there exist any foliation by Riemann surfaces on a closed
manifold whose leaves are of such a mixed type? Is it possible to find an
example with one parabolic plane and one hyperbolic plane as leaves?
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GRAPHS WITH PRESCRIBED MEAN CURVATURE
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In this note we survey several recent results on graphs with prescribed mean
curvature function in Riemannian manifolds endowed with a (conformal)
Killing field.
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1. Introduction

A well known theorem on elliptic PDE due to J. Serrin'® establishes exis-
tence and uniqueness of a solution u € C?(€2) to the Dirichlet problem

Vz

zlog = ¢

for any given ¢ € C%*(92). Here H > 0 is a real number and 2 a bounded
C?%“ domain in the plane z = 0 satisfying the geometric condition kr > 2H,
being kr the curvature of the boundary curve I' = 9. In addition, the
divergence and gradient are the usual operators in the Euclidean plane. It
follows that the graph of a solution z of (1) is a surface in R® with constant
mean curvature H when oriented with a normal vector pointing downward.
Serrin’s classical theorem has been extended to other types of graphs
and other ambient spaces. For instance, for results in the hyperbolic space
see!13:15-17 and '8 The spherical case was considered in'® and.!* Recently,
several results for hypersurfaces with prescribed mean curvature function
in very general ambient spaces have been given in'3 68 and.'?> Qur goal
is to describe the general results in® and® that extend and generalize al-
most all previous existence theorems. It seems that the only exceptions are
Theorem 3 in! and the result in'® where a larger range for H is allowed.
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The first section below is devoted to an existence theorem for Rieman-
nian manifolds endowed with a Killing field with integral orthogonal dis-
tribution. In the remaining sections, we generalize this initial result by ei-
ther removing the integrability condition or by considering (not necessarily
closed) conformal Killing fields.

2. Killing graphs

Let M™*! denote a Riemannian manifold endowed with a complete Killing
vector field Y such that its orthogonal distribution is integrable. Then, the
leaves are totally geodesic hypersurfaces. Fix an integral leaf P", and denote
by

&: RxP*— Mt

the flow generated by Y. Given a bounded domain Q2 C P, we define the
Killing graph associated to a function z on Q as the hypersurface

¥ ={®(2(u),u) : u € Q}.

We want to assure the existence and uniqueness of a Killing graph with
prescribed mean curvature H and boundary data ¢. Here, the functions
H and ¢ are defined on Q and I' = 9Q respectively. As in the case of
Serrin’s result and in the sequel, the problem of existence of such a graph
is formulated in terms of a Dirichlet problem for a divergence form elliptic
PDE.

The Killing cylinder K over I' is ruled by the flow lines of Y through
I'. Thus,

K ={®(t,u) :uecTl}.

The mean curvature of K pointing inward is denoted by Hyx and Ricy,
stands for the Ricci tensor of the ambient space.

The following result was obtained in* and generalizes that one in.® As
is the case of all theorems presented below, its proof uses the continuity
method for quasilinear elliptic PDE as discussed in.? In order to obtain a
priori height and gradient estimates, essential to this method, we use the
Killing cylinders as barriers.

Theorem 2.1. Let Q C P" be a bounded domain with C** boundary T.
Assume Hi > 0 and Ricps > —ninfr H%. Let H € C*(Q) and ¢ € C%2(T)
be given. If

sup |H| < inf H,
Q r
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then there exists an unique function z € C**(Q) satisfying z|r = ¢ whose
Killing graph has mean curvature H .

In a more general case, we will see below that M"*! as above has a
Riemannian structure as a warped product Riemannian manifold

M™! =P" x,R
such that
Y = {(2(u),u) : u € Q}.

Moreover, we verify that the Killing field is Y = d/dt, where ¢ is the pa-
rameter for R. Thus, the warped function g € C*(P) is o = ||Y|.

3. Riemannian submersions

We discuss next the case when we do not necessarily have the integrability
of the normal distribution to the Killing field. It turns that a natural setting
of the Dirichlet problem for graphs with prescribed mean curvature is to
consider these graphs as leaves in a Riemannian submersion transversal to
a Killing cylinder.

Given a Riemannian submersion 7: M"T! — P” and a bounded domain
Q C P" with boundary I, the Killing cylinder K over I' is the subset 7= 1(T).
The following result was obtained in.?

Theorem 3.1. Let Q C P" be a domain with compact closure and C*®
boundary I'. Assume that Hey1 > 0 and inf s Ric > —ninfp nyl, where Hiyl
stands for the mean curvature of the Killing cylinder over I'. Let H € C*(2)
and ¢ € C*%(T) be given. Assume that there exists a C* immersion
t: Q — M transverse to the vertical fibers. If

sup |H| < inf Hg, (2)
Q r

then there exists an unique function z € C**(Q) satisfying z|r = ¢ whose
Killing graph has mean curvature H .

The hypothesis on the existence of the immersion ¢ is used simultane-
ously to introduce a set of coordinates well suited to the problem and to
define properly the notion of graph. Also +(Q) is used as barrier to producing
an initial minimal graph by the direct method in Calculus of Variations.

In the case of higher-dimensional Heisenberg spaces there exists a mini-
mal leaf transverse to the flow lines of the vertical vector field. Thus, there is



114

no need of the hypothesis in this particular case. By contrast, if we consider
the example of odd-dimensional spheres submersed in the complex projec-
tive spaces, it is not guaranteed that always exist such minimal graphs with
respect to the Hopf fibers.

We remark that submersions with totally geodesic fibers constitute an
important example where we may construct initial Killing graphs. In fact,
if we also assume that the solid cylinder over 2 is complete, then geodesic
cones with boundary in K and vertex at the mean convex side of K may
be taken as initial Killing graphs after smoothing around the vertex. Thus,
in this case we may rule out the hypothesis.

The above result has a very interesting application even for Euclidean
space as we discuss next.

Let P™ be a Riemannian manifold endowed with a Killing vector field
So. Given a positive function ¢ € C*°(PP) so that Sp(9) = 0, consider the
warped product manifold

M™ =P" x,R.
Then, the lift S of Sy by the projection
(u,t) € M" ™! — oy € P"

is a Killing vector field in M™*!. Thus, given constants a,b € R with b # 0,
it is easy to see that

Y =aS+ 0T

is a Killing field in M"™*!, where T = 0. The following theorem was ob-
tained in.”

Theorem 3.2. Let Q) be a C>® bounded domain in M™. Assume that Hy >
0 and Ricy|rq > —ninfr Hz. Let H € C%(Q) and ¢ € C*%(T) be given
such that

Then, there exists an unique function z € C>%(Q) satisfying z|r = @ whose
(helicoidal) graph has mean curvature function H and boundary data .

Assume that P2 = R? is endowed with a rotationally invariant metric.
More precisely, we have polar coordinates r, 8 such that the metric is written
as

ds® = dr® +4*(r) 49
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for some positive smooth function 1. Given the Killing vector field 9y in P2
and a,b € R with b # 0, it follows that

Y = a@g + b@t

is a Killing vector field in M?3.
We define a submersion m: M3 — P? by identifying points in the same
orbit through a point of P2. Then, it turns out that 7: M3 — P? is a
Riemannian submersion if we consider in P? the metric
b2w2
PR

which coincides with the Euclidean metric when a = 0 and ¢(r) = r.

ds? = dr? + d6?

Corollary 3.1. Let Q C R? be a C%® bounded domain with boundary T
such that Hig > 0. Let H € C%(Q) and ¢ € C**(T") be given such that

Then, there exists an unique function z € C*%(Q) satisfying z|r = ¢ whose
helicoidal graph in R® has mean curvature H and boundary data .

Notice that the Corollary 4 above reduces to Serrin’s theorem if we take
a = 0. Similar results may be stated for helicoidal graphs in hyperbolic
spaces and spheres with respect to linear combinations of Killing vector
fields generating translations along a geodesic and rotations.

4. Conformal Killing graphs

Next, we deal with conformal Killing vector fields and the corresponding
notion of graph. The result extends Theorem 1 in* and gives a substantial
improvement of the results proved in.! In fact, the method used here allows
us to discard or weaken several assumptions that appear in Theorem 2 and
Theorem 3 in.! In particular, the conformal Killing field we consider does
not have to be closed.

Let M™*! denote a Riemannian manifold endowed with a conformal
Killing vector field Y whose orthogonal distribution is integrable. Thus,
there exists a function p € C*° (M) such that we have the conformal Killing
equation

where V, W € TM. If the conformal Killing field Y is closed we have
(VvY, W) = p(V,W).
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The leaves of the orthogonal distribution are totally umbilical hypersur-
faces. In particular, if Y is closed, the leaves are spherical.
We denote the flow generated by Y by

O :Ix P — ML

where I = (—o00, a) is an interval with a > 0 and P™ is an arbitrarily fixed
integral leaf which we label as ¢ = 0. It may happen that a = 400, i.e., that
the vector field Y is complete. Notice that this situation occurs when the
trajectories of Y are circles and we pass to the universal cover.

Since ®; = ®(¢, - ) is a conformal map for any fixed t € I, there exists a
positive function A € C*°(I) such that A(0) =1 and

15=XN(13g
It is a standard fact that the functions A and p are related by
p(t) = (Ae/A)(D)- (4)
Denoting
1Y (t,w)l* = 1/5(t,u)
and y(u) = (0, u), we have from (3) and (4) that
H(tu) = y(u)/A\*(t).
It follows from (3) and the integrability of the orthogonal distribution that
(VxY,Z) = p(t)(X, Z) ()

for X,Z 1 Y. Thus, the leaves P, = ®;(P) are totally umbilical and the
principal curvature k(t,u) of P; with respect to the unit normal vector field
=Y/|Y] is

P MV
k(t,u) = m = )\2 .

The metric in M™t! has the form

ds? = N2 (t) (v (u)dt? + do?) (6)

where (0;;) is the local expression for the metric do? in P". Hence, M"T!
is conformal with conformal factor A(¢) to the Riemannian warped product
manifold P™ x, 7 I Moreover, after the change of variable

r=r()= /Ot A(r)dr
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we see that (6) takes the form of a Riemannian twisted product
ds? =y (u)dr? + ¢?(r)do?
where ¥(r) = A(t(r)).
Example 4.1. Let o € C*(P) be any positive function.
(i) Then,
M™ =R, x P, ds®> = o?(u)dr? + r2do?
18 isometric to
M =R x P, d3? = e*(a?(u) dt? + do?)
by means of the change of variable et = r.
(ii) Then,
M =R x P, ds? = a?(u)dr?® + e*"do?

is 1sometric to

M™ = (—00,1) x P, d3? = (a®(u) dt* + do?)

(1)

by means of the change of variable t =1—e¢e™".

(i4) If ¢ > 0 and b=! = tanh (c/2), then

M =R, xP", ds® = o®(u)dr? 4 (sinht)*do?
1s isometric to

M" ! = (=0, ¢ + logb) x P,

d3? = (sinh(2 argtanhb=1e*=¢))?(a?(u) dt? 4 do?)
by means of the change of variable t = ¢ + log(btanh (¢/2)).

If the conformal Killing field Y is closed, i.e.,
<vVY7 W> = p<V, W>7

we may assume that v(u) = 1. Thus M"™*! has a warped product structure
and is conformal to the Riemannian product manifold R x M™ with con-
formal factor A(t). Observe the leaves of D are now spherical, that is, they
have constant mean curvature k().

The partial differential equation for a prescribed mean curvature func-
tion H in Q to be solved is the quasilinear elliptic equation of divergence
form

div< vz ) - ! (W“Z’v7> + m/\t) T nNH = 0.
VYV, VA +IVePN 2y A
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If the Killing field is closed (v = constant, say v = 1) the equation reduces

div ( vz

A )
)4 —L—
«/1+|Vz|2> ”( MWIEVaP

At this respect, the following result was obtained in.’

to

Let €y denote the largest open subset of points of {2 that can be joined
to I by a unique minimizing geodesic. At points of 2y, we denote

Ricy®(x) = Ricyy (n,n)

where Ricy; is the ambient Ricci tensor and n € T, M is a unit vector
tangent to the the uniqueminimizing geodesic from = € ¢ to T.

Theorem 4.1. Let Q C M be a C*° bounded domain such that Ricgf}d >
—ninfr H%. Assume Ay > 0 and (\/N); > 0. Let H € C*(Q) and ¢ €
C?*(T') be such that infr Hx > H > 0 and ¢ < 0. Then, there exists
a unique function z € C*%(Q) whose conformal Killing graph has mean
curvature function H and boundary data ¢.

Theorem 4.1 has the following consequence.

Corollary 4.1. Theorem 4.1 holds if the Ricci curvature assumption is
replaced by

nRich3? > —(n —1)? irllleg
when the conformal Killing field Y is closed.

In comparison with the Theorem 2 in,! we observe that Corollary 4.1
above allows us to remove the restriction on the Ricci curvature to be min-
imal in the direction of the conformal Killing field and rule out conditions
on A. Moreover, it permits to attain equality in |H| < infr Hx thus ap-
plying successfully to product ambient spaces. In this sense, Corollary 4.1
generalizes the main result in' which applies in turn to graphs of constant
mean curvature and initial condition I
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1. Introduction

Let f: M™ — R™"P be an isometric immersion with codimension p of an
n-dimensional Riemannian manifold into Euclidean space. A basic problem
in submanifold theory is to understand when f fails to be unique. Clearly,
if T: R*"™P — R"P is a rigid motion then f =To f: M" — R"P is
also an isometric immersion, so uniqueness should be understood up to this
trivial equivalence relation. The usual terminology for uniqueness in this
sense is rigidity. Thus, f is said to be rigid if any isometric immersion
f: M™ — R™P is given in this way. Otherwise, f is said to be isometri-
cally deformable. Hence, the problem is (at least to start with) to classify
the isometrically deformable isometric immersions f: M™ — R"*P and
possibly to describe the set of its isometric deformations.

A similar problem can be posed for conformal immersions f: M"™ —
R™*P of manifolds with a conformal structure, with rigid motions of R**?
replaced by conformal (Mobius) transformations.

Our aim in this article is to survey on classical results and some re-
cent developments on this topic, with emphasis on the theory of genuine
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deformations of submanifolds, introduced by Dajczer and Florit® for the
isometric case, and recently extended to the conformal realm by Florit and
the author.?

2. The hypersurface case

Let us start with a brief discussion of the only case in which our problem
is well understood, namely, the case of hypersurfaces.

2.1. Local theory for the isometric case

In the study of isometric deformability of a hypersurface f: M™ — Rt
a crucial role is played by the rank of its shape operator, the so-called type
number of f. Recall that the shape operator Ay of f with respect to a unit
normal vector field IV is the endomorphism of the tangent bundle T'M given
by ANX = —VxN for every X € TM, where V stands for the derivative
in Euclidean space. Then, the type number 7(z) of f at x is the rank of
Ay at z.

The study of isometric deformability of FEuclidean hypersurfaces
f: M™ — R™"! of dimension n > 3 started with the following classical
result due to Beez and Killing.

Theorem 2.1. Any hypersurface f: M"™ — R" ™ with 7 > 3 everywhere
1s Tigid.

On the other hand, hypersurfaces with 7 < 1 are flat, and hence, highly
deformable. Thus, the interesting case in the study of local isometric defor-
mations of hypersurfaces occurs when 7 = 2.

Locally isometrically deformable hypersurfaces with 7 = 2 were classi-
fied by Sbrana2 and Cartan,? and are now called Sbrana-Cartan hypersur-
faces. They split into 4 classes. The simplest one consists of hypersurfaces
that are cylinders L2 x R"~2 over surfaces L? C R? or products C L2 x R"~3,
where CL? C R* denotes the cone over a surface L? C S® in the sphere
S? € R%. The deformations of such hypersurfaces are given by deformations
of the corresponding surface L2. The second class is that of ruled hypersur-
faces, i.e., hypersurfaces that admit a codimension one foliation by (open
subsets of) affine subspaces of R"T1. Hypersurfaces in this class are highly
deformable, the deformations being parameterized by smooth real functions
on an open interval.

The most interesting classes are the two remaining ones. Both can be
described as envelopes of certain two-parameter families of affine subspaces,
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but whereas hypersurfaces in one class admit a one-parameter family of iso-
metric deformations, those in the other have exactly one such deformation.

A modern account of the classification of Sbrana-Cartan hypersurfaces
was given in,'? where also some questions left open in the works by Sbrana
and Cartan were answered, as the existence of hypersurfaces of the discrete
type and the possibility of gluing together hypersurfaces of distinct classes.

2.2. Global theory of isometrically deformable
hypersurfaces

A fundamental result in the study of global deformability of hypersurfaces
was obtained by Sacksteder.?*

Theorem 2.2. A compact hypersurface f: M™ — R"* n > 3, is rigid
unless the subset of totally geodesic points of f disconnects M™.

Recall that totally geodesic points are those where the shape operator

vanishes identically. Sacksteder theorem was later extended to complete
hypersurfaces by Dajczer and Gromoll:!
Theorem 2.3. Let f: M™ — R, n > 3, be an isometric immersion of
a complete Riemannian manifold M™ that does not contain an open subset
L3 x R"=3 with L3 unbounded. Then f admits (nondiscrete) isometric de-
formations only along ruled strips. Furthermore, if f is nowhere completely
ruled and the subset of totally geodesic points of f does not disconnect M™,
then f is rigid.

An isometric immersion f: M™ — R™*P is said to be completely ruled
if it is ruled with complete rulings. In this case, the leaves in each connected
component of M (called a ruled strip) form an afine vector bundle over a
curve with or without end points. An important open problem in this topic
is whether there exists a complete nonruled deformable hypersurface M3
in R* with type number 7 = 2 almost everywhere.

2.3. Digression: Extending intrinsic isometries

An interesting problem that is closely related to isometric rigidity is whether
an intrinsic isometry of an Euclidean submanifold can be extended to a rigid
motion of Euclidean space. More precisely, given an isometric immersion
f: M"™ — R™P and an isometry g of M™, does there exist a rigid motion
G of R™P such that fog=Go f?
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It is easy to produce examples showing that the answer is “No”, in
general. On the other hand, the answer is clearly “Yes” whenever f is rigid:
it suffices to apply the rigidity of f to the pair of isometric immersions f
and fog.

It was recently shown in2%-23 that, for compact Euclidean hypersurfaces
of dimension n > 3, the answer is in fact “Yes” for any intrinsic isometry
that belongs to the identity component of the isometry group, regardless of
the hypersurface being rigid or not:

Theorem 2.4. Let f: M"™ — R"" n > 3, be a compact hypersurface.
Then the identity component Iso®(M™) of the isometry group of M™ admits
an orthogonal representation ®: Iso®(M™) — SO(n + 1) such that fog =
®(g) o f for all g € Iso®(M™).

2.4. Local theory of conformal deformations of
hypersurfaces

The local theory of conformally deformable hypersurfaces turns out to be
quite similar to that of the isometric case, starting with the following anal-
ogous due to Cartan® of the Beez-Killing theorem.

Theorem 2.5. A hypersurface f: M™ — R"T' n > 5 is conformally
rigid if all principal curvatures have multiplicity less than n—2 everywhere.

At the other extreme, hypersurfaces with a principal curvature of multi-
plicity at least n — 1 everywhere are locally conformally flat, that is, locally
conformal to an open subset of Euclidean space, hence, highly conformally
deformable.

Conformally deformable hypersurfaces with a principal curvature of con-
stant multiplicity n — 2 were classified by Cartan.? As in the isometric case,
they split into four classes: surface-like, conformally ruled, the ones hav-
ing a 1-parameter family of deformations and those that admit only one
deformation.

3. Higher codimensions: Rigidity results

An important contribution to the study of isometric rigidity of Euclidean
submanifolds of higher codimensions was given by Allendoerfer,! who
proved the following extension of Beez-Killing’s criterion for hypersurfaces.

Theorem 3.1. Any isometric immersion f: M™ — R™P with type num-
ber T > 3 everywhere is rigid.
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Here, the type number of an isometric immersion f: M"™ — R"TP at
a given x € M™ is the integer 0 < r < n defined as follows. Take any
orthonormal basis &1,...,&, of T;-M and consider the maximum number
r of linearly independent vectors Xi,...,X, € T,M such that the set
{Ag,Xs 1 <i <r, 1< j < p}is also linearly independent. This is
easily seen to be independent of the choice of the orthonormal normal basis.
Obviously, for p = 1 the type number is just the rank of the shape operator,
so in this case Allendoerfer theorem reduces to the Beez-Killing criterion.
Notice also that the assumption 7 > 3 imposes the restriction p < n/3
on the codimension of f. A conformal version of Allendorfer theorem was
obtained by Silva?® by means of a suitable extension of the notion of type
number to the conformal realm.

3.1. The s-nullity and the conformal s-nullity

For submanifolds of low codimension, weaker conditions insuring isomet-
ric and conformal rigidity of Euclidean submanifolds were given by do
Carmo and Dajczer* in terms of the so-called s-nullities and the confor-
mal s-nullities of the submanifold.

The s-nullity vs(z) of an immersion f: M™ — R"*P at a point z € M"
is defined for each 1 < s < p by

vs(z) = max{dim ker (a{,s(x)) L VECTEMY,

where a{,s (z) denotes the composition of the second fundamental form o
of f at z with the orthogonal projection onto V. Equivalently, vs(z) is
the maximal dimension of a subspace W C T, M for which there exists an
s-dimensional subspace V* C T;-M such that A¢|y = 0 for all € € V4. In
particular, v,(z) = v(r) = dimker of (x) is the index of relative nullity of
f at x.

Similarly, the conformal s-nullity v¢(x) of an immersion f: M"™ — R
at a point x € M™ is given for any 1 < s < p by

vé(z) = max{dim ker (a{,s(x) -, >fC) L VS CTHM, ¢ eV},

where (, ) stands for the metric on M™ induced by f.

In other words, v¢(z) is the maximal dimension of a subspace W C T, M
for which there exists an s-dimensional subspace V* C T; M and a normal
vector field ¢ € V*° such that A¢|lw = (£, ()1 for all £ € V°. In particular,

vy(x) = v°(z) is the conformal nullity of f at z.
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Theorem 3.2. (i) An isometric immersion f: M"™ — R""P p < 5 s
rigid if

vs<n—2s—1 forall 1 <s<p.
(i1) A conformal immersion f: M™ — R" P p < 4, is conformally rigid if

vi<n—2s—1 forall 1 <s<p.

For instance, an immersion f: M"™ — R"*2 n > 5, is isometrically
rigid whenever v < n — 5 and rankA¢ > 3 for any normal direction &.
Accordingly, f is conformally rigid whenever v¢ < n —5 and there exists no
normal direction { such that A¢ has a principal curvature of multiplicity
greater than n — 3.

3.2. A main tool: flat bilinear forms

Let f: M™ — R" and f: M"™ — R™*4 be isometric immersions. Endow
the vector bundle T} M & TflM with the indefinite metric of type (p,q)

given by (( , >>TJ£-M@Tf+M =, >TJ£-M —(, >Tf+M- Set
B=a®a: TM><TM—>T]%M@TJ%M,

where o and & denote the second fundamental forms of f and f , respec-
tively. The Gauss equations for f and f imply that § is flat with respect

to (", )
(B(X,Y),8(2,T)) — (B(X,T),5(2,Y)) =0

for all XY, Z, T € TM. Flat bilinear forms were introduced by J. D.
Moore?! as an outgrowth of Cartan’s exteriorly orthogonal forms. The fun-
damental result on flat bilinear forms is the following lemma, whose most
general form appears in,'? extending several previous cases.

Lemma 3.1. Let §: V" x V* — WP4 be a flat symmetric bilinear form.
If min{p, q} <5 and the subspace S(5) spanned by the image of B is non-
degenerate, then dimker(8) > n — dimS(8).

It has been conjectured by Dajczer for some time that the lemma should

10 5 counterexample

hold without the restrictions on min{p, ¢}. However, in
was given showing that the lemma is actually false if min{p, ¢} > 6.

As an illustration of how the lemma is used to derive rigidity results,
let us consider the simplest case of Beez-Killing theorem. Namely, given

another isometric immersion f: M™ — R"*!, the assumption rank o/ > 3
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implies that 3 = of @ of satisfies dimker(3) < n — 3. Hence S§(f) is
degenerate by Lemma 3.1. Choosmg unit normal vectors N and N to f
and f, respectively, so that N + N spans S(B) N S(B)*+, we obtain from
{af @ of [N + N) = 0 that Ay = AN7 and the Beez-Killing criterion
follows from the fundamental theorem of hypersurfaces.

3.3. Conformal geometry in the light cone

A Dbasic tool for studying conformal deformations of Euclidean submani-
folds, in particular for proving conformal rigidity theorems, is the model of
Euclidean space R™ as a paraboloid in the light-cone

Yttt — g € L2 (1) 2) = 0}

of the (n + ¢ + 2)-dimensional Lorentz space L"T4"2. Namely, for a fixed
ep € V'Hatl et ‘H be the degenerate affine hyperplane

H={x c L"T2: (z,e) = 1}.

Then, one can define an explicit isometric embedding ¥: R4 — Ln+a+2
such that W(R"T9) = E"*4 := Yn+a+tl 0 H. The usefulness of the model is
summarized by the following facts:

o If f: M™ — R™" is a conformal immersion with conformal factor
p € C*°(M) of a Riemannian manifold, then

I(f) == "Wo f: M™— yntatl c Lrtat?

is an isometric immersion, called the isometric light cone representative
of f.

o If g: M™ — V™+l is an isometric immersion such that g(M™) C
VrtatI\ R, where R,, = {teg : t > 0}, then C(g): M™ — R"*4 given
by

ToClg)=(g.e0)"'g
is a conformal immersion with conformal factor (g, eq)~!.
e Two conformal immersions f,g: M™ — R"™4 are conformaly con-
gruent if and only if their isometric light cone representatives

Z(f),Z(g): M™ — Vrtatl ¢ [[nt9+2 are isometrically congruent in
Lrtat+2,
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4. The general deformation problem

All results we have discussed so far, concerning submanifolds of codimension
greater than one, were sufficient criteria in terms of algebraic conditions on
the second fundamental form that insure rigidity or conformal rigidity of a
submanifold with low codimension. One might foresee higher-dimensional
versions of the Sbrana and Sbrana-Cartan theories of isometrically and
conformally deformable hypersurfaces, at least in the next simplest case
p = 2. However, such a theory is far from being fully developed (see” for
some partial results in the isometric case).

A basic observation when one goes into that problem is the following.
Start with a (nontrivial) isometric (conformal) deformation F': N™+!1 —
R"*2 of a Sbrana-Cartan (Cartan) hypersurface F: N"t1 — R"*2, Take
any isometric (conformal) immersion j: M"™ — N"! Then f = Foi is
an isometric (conformal) deformation of f = F 0.

f Rn+2
j/}}
MmN (1)

T
f R 2

In other words, any hypersurface of a deformable hypersurface is also

deformable. Thus, deformable submanifolds that arise in this way should
be regarded as “nongenuine”, and one should only pay attention to sub-
manifolds that admit “genuine” deformations. Before one can turn this
observation into a precise definition, it is convenient to put our deforma-
tion problem in a more general form, by allowing deformations to take place
in possibly different codimensions:
The general deformation problem: For fixed p > 0 and ¢ > 0, classify
isometric (conformal) immersions f: M™ — R™P that admit isometric
(conformal) deformations g: M™ — R"™%¢ (and possibly describe, in some
sense, such deformations).

Notice that the problem makes sense even for ¢ = 0: in the isometric
(conformal) case, it amounts to classifying flat (conformally flat) submani-
folds in R™*P,

A much more inspiring example, however, is the following: consider the
standard umbilical inclusion i: U C S® — R"*! and let h: W D i(U) —
R™P be any isometric immersion. Then one can produce “trivial” isomet-
ric immersions f: U C S® — R"P as compositions f = hoi:
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/ e Rn+1

Ucs” h

T

A natural and interesting problem is whether every isometric immersion
f: U CS™ — R™P is given in this way. The answer turns out to be “Yes”
whenever p < n—2, at least on connected components of an open and dense

Rner

subset of U. This was shown in,'* extending a previous result for p = 2 due
to Erbacher.!®

On the other hand, it was shown in?' and!® that the answer is “No”
for p = n — 1. More precisely, it was proved in'® that the set of “genuine”
isometric deformations in R?”~! of the umbilic inclusion i: U C S™ — R**+!
is in correspondence with the set of solutions of a system of nonlinear PDE’s
called the Generalized elliptic sinh-Gordon equations. Thus, the umbilic
inclusion i: U C S® — R"*! is “genuinely rigid” in R"P for p < n — 2,
but not for p =n — 1.

21

5. Genuine deformations

The ideas in the preceding section can be made precise by the following
definitions, introduced by Dajczer and Florit® in the isometric case.

Definition 5.1. A pair {f, f} of isometric (conformal) immersions
fo M™ — R and f: M™ — R is said to extend isometrically (con-
formally) when there exist an isometric (conformal) embedding j : M™ —
N™T with v > 1, and isometric (conformal) immersions F : N" " —
R™? and F: N"t" — R"4 such that f = Foj and f = Foj.

f RP+P
"

M ;j, Nn+r (1)

f\}f

Rt

Definition 5.2. (Genuine deformation) We say that f: M" — R4
is a genuine isometric (conformal) deformation of f: M™ — R™P if there
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is no open subset U C M™ along which the restrictions f|y and f|U extend
isometrically (conformally).

Definition 5.3. (Genuine rigidity) An isometric (conformal) immer-
sion f: M™ — R" P is genuinely isometrically (conformally) rigid in R4
for a fized integer ¢ > 0 if, for any given isometric (conformal) immersion
f: M™ — R4, there is an open dense subset U C M™ such that the pair
{flu, flu} extends isometrically (conformally).

The deformation problem revisited: For fixed p > 0 and ¢ > 0, clas-
sify isometric (conformal) immersions f: M™ — R"™"? that admit genuine
isometric (conformal) deformations g: M™ — R"*4.

The relevant geometric property related to existence of genuine isomet-
ric deformations turns out to be the following.

Definition 5.4. (Ruled immersions) An immersion f: M™ — R"TP js
D2 ruled if M™ carries an integrable d-dimensional distribution D* C T M

whose leaves are mapped diffeomorphically by f onto open subsets of affine
subspaces of R"1P.

Given a D ruled isometric immersion f: M™ — R™*P, set
Lp(z) = Lp(f)(z) =span{a’(Z,X): Z € D%(z) and X € T, M}.
Dajczer and Florit® have shown that admitting genuine isometric defor-

mations imposes strong restrictions on a submanifold.

Theorem 5.1. Let f: M™ — R™4 be a genuine isometric deformation
of f: M™— R"*P with p+ q < n and min{p,q} < 5. Then, along each
connected component of an open dense subset of M™, the immersions f
and f are mutually D%-ruled with

and D? = ker()féL N keroﬂ; where L := Lp(f), L := Lp(f) and {p =
rank L = rank L. Moreover, there exists a parallel vector bundle isometry

T: L — L such that aé = Toaé.

1

Theorem 5.1 yields the following sufficient conditions for genuine rigid-
ity.

Corollary 5.1. Let f: M™ — R"™"P be an isometric immersion and q € N
with p+ ¢ < n and min{p, ¢} < 5. Then the following holds:
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(i) If [ is nowhere (n—p—q)-ruled, f is genuinely rigid in R™T9.
i icar > 0, then f is genwinely rigid in .
(vi) If Ri 0, then f is genuinely rigid in R4

5.1. Ruled extensions

The proof of Theorem 5.1 follows by a careful study of when a pair of iso-
metric immersions f: M™ — R"P and f: M™ — R"4 admits isometric
ruled extensions.

Given a pair { f, f } of isometric immersions as in the statement, one can
show (after hard work!) that there exist vector subbundles L¢ C TJ}M and

L' c TfLM and a vector bundle isometry 7: L! — L¢ such that

D¢ = ker aé 1 Nker ozfﬁ , defines a smooth integrable subbundle of T'M.
T is parallel and preserves second fundamental forms.

The subbundles L and L are parallel along D in the normal connections.
d>n—p—q+ 3¢

Then, one proves that if f and f are not D-ruled, they admit non-trivial
A-ruled isometric extensions F: N — R and F': N — R", with AN
TM = D, contradicting the fact that f is a genuine isometric deformation
of f. The estimate on d follows since Lp C L by the definition of D.

5.2. Genuine conformal deformations of submanifolds
The conformal version of the property of a submanifold being ruled is the

following.

Definition 5.5. An immersion f: M™ — R"P js D4- conformally ruled if
M?™ carries an integrable d-dimensional distribution D C T M whose leaves
are mapped diffeomorphically by f onto open subsets of affine subspaces or
round spheres of R"tP,

Given a D%conformally ruled submanifold f: M™ — R™P_ one now
defines Bf = pf(x): T,M x T,M — T;M by

ﬁf(ZaX) = af(ZvX) - <Z7X>17($),

where n(z) is the normal component of the mean curvature vector of the
(image by f of) the leaf of D through x, and set

Lp(z) = Lp(f)(z) =span {3/ (Z,X): Z € D(x) and X € T, M}.

Then, one has the following conformal version of Theorem 5.1.%°
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Theorem 5.2. Let f: M™ — R"9 be a genuine conformal deformation
of f+ M™ — R"*P_ with p+ q < n — 3 and min{p,q} < 5. Then, along
each connected component of an open dense subset of M™, the immersions
f and f are mutually conformally D®-ruled, with

d>n—p—q+ 305,

and D? = kerﬂiL N kerﬁgw where L := LS,(f), L := L% (f) and (%, =
rank L = rank L. Moreover, there exists a parallel vector bundle isometry
T: L — L such that B = QDTOﬁi, where @ is the conformal factor relating

the metrics induced by [ and f.

Theorem 5.2 yields an immediate criterion for genuine conformal rigid-
ity.
Corollary 5.2. Let f: M™ — R"P be a conformal immersion and let q
be a positive integer with p +q < n — 3 and min{p,q} < 5. If f is not
(n—p—q)—conformally ruled on any open subset of M™, then f is genuinely
conformally rigid in R™7,

To get a better understanding of the content of Theorem 5.2, let us
see how it implies several previous results on conformal deformations of
submanifolds, starting with Cartan’s conformal rigidity theorem.

Namely, for p = 1 = ¢, the estimate on d in Theorem 5.2 implies that
(%, = 0 and that d > n—2. Thus, if {f, f} is a pair of (nowhere conformally
congruent) conformal hypersurfaces, then f and f must carry principal
curvatures of multiplicity at least n — 2 (with common eigenspaces).

For p <n —3 and ¢ = 0 (hence ¢}, = 0), the estimate gives d > n — p.
This yields Moore’s result?? that a conformally flat n-dimensional Euclidean
submanifold of codimension p < n — 3 must have Vg >n—p.

The estimate on d for p = ¢ = 2 gives ¢}, < 1. This yields d > n — 4 if
{5 =0and d > n—1if £}, = 1. In both cases, the conformal nullity v* = v§
of both immersions satisfies ¢ > n — 4. Therefore, under the assumptions
that n > 7 and v§ < n — 5 everywhere, we conclude that f is genuinely
conformally rigid.

Here, this means that if f is a conformal deformation of f, then there
exists an open and dense subset of M™ on each connected component of
which either f is conformally congruent to f, or f can be extended to either
a conformally flat or a Cartan hypersurface and f is induced by a conformal
deformation of such hypersurface. This was first proved in.'”

One of the main applications of Theorem 5.2, however, is an extension
of do Carmo and Dajczer conformal rigidity theorem.
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Corollary 5.3. Let f: M™ — R""P be an immersion and let q be a positive
integer with p < ¢ <n —p — 3. Suppose that p <5 and that f satisfies

ve<n+p—q—2s—1 forall 1 <s<p.

For q > p+5 assume further that v§{ < n—2(q—p)+1. Then, any immersion
f: M™ — R" 9 conformal to f is locally a composition, i.e., there exists
an open dense subset V.C M™ such that the restriction f to any connected
component U of V satisfies f|l = ho f|y, where h: W C R" TP — R4 g
a conformal immersion of an open subset W O f(U).

g wem

U h

5.3. Constructing conformal pairs from isometric ones

The discussion in this section sheds some light on the reason behind the
similarity between the theories of isometric and conformal deformations of
submanifolds.

Let N"*! be a Riemannian manifold that admits an isometric immer-
sion F': N1 — R™? and an isometric embedding F': N™t1 — Lntat+2
transversal to the light cone V*+9+1 Then, set

M™ = FYF(N™T) nyntet?),

f=Foiand f=C(Foi), where i: M™ — N"*! is the inclusion map.

The following result from'? states that any genuine conformal pair (f, f)
can be constructed in this way, as soon as the codimensions of both immer-
sions are low enough and f is not conformally congruent to an isometric
deformation of f on any open subset.
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R™tP
f
F/
F—l(F(Nn+l) mvn+q+2 —> Nn+1
Rn+q Ln+q+2

Theorem 5.3. Let f: M™ — R"tP p > 1, and f: M" — R form
a genuine conformal pair, with p+q < n — 3 and min{p,q} < 5. Sup-
pose further that f is nowhere conformally congruent to an immersion that
is isometric to f. Then (locally on an open dense subset of M™) there
erist a Riemannian manifold N™*1 that admits an isometric immersion
F': N1 — R and an isometric embedding F: N™T1 — Lntat+2
transversal to the light cone V"t and a conformal diffeomorphism
ii M — EF-YF(N"TY) 0 Vraetly such that {F',F} is a genuine iso-
metric pair, f = F' o, and f = C(Foz').

The case p = 1 is particularly interesting. Roughly speaking, it says that
any hypersurface f: M™— R"*! that admits a genuine conformal (but not
isometric) deformation in R"*¢ can be locally produced as the intersection
of an (n + 1)-dimensional flat submanifold of L"T9+2 with the light cone.

Corollary 5.4. Let f: M™— R"! and f: M™ — R"9 form a conformal
pair, with ¢ < n — 4. Assume that f is neither conformally congruent to an
isometric deformation of f nor a composition on any open subset. Then,
(locally on an open dense subset of M™) there exist an isometric embedding
F: U c R — L2 gransversal to the lzght cone V971 and a con-
formal diffeomorphism 7: M™ — M"™ := F~Y(E(U) N V"9t ¢ U such
that f =ioT and f = C(F o), where i: M™ — U is the inclusion map.
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F-Y(E(U) nVrtarly = pn

U C Rn+1 L7L+q+2

In the special case ¢ = 1, Corollary 5.4 was proved in,'3 and can be re-
garded as a nonparametric description of Cartan’s conformally deformable
hypersurfaces.

For ¢ = 0, Theorem 5.3 reduces to a geometric construction of confor-
mally flat submanifolds f: M™ — R"? of codimension p < n — 3 that are
free of flat points, first obtained in.’

RntP

FI

>

R [ n
Ffl(F(NnJrl)manrl) = yyn — NnJrl L +2
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TOTALLY GEODESIC SUBMANIFOLDS IN RIEMANNIAN
SYMMETRIC SPACES
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Universitdt Mannheim, Lehrstuhl fur Mathematik I1I, Seminargebiude A5, 68131
Mannheim, Germany
E-mail: mail@sebastian-klein.de

In the first part of this expository article, the most important constructions and
classification results concerning totally geodesic submanifolds in Riemannian
symmetric spaces are summarized. In the second part, we describe the results
of our classification of the totally geodesic submanifolds in the Riemannian
symmetric spaces of rank 2.

1. Totally geodesic submanifolds

A submanifold M’ of a Riemannian manifold M is called totally geodesic,
if every geodesic of M’ is also a geodesic of M . In this article, we will
discuss totally geodesic submanifolds in Riemannian symmetric spaces; in
such spaces, a connected, complete submanifold is totally geodesic if and
only if it is a symmetric subspace.

There are several important construction principles for totally geodesic
submanifolds in Riemannian symmetric spaces M . First, we note that the
connected components of the fixed point set of any isometry f of M are
totally geodesic submanifolds (this is in fact true in any Riemannian mani-
fold, see Ref. 11, Theorem I1.5.1, p. 59). This construction principle is es-
pecially important in the case where f is involutive (i.e. fo f = ida);
the totally geodesic submanifolds resulting in this case are called reflective
submanifolds; they have been studied extensively, for example by LEUNG
(see below).

Further constructions of totally geodesic submanifolds in Riemannian
symmetric spaces of compact type M were introduced by CHEN and
NaGaNO:24 For p € M, the connected components # {p} of the fixed
point set of the geodesic reflection of M at p are called polars or M, -
submanifolds of M ; note that they are in particular reflective submani-
folds of M . A pole of M is a polar which is a singleton. It has been shown
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by Chen/Nagano* that for every polar M, of M and every ¢ € M,
there exists another reflective submanifold M_ of M with ¢ € M_ and
T,M_ = (T,M;)*; M_ is called a meridian or M_-submanifold of M .
For py,ps € M, a point ¢ € M is called a center point between p; and
po if there exists a geodesic joining p; with ps so that ¢ is the middle
point on that geodesic. If po is a pole of p; , then the set C(p1,p2) of cen-
ter points between p; and py is called the centrosome of p; and po; its
connected components are totally geodesic submanifolds of M (see Ref. 2,
Proposition 5.1).

Moreover, every symmetric space of compact type can be embedded in
its transvection group as a totally geodesic submanifold: Let M = G/K
be such a space, then there exists an involutive automorphism o of G so
that Fix(0)? C K C Fix(o). Because of this property, the Cartan map

f:G/K -G, gK —oa(g)-g7

is a well-defined covering map onto its image, which turns out to be a
totally geodesic submanifold of G. If M is a “bottom space”, i.e. there
exists no non-trivial symmetric covering map with total space M , then we
have K = Fix(o), and therefore f is an embedding. In this setting f is
called the Cartan embedding of M .

It is a significant and interesting problem to determine all totally
geodesic submanifolds in a given symmetric space. Because totally geodesic
submanifolds are rigid (i.e. if M, M} are connected, complete totally
geodesic submanifolds of M with p € M{ N Mj and T,M; = T,M},
then we already have M; = My), they can be classified by determining
those linear subspaces U C T, M which occur as tangent spaces of totally
geodesic submanifolds of M .

The elementary answer to the latter problem is the following: There
exists a totally geodesic submanifold of M with a given tangent space
U CT,M ifandonlyif U is curvature invariant (i.e. we have R(u,v)w € U
for all u,v,w € U, denoting by R the Riemannian curvature tensor of M ).

Therefore the classification of totally geodesic submanifolds of M re-
duces to the purely algebraic problem of the classification of curvature in-
variant subspaces of T}, M . However, because of the algebraic complexity of
the curvature tensor, classifying the curvature invariant subspaces is by no
means an easy task, and therefore also the classification of totally geodesic
submanifolds remains a significant problem.

This problem has been solved for the Riemannian symmetric spaces of
rank 1 by WOLF in Ref. 19, §3. CHEN/NAGANO claimed a classification for



138

the complex quadrics (which are symmetric spaces of rank 2) in Ref. 3, and
then for all symmetric spaces of rank 2 in Ref. 4, using their construction
of polars and meridians described above. However, it turns out that their
classifications are incorrect: For several spaces of rank 2, totally geodesic
submanifolds have been missed, and also some other details are faulty. In my
papers Refs. 7-10 I discuss these shortcomings and give a full classification
of the totally geodesic submanifolds in all irreducible symmetric spaces of
rank 2; Section 2 of the present exposition contains a summary of these
results. For symmetric spaces of rank > 3, the full classification problem
is still open.

However, there are several results concerning the classification of special
classes of totally geodesic submanifolds. Probably the most significant result
of this kind is the classification of reflective submanifolds in all Riemannian
symmetric spaces due to LEUNG; his results are found in final form in
Ref. 14, but also see Refs. 12,13. Another important problem of this kind
is the classification of the totally geodesic submanifolds M’ of M = G/K
with maximal rank (i.e. rk(M') = rk(M)); this problem has been solved
for the symmetric spaces with k(M) = rk(G) by Ikawa/TAsAKL® and
then for all irreducible symmetric spaces by ZHU/LIANG.2°

Further important classification results concern Hermitian symmetric
spaces M : In them, the complex totally geodesic submanifolds have been
classified by ITHARA.> Moreover, the real forms of M (i.e. the totally real,
totally geodesic submanifolds M’ of M with dimg(M') = dimg(M) ) are
all reflective; due to this fact LEUNG was able to derive a classification of
the real forms of all Hermitian symmetric spaces from his classification of
reflective submanifolds.!?

Finally we mention a result by WOLF concerning totally geodesic sub-
manifolds M’ of (real, complex or quaternionic) Grassmann manifolds
G,(IK™) with the property that any two distinct elements of M’ have zero
intersection, regarded as r-dimensional subspaces of IK™ . Wolf showed!&1?
that any such totally geodesic submanifold is isometric either to a sphere
or to a projective space over IR, € or IH; he was also able to describe em-
beddings for these submanifolds explicitly and to calculate their maximal
dimension depending on r and n.

2. Maximal totally geodesic submanifolds in the

Riemannian symmetric spaces of rank 2
In the following, I list the isometry types corresponding to all the congru-
ence classes of totally geodesic submanifolds which are maximal (i.e. not
strictly contained in another connected totally geodesic submanifold) in
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all Riemannian symmetric spaces of rank 2. In many cases I also briefly
describe totally geodesic embeddings corresponding to these submanifolds.
This is a summary of my work in Refs. 7-10, where it is proved that the
lists given here are complete, and where the totally geodesic embeddings
are described in more detail.

The invariant Riemannian metric of an irreducible Riemannian sym-
metric space is unique only up to a positive constant. In the sequel, we
use the following notations to describe the metric which is induced on the
totally geodesic submanifolds: For £ € IN and 7 > 0 we denote by S’ the
(-dimensional sphere of radius r, and for » > 0 we denote by IRP*,, CP% ,
IHP, and OPZ the respective projective spaces, their metric being scaled
in such a way that the minimal sectional curvature is s . (IRPY, is then of
constant sectional curvature s, CP% is of constant holomorphic sectional
curvature 4s¢, and we have the inclusions IRPY, C CP{, C HPY, of totally
geodesic submanifolds). For symmetric spaces of rank 2, we describe the ap-
propriate metric by stating the length a of the shortest restricted root of
the space as a subscript g,—q . For the three infinite families of Grassmann
manifolds G;(IR”) , G2(C™) and G2(H"), we also use the notation gy—1.
to denote the metric scaled in such a way that the shortest root occurring
for large n has length 1, disregarding the fact that this root might vanish
for certain small values of n.

The spaces in which the totally geodesic submanifolds are classified
below are always taken with g,—1. (for the Grassmann manifolds) or g,—1
(for all others).

2.1. GF (R"*?)

(a) G;(]R»TLJrl)srr:l*
The linear isometric embedding R"™ — R"2, (1, oy Tpt1) —
(z1,...,Znt1,0) induces a totally geodesic, isometric embedding
GE(R™) - GF (R™?).

(b) S,
Fix a unit vector vg € R and let S := {v € R""?|(v,v0) =
0, v =1} =2 S"_,. Then the map S — G (IR"*?), v Rv & Ruy
is a totally geodesic, isometric embedding.

(¢) (St, x SY_|)/Zs, where {+ ¢ =n
The map S._; x SY_, — G (IR"*?) given by

((zoy---y2e), (Yo, -+, ypr)) — R (zo,...,20,0,...,0) ®R(0,...,0,90,...,Yp)
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is a totally geodesic, isometric immersion, and a two-fold covering map
onto its image in Gy (IR"2).

For n >4 even: (DPZ/:21/2

Let us fix a complex structure J on IR™™?. Then the complex-1-
dimensional linear subspaces of (IR™*2,.J) are in particular real-2-
dimensional oriented linear subspaces of IR"™2. Therefore the com-
plex projective space P = CP™? over (IR™2,J) is contained in
G (IR™?); it turns out to be a totally geodesic submanifold.

For n =2: GPL:1/2 X IRPL:U2

The image of the Segré embedding CP* x CP! — CP3 (see for exam-
ple Ref. 17, p. 55f.) is a 2-dimensional complex quadric in CP?; such a
quadric is isometric to G (IR*) . Thereby we see that G (IR*) is iso-
metric to CP}_, ,xCP]_, ».Let C be the trace of a (closed) geodesic
in CPL:1/2; then C' is isometric to IRPL:uza and @PLZI/2 x C is
a totally geodesic submanifold of G]PL:U2 X GPL:1/2 ~ G (RY).
For n=3: Szz

To describe this totally geodesic submanifold, as well as similar to-
tally geodesic submanifolds occurring in Ga(€%) and Go(IH?) (see
Sections 2.2(g) and 2.3(f) below), we note that there is exactly one
irreducible, 14-dimensional, quaternionic representation of Sp(3) (see
Ref. 1, Chapter VI, Section (5.3), p. 269ff.). It can be constructed
as follows: The vector representation of Sp(3) on C® induces a rep-
resentation of Sp(3) on /\3 €Y. This 20-dimensional representation
decomposes into two irreducible components: One, 6-dimensional, is
equivalent to the vector representation of Sp(3); the other, acting on
a 14-dimensional linear space V', is the irreducible representation we
are interested in.

It turns out that the restriction of the representation of Sp(3) on V
to an SO(3) embedded in Sp(3) in the canonical way, is a real repre-
sentation, and that in any real form Vg of V, two linear independent
vectors are left invariant. By splitting off the subspace of V'’ spanned by
these vectors, we get a real-5-dimensional representation Vi, of SO(3),
which turns out to be irreducible (and equivalent to the Cartan rep-
resentation SO(3) x End, (IR*)y — End (R?®)o, (B, X)+ BXB™!).
It turns out that the corresponding action of SO(3) on G (Vik) =
GF (IR®) has exactly one totally geodesic orbit; this orbit is isometric

2
to Sr:\/E'
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2.2. G2(C"*2)

(a)

Ga(C™ )=t

The linear isometric embedding C"*! — C"*2 (z1,...,2,401) +—
(21,...,2n+1,0) induces a totally geodesic, isometric embedding
Gg(@nJrl) — Gg(@n+2) .

GQ(IR7L+2)srr:1*

The map G2(IR"?) — G2(C"*2), A — A @i\ is a totally geodesic,
isometric embedding.

Py,

Fix a unit vector vy € C"*2. Then the map CP((Cvo)t) —
G2(C"*2), Cv — Cv @ Cup is a totally geodesic, isometric embedding.
CPY_, x CPL_, with £+ 0 =n

Let C"*2 =W @ W' be a splitting of C"*2 into complex-linear sub-
spaces of dimension £+1 resp. /41 ; here © denotes an orthogonal di-
rect sum. Then CP(W) x CP(W') — G5(C"*?), (Cv, Cv') — Cov @ Cv'’
is a totally geodesic, isometric embedding.

For n even: ]I-IPZ/:QU2

Let us fix a quaternionic structure 7 on C"*2? (ie. 7:(C"*2 — 2
is anti-linear with 72 = —id). Then the quaternionic-1-dimensional
linear subspaces of (C™*2,7) are in particular complex-2-dimensional
linear subspaces of €"*2. Therefore the quaternionic projective space
IP = HP™? over (C"*2,7) is contained in Go(C"?); it turns out
that IP is a totally geodesic submanifold of Go(C""2).

For n=2: G§ (R%),,_ 5 and (S°_ 3 X Si_y )/ Lo

Note that Go(C*)gr=1. is isometric to G; (IRG)SH:\E. This isometry
can be exhibited via the Pliicker map G2(C™) — CP(A*C™), Cu &
Cv — C(uAv), which is an isometric embedding for any m ; for m =4
its image in CP(A”€*) = CP® turns out to be a 4-dimensional com-
plex quadric; such a quadric is isomorphic to G (IR®). Thus Go(C*)
is isometric to G;(IRG) , hence its maximal totally geodesic submani-
folds are those given in Section 2.1 for n = 4, namely: Go (IR5)SH:\/§,
(Sizl/\/i x 81:1/\/5)/22’ (Sizl/\/ﬁ X Si:l/\/?)/ZQ ’ Sﬁ:u\/i’ CPos -
The first two of these submanifolds are those which are listed under
this point; the remaining submanifolds have already been listed above
(note that (S? x S?)/Z, and S* are isometric to G3(IR*) and HP!,
respectively).

For n=4: @Pi:1/5

Let us consider the 14-dimensional quaternionic, irreducible represen-
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tation V' of Sp(3) described in Section 2.1(f). The restriction of that
representation to a SU(3) canonically embedded in Sp(3) leaves a to-
tally complex 6-dimensional linear subspace Vg of V invariant; the
resulting 6-dimensional representation Vg of SU(3) is irreducible. It
turns out that the induced action of SU(3) on Ga2(Vg) =2 Go(C) has
exactly one totally geodesic orbit; this orbit is isometric to @Pizl /5"

2.3. Go(H™1?)

(a)

Gao(H" ) g1

The linear isometric embedding H"™' — H"2 (@1y-- s Qny1) —
(g1,.-.,9n+1,0) induces a totally geodesic, isometric embedding
Go(H" 1) — Go(H™2).

Ga(C"?)grm14

We fix two orthogonal imaginary unit quaternions ¢ and j, and let
C =R @ Ri. Then the map Go(C"2) — Go(H""?), A AP Aj is
a totally geodesic, isometric embedding.

HP?_,

Fix a unit vector vy € IH""2. Then the map MHP((voH)*) —
Go(H"?), vH +— vH @ voIH is a totally geodesic, isometric embed-
ding.

HP!,_, x HPY_, with £+ ¢ =n

Let H"™ =W & W' be a splitting of H"*? into quaternionic-linear
subspaces of dimension ¢+1 resp. ¢'+1. Then HP(W) x HP(W') —
Go(H™"?), (vH,v'H) — vH @ 'H is a totally geodesic, isometric
embedding.

For n=2: Sp(2),,_,5 and (Sizl/ﬂ X Sizl/\/g)/z2

Let U € G» (IH4) be given, then U+ is the only pole corresponding to
U in Gg(]I‘I4). The centrosome between this pair of poles is a totally
geodesic submanifold of Go(IH*) which is isometric to Sp(2). This
Sp(2) is also a reflective submanifold of Go(IH?), the complementary
reflective submanifold is isometric to (Sizl/\/5 X Sizl/ﬂ)/lg .

For n=5: ]HPiZl/5
We again consider the irreducible, quaternionic 14-dimensional repre-
sentation V' of Sp(3) introduced in Section 2.1(f); we now view V as
a quaternionic-7-dimensional linear space. The representation of Sp(3)
on V induces an action of Sp(3) on the quaternionic 2-Grassmannian
Go(V) = Go(H") ; again it turns out that this action has exactly one

totally geodesic orbit, which is isometric to ]I-IP?{:1 /5
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(g) For n=4: Si:z =
According to the present list, two of the maximal totally geodesic sub-
manifolds of the 2-Grassmannian G5(IH") are isometric to Go(IH®) and
IHP?{:1 /5 respectively. The intersection of these two totally geodesic
submanifolds is a totally geodesic submanifold of G4 (IHG) , which turns
out to be isometric to §?_, s

2.4. SU(3)/SO(3)

(a) (S2_y x S!_ )/ Zs (b) RP2_, ,
2.5. SU(6)/Sp(3)
(a) ]HPi:1/4 (0) Qj1331:1/4

(¢) SU(3)gr=1
The map SU(3) — SU(6)/Sp(3), B — (5 ,%1) - Sp(3) is a totally
geodesic embedding of this type.

(d) (o) xSI_ )/Z

2.6. SO(10)/U(5)

In the descriptions of the embeddings for this symmetric space, we consider

both U(5) and SO(10) as acting on €° = R'; in the latter case, this

action is only IR-linear.

(a) CPs_, (0) G2(C?)sre=1

(c) CPS_; x CP},_,
Let G :=S0O(6) x SO(4) be canonically embedded in SO(10) in such
a way that its intersection with U(5) is maximal. Then G/(GNU(5))
is a totally geodesic submanifold of SO(10)/U(5) which is isometric to
(SO(6)/U(3)) x (SO(4)/U(2)) = CP3 x CP'.

(@) G (RY),,,_,
Let G := SO(8) be canonically embedded in SO(10) in such a way
that its intersection with U(5) is maximal. Then G/(G N U(5)) is
a totally geodesic submanifold of SO(10)/U(5) which is isometric to
SO(8)/U(4) = G (R®).

(e) 80(5)Srr:1
The map SO(5) — SO(10)/U(5), B — (5 ,2:) - U(5) is a totally

geodesic embedding of this type.

2.7. Eg¢/(U(1) - Spin(10))
(a) OP2_, ,, (b) CPS_; x CPL_, (c) G (R),,_ 5
(d) GQ((DG)srrzl (e) (GQ(H4)/ZQ)srr:1 (f) So(lo)/U(5)srr:1
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2.8. Eg¢/F4
(a) ®Pi:1/4 (b) ]HPizl/zL
(¢) ((SU(6)/Sp(3))/Zs)sre=1 (d) (S7=1 X S,_ /5)/Za
2.9. G2/SO(4)
(a) SU(3)/S0(3)gr—v3 (b) (S2_; x szl/ﬁ)/zg
c) CP? S?
(c) CP2_,), @5 5
2.10. SU(3)

(a) SU(3)/SO(3)SH:1
The Cartan embedding f : SU(3)/SO(3) — SU(3) is a totally geodesic
embedding of this type.
(b) (Shy xS!__)/Zs
(©) (DPizl/zL
The Cartan embedding f : SU(3)/S(U(2) x U(1)) — SU(3) is a totally
geodesic embedding of this type.

(@) RP?_, ,

2.11. Sp(2)

(a) G3 (R”)srr=1
The Cartan embedding f : Spin(5)/(Spin(2) x Spin(3)) — Spin(5) =
Sp(2) is a totally geodesic embedding of this type.

(b) Sp(1) x Sp(1)
The canonically embedded Sp(1) x Sp(1) C Sp(2) is a totally geodesic
submanifold of this type.

(c) ]HP}{:1/2
The Cartan embedding f : Sp(2)/(Sp(1) x Sp(1)) — Sp(2) is a totally
geodesic embedding of this type.

(d) §)_ 5

2.12. G,

(a) GQ/SO(4)srr:1
The Cartan embedding f : G2/SO(4) — G2 is a totally geodesic em-
bedding of this type.

(b) (S xS, )/ Zs

(©) SUB)_va
Regard G as the automorphism group of the division algebra of the
octonions O and fix an imaginary unit octonion ¢. Then the subgroup
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{g € G2|g(i) = i} is isomorphic to SU(3) and a totally geodesic
submanifold of this type.
(d) s°

r=221
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A cohomogeneity one action is an isometric action on a Riemannian mani-
fold whose principal orbits are hypersurfaces. A submanifold is homogeneous
if it is an orbit of an isometric action. Thus, the study of cohomogeneity one
actions is essentially equivalent to the study of homogeneous hypersurfaces.
The investigation of the orbits of cohomogeneity one actions goes back to
Segre'? who proved that any isoparametric hypersurface in the Euclidean
space is homogeneous. Then, any such hypersurface is a tube around an
affine subspace of the Euclidean space. Cartan® generalized this result to the
real hyperbolic space. A homogeneous hypersurface of the real hyperbolic
space is a horosphere or a tube around a totally geodesic real hyperbolic
space of lower dimension. A result by Hsiang and Lawson'® implies that a
hypersurface in the sphere S™ is homogeneous if and only if it is a principal
orbit of the isotropy representation of an (n + 1)-dimensional semisimple
symmetric space of rank two. Hence, the classification of homogeneous hy-
persurfaces in S™ follows from Cartan’s classification of symmetric spaces.
Takagi'® showed that a real hypersurface of CP™ is homogeneous if
and only if it is a principal orbit of an action induced via the Hopf map
S2n+1l _, CP™ by a cohomogeneity one action on a sphere. A remarkable
consequence is that each homogeneous hypersurface in CP" is a Hopf hy-
persurface. Berndt! classified the homogeneous Hopf hypersurfaces in CH™,
but surprisingly, a homogeneous hypersurface in the complex hyperbolic
space is not necessarily Hopf. Lohnherr gave the first counterexample.
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Recently, Berndt and Tamaru® obtained the classification of homoge-
neous hypersurfaces in CH™ (see Section 1 for explicit definitions).

Theorem 0.1. A connected real hypersurface in CH™, n > 2, is homoge-
neous if and only if it is holomorphically congruent to one of the following:

(A) a tube around a totally geodesic CH® for some k € {0,...,n —1};
(B) a tube around a totally geodesic RH™;

(H) a horosphere in CH™;

(S) the real hypersurface W2m=1 or one of its equidistant hypersurfaces;

(W) a tube around the minimal ruled submanifold Wf,”fk for some ¢ €
(0,7/2] and k € {2,...,n— 1}, where k is even if p # 7/2.

The first aim of this paper is to study the geometry of these hyper-
surfaces and the corresponding cohomogeneity one actions on CH™. We
accomplish this task in Section 1.

It is a major problem in submanifold geometry to characterize homo-
geneous hypersurfaces of a manifold. The motivation for our investigations
originates from the question: Is every real hypersurface with constant prin-
cipal curvatures in CH™ an open part of a homogeneous hypersurface?
Segre'? solved this problem for the Euclidean space and Cartan® gave an
affirmative answer in the real hyperbolic space. Remarkably, this is not true
in spheres (see e.g. Ref. 9). The problem in CP™ has been addressed by Tak-
agi'* who proved that a hypersurface of the complex hyperbolic space with
2 or 3 constant principal curvatures is homogeneous. There are homoge-
neous hypersurfaces in CP™ with 5 principal curvatures. However, it is not
known whether the number of constant principal curvatures of a hypersur-
face in CP™ is 2, 3 or 5. No examples of inhomogeneous hypersurfaces with
constant principal curvatures are known in the complex projective space.
In Section 2 of this paper we review the known facts about hypersurfaces
with constant principal curvatures in the complex hyperbolic space.

1. The geometry of the orbits

We first summarize some basic facts about the complex hyperbolic space.
For details we refer to Ref. 7.

Let CH™ be the n-dimensional complex hyperbolic space equipped with
the Bergman metric (-,-) of constant holomorphic sectional curvature —1
and let J be its complex structure. We denote by CH"(c0) the ideal bound-
ary of CH™. Each x € CH"™(c0) is an equivalence class of asymptotic
geodesics in CH™. For each o € CH™ and © € CH"(00) there exists a
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unique unit speed geodesic 7y, such that v,,(0) = 0 and lim;_, o0 Yoz () = 2.
The connected component of the isometry group of CH™ is the special uni-
tary group G = SU; ,,. We fix 0o € CH"™ and let K be the isotropy group
of G at 0. Then K = S(U; x Uy,) and CH™ = G/K. Let g = £+ p be the
Cartan decomposition of the Lie algebra g of G with respect to o. We now
fix + € CH™(o0). Let a be the 1-dimensional linear subspace of p spanned
by 40x(0). Let g = g—20 + §—a + g0 + §a + 820 be the root space decomposi-
tion of g induced by a. Then, n = g, + g2, is a 2-step nilpotent subalgebra
isomorphic to the (2n — 1)-dimensional Heisenberg algebra; its center is the
1-dimensional subalgebra go,. Moreover, g = £+ a+n is an Iwasawa decom-
position of g. We denote by A and N the connected subgroups of G with
Lie algebras a and n, respectively. The solvable subgroup AN acts simply
transitively on CH™. Thus we can identify a+n with T,CH"™. The metric on
CH™ induces an inner product (-, -) on a+n, and we may identify CH"™ with
the solvable Lie group AN equipped with the left-invariant metric induced
from (-,-). The complex structure J induces a complex structure on a +n
that we also denote by J. We define B = 4,,(0) € a and Z = JB € go,.
Note that g, is J-invariant. The Lie algebra structure on a + n is given by
the trivial skew-symmetric bilinear extension of the relations [B, Z] = Z,
2[B,U) =U and [U,V] = (JU,V)Z, with U,V € g,.

It is clear that a homogeneous hypersurface has constant principal curva-
tures. Let M be a hypersurface of CH™ with constant principal curvatures.
We denote by T the distribution associated with eigenspaces of a principal
curvature \. If £ € T'(¢vM), then J¢ is called the Hopf vector field. If J¢ is
a principal curvature vector, then M is said to be a Hopf hypersurface.

(A) The action of S(U1k X Up—i)

The group S(Uix X Up—) C SU1, (k€ {0,...,n—1}) acts on CH™ with
cohomogeneity one. This action has exactly one singular orbit: a totally
geodesic CH™[k] € CH™. If M is one principal orbit of this action then M
is a tube of certain radius r > 0 around the singular orbit. Standard Jacobi
vector field theory shows that M has three principal curvatures

1 1
A\ = 5tanh§a Ay = §cothg, Az = cothr,

with multiplicities m; = 2(n — k — 1), me = 2k and m3 = 1. Furthermore,
Ty, and T), are complex distributions and the Hopf vector field is a prin-
cipal curvature vector of A3. Thus, M is a Hopf hypersurface. If k = 0, the
singular orbit is a point and the principal orbits are geodesic spheres with
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two eigenvalues A\; = % tanh £ and A3 = cothr and multiplicities 2(n — 1)
and 1. Similarly, if ¥ = n — 1, M has two constant principal curvatures
A2 = 3 coth 5 and A3 = cothr with multiplicities 2(n — 1) and 1.

(B) The action of SO?’n

The group SO%n C SUy,, acts on CH™ with cohomogeneity one. This
action has one singular orbit which is a totally geodesic RH™ C CH™. Let
M be a principal orbit of this action. Then, M is a tube of certain radius
r > 0 around the singular orbit. It has three principal curvatures

A= %tanhg, Ay = %cothg, A3 = tanhr,
with multiplicities m; =n — 1, my = n — 1 and m3 = 1. The distributions
Ty, and T}, are real and the Hopf vector field is a principal curvature vector
of \3. If r = log(2 4 v/3), there are two principal curvatures \; = v/3/6 and

A2 = A3 = V/3/2 with multiplicities n — 1 and n.

(H) The horosphere foliation

Let € 4+ a + n be the Iwasawa decomposition of the isometry group of CH™
with respect to o € CH™ and x € CH™(00). The group N acts on CH™ with
cohomogeneity one and all its orbits are principal. The resulting foliation
is called the horosphere foliation. A horosphere is constructed as follows.
Let v be a unit speed geodesic with v(0) = 0. The Busemann function with
respect to v, B, : CH™ — R, is defined by B (p) = lim;—.(d(p, y(t)) — t),
where d is the Riemannian distance function. The level sets of this function
are horospheres centered at the point of infinity x.
A horosphere has exactly two distinct principal curvatures

)\1:1/2 and )\2:1,

with corresponding multiplicities m; = 2(n — 1) and mg = 1. The distribu-
tion T, is complex and each horosphere is a Hopf hypersurface.

(S) The solvable foliation

Let €4+ a + n be the Iwasawa decomposition of the isometry group of CH™
with respect to some 0o € CH™ and x € CH"(c0). Let w be a linear hy-
perplane in g,. Then s = a 4 w0 + go, is a Lie subalgebra of a + n of
codimension one. If S is the connected Lie subgroup whose Lie algebra is s,
then S acts on CH™ with cohomogeneity one. This action has no singular
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orbits and therefore induces a foliation on CH"™. We call it the solvable
foliation (Ref. 2). Different choices of tv lead to congruent actions.

The orbit S'- 0 is a minimal homogeneous ruled real hypersurface which
we denote by W27~ 1. It can be seen as a particular case of the submanifolds
Wg”’k described below. Any other orbit of the action of S is an equidistant
hypersurface to this one. Let M (r) denote an orbit of S at a distance r > 0
from S - 0. The shape operator of M (r) has exactly three eigenvalues

3 r 1 3 o T 1 r
Mg = tanh s 4 24/1— Ztanh?L | Ay = = tanh -
/2 = gty =5 g A g As T g tanig,

with corresponding multiplicities my = 1, mo = 1 and ms = 2n — 3. The
Hopf vector field J¢ has nontrivial projection onto T, and T},.

The subspace a + v+ + Jw' + go, is a subalgebra of a + n, and the
orbit through o of the corresponding connected subgroup of AN is a totally
geodesic CH?. The action of the connected subgroup of S with Lie algebra
a+ Jrot + go, induces the solvable foliation on this totally geodesic CH?2.
The “slice” CH? contains the relevant information of the solvable foliation.

Theorem 1.1. The leaves of the solvable foliation on CH? are diffeomor-
phic to R® and are foliated orthogonally by a 1-dimensional totally geodesic
foliation and a 2-dimensional foliation whose leaves are Euclidean planes.

(W) The ruled submanifolds W;"‘k and their tubes

We follow Ref. 5. Let £+ a+n be the Iwasawa decomposition of SU; ,, with
respect to o € CH™ and x € CH™(00). Let to be a linear subspace of g,
such that ro+ = g, ©w has constant Kdihler angle ¢ € [0,7/2], i.e. for each
0 # v € g, the angle between to* and the real span of v is constantly equal
to . Then s = a+tw+gs, is a subalgebra of a+n. Denote by S the connected
subgroup of AN with Lie algebra s and by N%(S) the identity component
of its normalizer in K. Then N¥%(S)S acts with cohomogeneity one. The
orbit Wzn_k = N%(5)S-0=S-0is a (2n — k)-dimensional submanifold of
CH™, where k = dimw". As CH" is a two-point homogeneous space, the
construction of the submanifolds Wﬁ”‘k does not depend on the choice of
0€ CH™ and «x € CH"(00).

If ¢ = 0, then Wg"*k is a totally geodesic CH™ ¥, where k = 2k’ If
¢ = m/2, then o is a k-dimensional real subspace of g,. If k = 1, then
Wf;’; s the hypersurface W27~ described above. If k > 1, Wf;’; Fis a
(2n — k)-dimensional homogeneous submanifold of CH™ with totally real

normal bundle of rank k. We denote W27k = W372_ k.
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We investigate the geometry of the submanifolds Wf,”’k, 0<p<m/2
Note that & is even if 0 < ¢ < 7/2. Let Cro* be the complex span of o+
and 0 = Crot © ot As p > 0, we have k = dim¢ Crot = dimtw* = dim 0.
For each ¢ € ot we decompose J¢ € Crot = 0 + 1ot into J¢ = P¢ + F¢
with P¢ € 0 and F¢ € o, Then 9 has constant Kihler angle ¢ as well. We
denote by ¢ the maximal complex subspace of s. We have the orthogonal
decomposition a +n = ¢+ 0 + v-. We denote by 2, ¢, ® and 20+ the
left-invariant distributions on CH™ along Wf,”*k induced by a, ¢, ? and
L, respectively. By construction, ¢ +® = TW«%"”C and 20+ = VWgn’k.

Proposition 1.1. The submanifold Wzn_k, 0 < ¢ <7/2, satisfies:

(i) The mazimal holomorphic subbundle € of TWf,”_k is autoparallel
and the leaves of the induced foliation on Wf,”_k are totally geodesic

CH"™ * c CH™. Hence Wgn’k is a ruled submanifold of CH™.
(ii) The following statements are equivalent:

(a) the distribution ® on Wg"’k is integrable;

(b) the distribution A+ on Wg”*k is integrable;

(¢) the normal bundle 20+ is flat;

(d) ¢ = /2.

In this case, the leaves of the foliation induced by A + O are totally
geodesic RH*1 C CH™ and the leaves of the foliation induced by D
are horospheres with center x in these totally geodesic RH*TT.

(iii) For each 0 # & € v+ the distribution A+ RP¢ is autoparallel and the
leaves of the induced foliation are totally geodesic RH? C CH™.

(iv) For each 0 # & € wt the distribution RP¢ is integrable and the leaves
of the induced foliation are horocycles with center x in the totally
geodesic RH? C CH™ given by the distribution 2 + RPE.

(v) Let&,m €’ UV € co(atgaa) and a,b,z,y € R. Then, the second
fundamental form II of Wf,”*k is given by

2II(aB+ U + P¢ +2Z,bB+V + Pn+yZ) = (sin® ¢)(y€ + 2n).

As a consequence, Wg”*k is a minimal ruled submanifold of CH™. The
second fundamental form characterizes the submanifolds Wg"’k:

Theorem 1.2 (Rigidity of the submanifold W2"*). Let M be a
(2n — k)-dimensional connected submanifold in CH™, n > 2, with nor-
mal bundle vM C TCH™ of constant Kdhler angle ¢ € (0,7/2]. Assume
that there exists a unit vector field Z tangent to the maximal complex dis-
tribution on M such that the second fundamental form II of M is given by
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the trivial symmetric bilinear extension of
2I1(Z, P€) = (sin® )&, for all € € vM,

where P& is the tangential component of JE. Then M is holomorphically
congruent to an open part of the ruled minimal submanifold Wﬁ”*k,

In order to investigate the geometry of orbits of the cohomogeneity one
actions of type (W) we deal with two possibilities: ¢ = 7/2 or ¢ € (0,7/2).

Constant Kdhler angle ¢ = m/2

In this case ot is real and vW?2"~* is totally real. The eigenvalues of the
shape operator of W?2"~* with respect to a unit vector £ € vW?2"~* are
1/2, —1/2 and 0, with multiplicities 1, 1 and 2n — 2 — k, and corresponding
principal curvature spaces R(Z4J¢), R(Z—J¢) and TW?2" 5 (RZ4+RJE).

Let M(r) be the tube of radius » > 0 around W?2"~* Take a unit
speed geodesic y with §(0) = & € vW2"~*. For X € TCH™ let Px be the
parallel transport of X along v. The shape operator of M (r) with respect
to —(r) and the orthogonal decomposition T, )M (r) = Przire(r) +
Prwen-ro®zirie) (1) + Pywen—raore(r) is given by

tanh® 5 —sech3§
3r 1. 27 T
S(r) :l —sech”3 2 (1 + 5sech 5) tanh 3
2 (tanh %)Ign,Q,k
(coth £)Ix—1

Then M (r) has 4 principal curvatures

3 r 1 3 o T 1 r 1 r
A2 = otanh= 4 =1/1— Stanh?®~, A3=-tanh=, X;= = coth .
12 = gy =5 g A gy Az g tanlin, A0 5 oG

The Hopf vector field on M has nontrivial orthogonal projection onto T},
and Ty,. If 7 = In(2 + v/3) there are 3 principal curvatures \; = 0, Ay =
A = V/3/2 and \3 = v/3/6 with multiplicities 1, k and 2n — k — 2.

The interesting part of the shape operator of both W?2"=* and M(r)
concerns the vectors Z and J&. More precisely, consider the subalgebra
§ = a+ RE+RJE + gae and let G be the connected subgroup of AN with
Lie algebra §. The orbit G - o is a totally geodesic CH? in CH™. This CH?
defines a “slice” of the action of N%(S)S through o. Next, § =sN g is a
subalgebra of § of codimension one. Let S be the connected subgroup of G
with Lie algebra 3. Then S acts on CH? 22 G - 0 with cohomogeneity one
and gives the solvable foliation of CH? described above. The action of G
on CH" on the slice CH? is equivalent to the action of H on CH?2.
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Constant Kdhler angle ¢ € (0,7/2)

The eigenvalues of the shape operator with respect to a unit £ € IJWS(%”*’C
are (siny)/2, —(sinp)/2 and 0, with multiplicities 1, 1 and 2n — k — 2. If
P¢ = P¢/sin(p) and F¢ = FE/ cos(p), then, the corresponding eigenspaces
are R(Z + P¢), R(—Z + P¢) and TW2" % o (RZ + RP).

The shape operator S(r) of the orbit M (r) at a distance r from Wﬁ”‘k
in the direction —(r), where v is a geodesic with (0) = ¢ € VWﬁ"‘k, is

S(r) = 1 tanh £ 1o, j—2 )

% coth % I._o

with respect to Ty M(r) = Przirpeirre(r) + ,Pngnfke(]RZ_HRp&) (r) +
P wzn—kometrFe) (r). Here s(r) is a 3 x 3 matrix whose characteris-
tic polynomial has 3 distinct real roots for any r. We define 3., =
27(sin? p) tanh? Tsech4— — 2. Let u}. ,, i € {1,2,3}, denote each cubic root

of the complex number (3, , + /8%, —4)/2. Then, the eigenvalues of s(r)

are

Ai(r) = ! ((ui, + ! ) coth = — csch sech— — 4tanh — )

6 vl 2
i € {1,2,3}. Neither % tanh Z nor % coth Z are eigenvalues of s(r), so M (r)
has 5 distinct constant principal curvatures when k& > 2 and 4 when k£ = 2.

Let vy C go be a two-dimensional subspace with constant Kahler angle
¢. Then, § = a + Cog + goq is a Lie subalgebra of a 4+ n. Let G be the
connected Lie subgroup of AN whose Lie algebra is §. Then, G-o is a totally
geodesic CH? in CH™ containing o. The Lie subalgebra § = a + vy + 920
of § has codimension two. Denote by S the connected Lie subgroup of G
whose Lie algebra is 5. We know that N%(S)S acts on G -0 = CH® with
cohomogeneity one and its orbit through o is exactly S - o = W;}. This
cohomogeneity one action is of the type described in this subsection.

Let M(r) denote the tube around W7 C CH?® at distance r > 0. For
each p € M (r) there exists a unique unit vector £(p) € VWf, such that p =
exp(r&(p)). Let ve(p)(t) = exp(t£(p)) be the unique geodesic perpendicular
to W that joins W and p. For any X € T, (0)CH?® we denote by P% (r)
the parallel displacement of X to p along v¢(,). We have

Theorem 1.3. The following two statements hold.

(i) Let D be the distribution on M(r) defined by Ph(r), p € M(r), and
denote by D+ its orthogonal complement in TM(r). Then D and D+
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are integrable and D is autoparallel. If p € M(r) and RH? is the totally
geodesic real hyperbolic plane determined by &(p) and B, where o € Wé
is the footpoint of £(p), then the leaf of D through p is parametrized by
the parallel curve through p in RH? of the geodesic in RH? through o
and in direction B,.

(ii) Let & be the distribution on M(r) defined by RPY(r) + RP;Fg(p) (r).
Then & is autoparallel and each integral manifold has constant curva-
ture —(1/4sech(r/2). If p € M(r) and RH? is the totally geodesic real
hyperbolic space determined by £(p), PFE(p) and B,, where o € W;‘ is
the footpoint of £(p), then the leaf of € through p is the parallel sur-
face through p in RH3 of the totally geodesic RH? in RH? through o
determined by PF&(p) and B,.

2. Hypersurfaces with constant principal curvatures

In this section we summarize the known facts about real hypersurfaces of
CH™ with constant principal curvatures.

Theorem 2.1. Let M be a connected real hypersurface with constant prin-
cipal curvatures in CH™ and g its number of principal curvatures. Then:

(i) There are no umbilical hypersurfaces in CH™, i.e. g = 1 is not possible.
(i) If g =2 then M is an open part of one of:

(a) A geodesic sphere.

(b) A tube around a totally geodesic CH™ 1.

(c) A tube of radius r = log(2 + \/3) around a totally geodesic RH™.
(d) A horosphere in CH™.

(ii) If g =3 then M is an open part of one of:
(a) A tube around a totally geodesic CH* for some k € {1,...,n—2}.
(b) A tube of radius r # log(2 + /3) around a totally geodesic RH™.
(c) The hypersurface W2~ or one of its equidistant hypersurfaces.

(d) A tube of radius v = log(2 + v/3) around the minimal ruled sub-
manifold W2"=* for some k € {2,...,n — 1}.

Part (i) was proved by Tashiro and Tachibana.'® Part (ii) follows from
the work by Montiel!! for n > 3 and from Ref. 4 for n = 2. Part (iii) follows
from Ref. 3 for n > 3 and from Ref. 4 for n = 2. In particular we have:

Corollary 2.1. Any complete real hypersurface with constant principal
curvatures in the complex hyperbolic plane is homogeneous.
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For g > 4 not much is known. However, Theorem 1.2 characterizes the

singular orbits of cohomogeneity one actions of type (W) in terms of their
second fundamental form. The classification of Hopf hypersurfaces with
constant principal curvatures is due to Berndt.!

Theorem 2.2. A connected Hopf real hypersurface of CH™ with constant
principal curvatures is holomorphically congruent to an open part of a Hopf
homogeneous hypersurface of type (A), (B) or (H) in Theorem 0.1.

(a)

(b)
(©)

To conclude this section we give a list of open problems

Determine the possible number of principal curvatures for a real hy-
persurface with constant principal curvatures in CH™. If there were no
non-homogeneous examples the answer would be 2, 3, 4 or 5.

Find examples of non-homogenous hypersurfaces with constant principal
curvatures in CH™ or prove that such examples do not exist.

Classify hypersurfaces with constant principal curvatures in CH™. An
answer for 4 or 5 distinct principal curvatures would be of interest.
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In the case of Euclidean space, we deduce new characterizations of geodesic
spheres.
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1. Introduction

The well-known Alexandrov theorem (1) claims that any compact without
boundary hypersurface embedded into the Euclidean space R™*! with con-
stant mean curvature (CMC) is a geodesic sphere. Later, A. Ros (}4) proved
that the result also holds for hypersurfaces of the hyperbolic space H"t!
and the open half sphere St

In these results, the assumption that the hypersurface is embedded is
crucial. Indeed, the results are false for immersed hypersurfaces. For in-
stance, the so-called Wente’s torus (see'®) is an example of (non-embedded)
immersed surface in R® with constant mean curvature which is not a
geodesic sphere. Other examples of higher genus are known (1°).

For surfaces in R3, Hopf (%) proved that CMC immersed spheres are
geodesic spheres. Here again, the result is not true in general since, we
know examples of CMC spheres in higher dimension which are not geodesic
spheres (see?).

The goal of this article is to find an alternative assumption to the em-
bedding such that under this assumption, CMC hypersurfaces are geodesic
spheres. It is a well-known fact that if the mean curvature H and the
scalar curvature Scal are both constant, then the hypersurface is a geodesic
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sphere. We will show a stability result associated with this assertion.
Namely, we have the following result which was proved for § = 0 in (1),
The cases § > 0 and d < 0 are new.

Theorem 1.1. Let (M",g) be a compact without boundary, connected and
oriented Riemannian manifold, isometrically immersed into the simply con-
nected space form M?H of constant sectional curvature §. Let R be the
extrinsic radius of M. If § > 0, we assume that R < 4%/3' Let h > 0 and
0 €]0,1[. Then, there exists e(n, h, R,0) > 0 such that if

o |H—h|<eand
e |Scal — s| < & for a constant s,

then ‘hz — ﬁ + 5‘ < Ag, for a positive constant A depending on n,h,d
and R, and M is diffeomorphic and 0-almost isometric to a geodesic sphere
n M?H of radius tgl (%), where ts is the function defined in Section 2.

Remark 1.1. By #-almost isometric, we mean that there exists a diffeo-
morphism F' from M into a geodesic sphere of appropriate radius such that

||dFy(u)|* — 1] <6,
for any x € M and any unit vector v € T, M.

Remark 1.2. The extrinsic radius of M is the radius of the smallest closed
ball in M?’Ll containing M.

Then, from this stability result, we will deduce a new characterization of
geodesic spheres in R™t! with a weaker assumption on the scalar curvature
(see Section 4).

2. Preliminaries

Let (M™,g) be a n-dimensional compact, connected, oriented Riemann-
ian manifold without boundary, isometrically immersed into the (n + 1)-
dimensional Euclidean space (R"*1, can), where can is the canonical metric
of R"*!. The (real-valued) second fundamental form B of the immersion is
the bilinear symmetric form on I'(T'M) defined for two vector fields X,Y
by

B(X,)Y)=—g (VXV, Y) ,

where V is the Riemannian connection on R™t! and v a normal unit vector
field on M. When M is embedded, we choose v as the inner normal field.
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From B, we can define the mean curvature,
1
H = —tr(B).
—tr (B)
Now, we recall the Gauss formula. For XY, Z, W € I'(TM),

R(X,Y,Z, W) = R(X,Y,Z,W)+(AX, Z) (AY, W) —(AY, Z) (AX, W) (1)
where R and R are respectively the curvature tensor of M and M?’Ll, and
A is the Weingarten operator defined by AX = —Vxv.

By taking the trace and for W =Y, we get
Ric(Y) =Ric(Y) — R(v,Y,v,Y) +nH (AY,Y) — (A?Y,Y) . (2)

Since, the ambient space is of constant sectional curvature §, by taking the
trace a seconde time, we have

Scal = n(n —1)d +n?H? — |A]?, (3)
or equivalently
Scal = n(n—1) (H?>+4) —|]?, (4)
where 7 = B — HId is the umbilicity tensor.
Now, we define the higher order mean curvatures, for k € {1,--- ,n},
by
1
Hk_ O'k('k‘./la"' 7"<5n)7
n
(%)
where oy, is the k-th elementary symmetric polynomial and k1, - -+ , Kk, are

the principal curvatures of the immersion.
From the definition, it is obvious that H; is the mean curvature H. We
also remark from the Gauss formula (1) that

1
HQ = ms(}a.l — 4. (5)

On the other hand, we have the well-known Hsiung-Minkowski formula

/M (Hir Z,0) + ea(r)Hi ) =0, ()

where r(z) = d(po, ) is the distance function to a base point pg, Z is the
position vector defined by Z = 55(7“)77‘, and the functions c¢s and ss are
defined by

cos(vot) i >0 Jpsin(Vet)  if6>0
cst)y=+¢1 ifd=0 and ss(t)=4qt ifé=0
cosh(v/—0t) if § < 0 — sinh(v/=0t) if § < 0.
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Finally, we define the function t5 = Z—j

We finish this section of preliminaries by the following recollection about
the first eigenvalue of the Laplacian. In (7), Heintze proved the following
upper bound for A;(A)

M (D) < n(|H[Z +6), (7)

with equality for geodesic spheres. Grosjean () proved a stability result
associated with Heintze’s estimate. Precisely, he proved the following

Theorem 2.1 (Grosjean, 2007). Let M be compact without boundary,
connected and oriented hypersurface of M:;H. If 6 > 0, we assume that M
is contained in an open ball of M?H of radius 4%/3. Let 0 €]0, 1], then there
exitst a constant Cg(n, ||B||oo, V(M),d) > 0 such that if

n(|[H|% +6) — Co < A1 (A),

then M is diffeomorphic and 0-almost isometric to a geodesic sphere of

radius /5= .
1

Now, we have all the ingredients to prove Theorem 1.1.

3. Proof of Theorem 1.1
We begin the proof of Theorem 1.1 by the following lemma.

Lemma 3.1. Let h and s be two positive constants. If the mean curvature
and the scalar curvature satisfy

o |H—h|<eand
e [Scal —s| <e,
for some positive e, then
2 ® | <Ae
n(n —1) S
where A is a positive constante depending on h, R, n and §.

Proof. The proof of this lemma comes directly from the Hisung-Minkowski
formula (6). Indeed, the Hisung-Minkowski formula for k£ =1 is the follow-
ing

/M (H2 (Z,V) + c(;(r)H) = 0. (8)
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Since we assume that [Scal — s| < €, we get easily from (5) that

m ()

For more convenience, we will denote hy = ;=*—5 — ¢. Then, from (8)

1

0= /M (HQ (Z,v) + 05(T)H)
:%;@ﬂzw+qvm)+ﬁﬂb—MMZw

= % Mh(Z,V>+/M05(r)H+/M(H2—hg) (Z,v)
_@ v @ — v cslTr Cs\T -
~ 2 [ a2 [ n-m@zn+ [ aone [ oo -n

+/M(H2—h2) (Z,v) .

Now, we use the Hsiung-Minkowski formula for k = 0, that is

/M (H (Z,v) + cl;(r)) -0, (10)

. c(;(r)+%/M(h—H)(Z,V)+/Mc(;(r)h+/Mca(r)(H—h)
+/M(H2—h2) (Z,v)
= (n=22) [+ 5 [ -m o+ [ et -
+/M(H2_h2) Zov)

Then, since s is an increasing function, we deduce

=] o0 < e f v [t gy f e

Using the fact that |Hs| < H?, we deduce from the assumptions on h and
hg that

|ha| < h% + Ai(n, h,d)e,
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and then we have

h——‘/c(; / s(r) + Aa(n, h,d) ss(R
M

We conclude using the fact that V(M) < [, cs(r) < As(n,d, R)V(M),
which yields

|h2 - h2| < A4(7’L, h7 Ra 6)8a

which gives the wanted assertion. O

Let 0 < e < 1. We will choose a particular ¢ later. We assume |H — h| < ¢
and |Scal — s| < ¢, then from (3) and Lemma 3.1, we have

|7|*> = n(n — 1)H? — Scal (11)
< A'(n,h, R, d)e.

This means that M is almost umbilical. Moreover, since |H — h| < ¢, In-
equality (11) is equivalent to

|B—hld| < A" (n,h, R, d)e. (12)
This last inequality combining with the Gauss formula (2) yields
Ric(Y) — (n — 1)(R2 + 8)|[Y|?| < A" (n, h, R, 0)e. (13)

Now, we use the Lichnerowicz formula (') to obtain the following lower
bound of the first eigenvalue of the Laplacian on M

A (A) = n(h? +6) — ay(e), (14)
or equivalently
M(A) = n([[H]5 +6) - ax(e), (15)

where the positive functions a; and ay depend on n, h, R and ¢ and tend to
0 when ¢ tends to 0. Now, we fix § €]0, 1[. Since as tends to 0 when ¢ tends
to 0, there exists e1(n,h, R,0) > 0, such that as(e1) < g. Then, we use
Theorem 2.1 to conclude that M is diffeomorphic and g—almost isometric

to a geodesic sphere of radius //\ﬂl. Moreover, because of the pinching of
A1(A), the radii % and , /- are close. So, there exists ea(n, h, R, ) > 0 such

that geodesic spheres of radii + 7 and | /<- are §—almost isometric. Then, we

take ¢ = inf{e1,e2} and then M is O—quasl—lsometrlc to a geodesic sphere
of radius +. O
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4. Rigidity results in the Euclidean space

For the Euclidean case, that is 6 = 0, we can obtain from Theorem 1.1 new
characterizations of geodesic spheres. Namely, we have the following

Corollary 4.1. Let (M"™,g) be a compact, connected and oriented Rie-
mannian manifold without boundary isometrically immersed into R™t!. Let
h be a positive constant. Then, there exists e(n,h) > 0 such that if

(a) H="h and
(b) |Scal — s| <e,

for some constant s, then M is a geodesic sphere of radius %

Remark 4.1. Note that in this result, € does not depend on the extrinsic
radius R. Indeed, since the mean curvature is constant, from (10), we have
Jas (Z,v) = £V(M). So we do not have to control the extrinsic radius.

Proof. This corollary is a direct consequence of Theorem 1.1. Indeed, we
know that there exists a diffeomorphism F' from M to S™ (%) But, in the
Euclidean space, this diffeomorphism is explicit. Namely,

F) = £ 20
h ()|
where ¢ is the immersion on M into R"*1. See (3) to get this expression.
The fact that F' is a diffeomorphism implies that the immersion ¢ is
necessarly a one-to-one map, that is an embedding. Since M is embedded
with constant mean curvature, it is a geodesic sphere by the Alexandrov
theorem. O

Now, we state a second characterization of geodesic spheres.

Corollary 4.2. Let (M",g) be a compact, connected and oriented Rie-
mannian manifold without boundary isometrically immersed into R™11. Let
s be a positive constant. Then, there exists e(n,s) > 0 such that if

(a) Scal = s
(b) |H—h|<e,

for some constant h, then M is a geodesic sphere of radius y/ @

Proof. The proof is the same, using an Alexandrov type theorem for the
scalar curvature due to Ros (14). 0
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This second corollary gives a partial answer to a conjecture by Yau which

states that the only immersed hypersurfaces of the Euclidean space with

constant scalar curvature are geodesic spheres.
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1. Introduction

It has been an important issue in geometry and in topology to determine
when amap f : 31 — X9 between manifolds can be homotopically deformed
to a constant one. If each ¥; has a Riemannian structure g;, the curvature of
these spaces may give an answer. This is particularly more complex if both
¥; are compact. For ¥; noncompact, by a famous result due to Gromov,®
Y; admits a Riemannian metric of negative sectional curvature and also
one of positive sectional curvature. In each of these cases, if 3; is complete
and simply connected, then 3; is diffeomorphic to a contractible space,
by the Cartan-Hadmard theorem and by a result of Cheeger and Gromoll,
respectively (see in [4]). Hence, if this is the case for one of the ¥;, then f
is obviously homotopically trivial.

A deformation problem of an initial map can be handled using some
geometric evolution equation, obtaining homotopic deformations of a cer-
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tain type and with geometrical and analytical meaning, namely, giving at
infinite time a solution of a certain partial differential equation. We recall
the great discovery of Eells and Sampson,” a first example of this kind, on
using the heat flow to deform a map to a harmonic one:

Theorem 1.1 (Eells and Sampson (1964)). If 1 and X2 are closed
and X9 has nonpositive sectional curvature then f is homotopic to a har-
monic map foo. Furthermore, if the Ricci tensor of 31 is nonnegative then
foo is totally geodesic and if it is positive somewhere, then fo, is constant.

The last part of this theorem can be seen as a Bernstein-type theorem, and
it was obtained from a Weitzenbéck formula for the Laplacian of ||dfs||?.
We recall that Bernstein-type theorems are theorems that give conditions
that ensures that a solution of certain P.D.Es. with geometrical meaning,
must be a “trivial” solution, as for example a totally geodesic or a constant
map.

In this note, a survey of our main results in [10-12], we will show how to
use the mean curvature flow and a Bernstein-Calabi type result for spacelike
graphs to obtain a deformation of a map between Riemannian manifolds to
a totally geodesic or a constant one.

The Bernstein-Calabi result is obtained by computing the Laplacian of
a positive geometric quantity, the hyperbolic cosine of the hyperbolic angle
of a spacelike graph, and analyzing the sign of this Laplacian, based on an
idea of Chern® on computing a similar quantity in the Riemannian case.

Furthermore, we also will show that under somehow more general curva-
ture conditions as in the above theorem, we can obtain a direct proof of the
homotopy to a constant map, with no need to use a Bernstein-type result.
This approach was started by Wang!# for the graph I'; of the map f, consid-
ered as a submanifold of the Riemannian product 31 x 35 of closed spaces
with constant sectional curvature, and take its mean curvature flow and
show that under certain conditions the flow preserves the graphic structure
of the submanifold and converges to the graph of a constant map. The main
difference with our approach is that we consider the pseudo-Riemannian
structure on ¥; x ¥, instead the Riemannian one. Our assumption on I'f
to be a spacelike submanifold is essentially identical to the assumptions on
the eigenvalues of f*gs imposed in [13,14] in the corresponding Riemann-
ian setting. Our advantage is that the pseudo-Riemannian setting turns
out to be a more natural one, since it allows less restrictive assumptions on
the curvature tensors (and that include the case of any negative sectional
curvature for X3) and on the map f itself after a suitable rescaling of the



166

metric of 35, and long time existence and convergence of the flow are easier
obtained. In [14] it is necessary to use a White’s regularity theorem, based
on a monocity formula due to Huisken, to detect possible singularities of
the mean curvature flow, while in the pseudo-Riemannian case, because of
good signature in the evolution equations, we have better regularity. This
will become clear in equations (1), (3) and (4) below.

Let (£1,g1) and (3, g2) be Riemannian manifolds of dimension m > 2
and n > 1 respectively, and of sectional curvatures K; and Ricci tensors
Ricei;. On M = ¥ x ¥y we consider the pseudo-Riemannian metric g =
g1 — g2. We assume X; oriented. Given a map f, we assume the graph,
T;: % — M, T#(p) = (p, f(p)), is a spacelike submanifold that is, g :=
I'tg = g1 — f"g2 is a Riemannian metric on ¥;. Thus, the eigenvalues of
f*g2,at p€ M, A2 > ... > X2 >0, are bounded from above by 1 — §(p),
where 0 < d(p) < 11is a constant depending on p. The hyperbolic angle 0 of
I'f is given by one of the equivalent definitions:

1 VOZ(Z )
coshf = —— =Voly, (m1(e1),...,m(em)) = ——29
T = (m(er) 1(em)) Volis, g
where m : M — ¥ is the projection and e; is a direct o.n. basis of TT'y,
and Vol 4) is the volume element of (X1,g). Then coshf = 1 iff f is
constant, that is I'y is a slice.

2. Bernstein-Calabi and Heinz-Chern type results

The classic Bernstein theorem says that an entire minimal graph in R3 is
a plane. This result was generalized to codimension one graphs in R™*!
for m < 7, and for higher dimensions and codimensions under additional
conditions by many other authors. Calabi? considered the same problem
for the maximal (the mean curvature H = 0) spacelike hypersurfaces M in
the Lorentz-Minkowski space R7**! with the metric ds? = Y7 (dz;)? —
(drp,y1)?. If M is given by the graph of a function f on R™ with |Df| < 1,
the equation H = 0 has the form

i ) < of /0w, )—o

i=1 awl V 1- |l).f|2
Calabi showed that for m < 4, the graph of any entire solution to the above
equation is a hyperplane. The same conclusion was established by Cheng

and Yau?® for any m. A further generalization of this problem to R™*" has
been obtained by some authors (see for instance in [9]).
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Another natural generalization is to consider maximal spacelike graphic
submanifolds in a non flat ambient space and in higher codimension. We
consider a spacelike graph I'y, for a map f:3; — Xs.

We can take a; an orthonormal basis of T),%; and ey of T ¥2, 1 <
i <m, m+1<a<m+n,such that df (a;) = —Niam+i (N =01if i > n).
Then e; = (1=A2)"2(a; + Niamyi) and e, i = (1= X2) "V 2 (@i + Niai),
€a = Qg if a > 2m, define o.n.bs. of T(;, ¢())I'y, and of the normal bundle
at (p, f(p)) respectively. Assuming I'y has parallel mean curvature, in this
basis we have

Acosht = cosh 0 || BI? +2 57 5" A ninTt

k i<j
=23 N O NNRG R (1)
k i<y
+3 (i Riceir(ow 0+ o s (K1 (Py) — Ka(P)])
J#i

where P;; = span{a;,a;} and PZ'] = span{am+i, am+;}. Here hg; are the
components of the second fundamental form B of I'y in the basis e;, eq.

Theorem 2.1 ([10,12]). Let M = T’y be a spacelike graph submanifold
of M with parallel mean curvature vector. We assume for each p € %1,
Ricciy(p) > 0 and for any two-dimensional planes P C TpX1, P' C Ty, 2o,
K1(P) > Ky(P'). We have:

(1) If n = 1 and cosh® < o(r) when r — +oo, where r is the distance
function to a point p € (X1, 91), and X1 is complete, then M is mazimal.

(1i) If M is compact, then it is totally geodesic. Moreover, if Riccii(p) > 0
at some point, then M is a slice, that is [ is constant;

(vit) If M is complete, noncompact, and K1, Ko and cosh@ are bounded,
then M 1is mazimal.

(tw) If M is a complete maximal spacelike surface, then M is totally
geodesic. Moreover, (a) if K1(p) > 0 at some point p € M, then M is
a slice; (b) If X1 = R? and Lo = R", then M is a plane; (c) if X1 is flat
and Ko < 0 at some point f(p), then either M is a slice or the image of f
is a geodesic of 3s.

We obtain (¢) by applying a Heinz-Chern inequality derived in [12], for the
absolute norm of H,

m||H|| < sup coshf b(B,(p)),
Br(p)
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where h(B,(p)) = infp V;,—1(0D)/Vin (D), is the Cheeger constant of the
open geodesic ball of center p and radius r, where D runs all over the
bounded domains of the ball with smooth boundary 0D. Since Ricci; > 0,
h(Br(p)) < C/r, when r — +oo, where C' > 0 is a constant. For ¥; the
m-hyperbolic space (with non-zero Cheeger constant), we give examples in
[12] of foliations of H™ x R by complete spacelike graphic hypersurfaces
with bounded hyperbolic angle and with constant mean curvature any real
¢, the same for all leaves, or parameterized by the leaf.

The proof of (i7) and (ii¢) consists on showing that, under the curvature
conditions, one has Alncosh 6 > §||B||?, where § > 0 is a constant that does
not depend on p and in (i¢7) showing that the Ricci tensor of M is bounded
from below, and applying the Omori-Cheng-Yau maximum principle for
noncompact manifolds. (¢) and (i#i) are obtained by different approaches.
If M is a maximal Riemannian surface, (iv) gives a generalization of the
Bernstein type theorem of Albujer-Alfas! for maximal graphic spacelike
surfaces in a Lorentzian three manifold ¥; x R to higer codimension. As
in [1,5] the proof is based on a parabolicity argument for surfaces with
nonnegative Gauss curvature. In fact, in this case, we have that A( P 9> <
0 and the Gauss curvature of M satisfies

Ky = Wl(l,,\g)[fﬁ — AN ASKs(as, aq)] + Z[(h(ﬂ)Q + (h§5)?] > 0.

The conclusion that B = 0 comes from analyzing the vanishing of the term
involving the components of B in the expression of A(1/cosh ). Our proof
for (iv)(b), gives a simpler proof of the same result of Jost and Xin? for de
case of surfaces, but using their result that any entire maximal graph in
R™*+7 is complete.

We also derive in [11] a Simons’ type identity for the absolute norm of
the second fundamental form ||B||? of a spacelike submanifold M of any
pseudo-Riemannian manifold M,

A||B||2:2||VB||2+Eija2h?’Ho’l’_Zija2h‘a‘[Zk(v'R)gik""Zk(ka)?jk]
+Zija62{2k(4Rﬁkzh§j hf} Rkﬁkhm hz]) zB] Hﬁha }
+2 kiR zgkhah kikhl‘hq‘)_szkaQZhu thii

+2Zija6(2k( ?khjk - hfkh?k)) +2Eaﬁ(2zjh%hg) .

3. The mean curvature flow

The mean curvature flow of an immersion Fy : M — M is a family of
immersions F; : M — M defined in a maximal interval ¢ € [0,T) evolving
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according to

4 P(z,t) = H(z,t) = Ay, Fi(z) 5
{F( 0) = Fo @

where H; is the mean curvature of M; = Fy (M) = (M, g = F{§). The mean
curvature flow of hypersurfaces in a Riemannian manifold has been exten-
sively studied. Recently, mean curvature flow of submanifolds with higher
co-dimensions has been paid more attention. In [14], the graph mean cur-
vature flow is studied in Riemannian product manifolds, and it is proved
long-time existence and convergence of the flow under suitable conditions.
When M is a pseudo-Riemannian manifold, it is considered the mean cur-
vature flow of spacelike submanifolds. This flow for spacelike hypersurfaces
has also been largely studied, but very little is known on mean curvature
flow in higher codimensions except in a flat space R*™ [15]. In [11] we
consider (2) with M any pseudo-Riemannian manifold and Fy any space-
like submanifold, and we derive the evolution of the following quantities at
a given point (z,t) with respect to an o.n. frame e, of the normal bundle
of M; and a coordinate chart x; of M, normal at x relatively to the metric

gta
g =2HhE
dtJv] 1]
LV oly, = ||H|*Vol,

#lIBII? = AllB|]? —2||VB||2+EW%°‘ (Zk( Ry + (ViR)g,)

Zzgka52(4Rﬁk1hk3 h% kﬁk 1] 1])

+Zzgklo¢ (R’L]kha ha + Rklkh% h%)

a B pa 2 aph
_2Zijaﬁ(2k(hik jk_hikhjk)) _2Za,ﬁ(2z]h1]hzj) .

In this section we assume (31, g1) closed and (X2, g2) complete, and the
curvature tensor Ry of X9 and all its covariant derivatives are bounded. We
consider the mean curvature flow on the pseudo-Riemannian manifold M =
Y1 X X2, when the initial immersed submanifold Fo =1y : M =3, — M is
a spacelike graph submanifold. Furthermore, we assume, as in Theorem 2,

Riccii(p) >0, and Ki(p) > Ka(q) Vp€Xi,q€ Xo.

This means that either K;(p) > K5 (q) = max{K»(q),0}, or Riccii(p) >0
and Ki(p)(P) < 0 for some two-plane P and Ki(p) > Ka(q) with
KZ(q) < Ou vpaq

We recall the mais steps of [11].
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For t > 0 sufficiently small, F} is near Fj and so it is a spacelike graph
with A?(¢) <1 — 6(t). We derive the evolution of the hyperbolic angle

%ln(cosh 0) = Aln(cosh6)
_{||B||2_Z)\2 hm—H _9 Z s hm+jhm+1} (3)
ki

k,i<j
>5(1) 1B
)\2
_Z)\Q( RZCCZl 6“ €; +Zm [Kl(PU)—KQ(Pl/J)] )
>0 >0

Therefore, 2 In(coshf) < Aln(coshd) — §(¢)||B||*> < Aln(cosh), and by
the maximum principle for parabolic equations, maxs, coshf; is a non-
decreasing function on ¢, and in particular F; remains a spacelike graph
F, =Ty, for a smooth map f; : ¥; — M. On what follows, ¢; denotes
positive constants. We may take a uniform bound § = 4§(0), such that
A2(t) < 1—46 for all t as long as the flow exists. Consequently g; = g1 — f; g2
are uniformly equivalent metrics on ¥ and Volyy, are uniformly bounded,
and from the above evolution equations Voly,, = elo 1Hs1dsy o M,, What
implies fOT supy;, |[H||?dt < co. From the evolution equations one gets

d 2 1
Z1BII” < AllBIP+ea||Bll+es| | BI* =~ [|BI[* < Al|BI|*~~||B|[*+¢s. (4)

This is the point where regularity theory is better in the pseudo-Riemannian
setting than the Riemannian one (note the negative coefficient of the high-
est power of ||B||, that holds in the pseudo-Riemannian case and not in
the Riemannian case). From the above inequality we may use a result of
Ecker and Huisken® to conclude that ||B||? is uniformly bounded. From
this inequality we may apply an interpolation formula due to Hamilton and
applying parabolic maximum principles we conclude ||V*B||? is uniformly
bounded forall k.

For each ¢, it is defined on M a Riemannian metric g¢ = g, ., —
L7 that makes e;, e, an orthonormal basis. These metrics are uniformly
Pt

equivalent to the natural Riemannian metric g* = g; + g2 of M = ¥ x
Y5, for we have some positive constants ¢(d) and ¢/(9), depending only
on ¢, such that ¢(d)g+ < g < ¢/(§)g+ holds. We observe that the Levi-
Civita connections of (M, g.) and of (M,g) are the same and HVB||2

caa|| B||* + |[VB||?. By induction on k we see that V¥B are § and so g,-
uniformly bounded for all £ > 0, that is all derivatives of B in M are
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also bounded for the Riemannian structure. Then we can apply Schauder
theory, by embedding isometrically (¥;,g;) into an Euclidean space R,
The spaces C*¥+7 (3, M), k € N, 0 < ¢ < 1 are Banach manifolds and can
be seen as closed subsets of the Banach space C*+(3;, RN1+N2) with the
Holder norms. Equation (2) in local coordinates is of the form

82F“ 8F“ - dF*®

where a;; = g%, by, = g”Ffj, G(z,t)* = (¢, o Ft)aF 81; From the uni-
form bounds of V¥B and of VFKH we have that the coefficients a;;, b, are

Ck=1+9(3)- uniformly bounded, and if F} lies on a compact set of M then

||F('at)||cl+a(zl7ﬁ) <co, HF('at)”C2+k+U(21’H) <ck, k=0

for some positive constants ¢; that do not depend on t. Standard use of
Ascoli-Arzela’s theorem to F; leads to the conclusion that T = +oo (by
assuming 7" < 400 one has F}; = Fy + fot H lies in a compact set and gets
an extension of the maximal solution F} to ¢t = T', what is a contradiction).
We also note that the assumption of Ry and its derivatives to be bounded
is necessary to guarantee the existence of a maximal solution of the flow,
as well the trick of DeTurck can also be applied in the pseudo-Riemannian
case like in the Riemannian case, to reparametrize F; in a suitable way to
convert the above system in one of strictly parabolic equations (see [16] p
17). This is necessary since the coefficients by also depend on the second
derivatives of Fy, and so it can give a degenerated system.

Theorem 3.1 ([11]). The mean curvature flow of the spacelike graph of
f remains a spacelike graph of a map f: : X1 — Yo and exists for all time
t>0.

Since f0+°o supy, |H¢||?dt < c12, then 3ty — +oo such that H;, — 0.
Assuming f; lies in a compact set of X5 we obtain a subsequence F;, that
C>-converges at infinity to a map F,, € C°(X1, M), necessarily a space-
like graph of a map fo € C*°(X1,X2), and maximal, for H,, = 0. From
Bernstein theorem 2, we conclude

Theorem 3.2 ([11]). If ¥y is also compact there is a sequence t,, — 400
such that the sequence 'y, ~ of the flow converges at infinity to a spacelike
graph I'y_ of a totally geodesic map foo, and if Riccii(p) > 0 at some point
p € X1, the sequence converges to a slice.
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Finally we consider the case Ricci; > 0 everywhere. In this case we will see
that we can droop the compactness assumption of ¥5. From (3)

d

7 In(cosh §) < Aln(cosh ) — 155,77,
what implies 4 In(cosh) < Aln(cosh6) — c15(1 —
quently,

—1~), and conse-

(5)

1 < maxy, coshf <1 +016€_2c15t
N(p,t) < Foee X < igem2ent = (1 - §(t))

= (I+cige 2°157)

that is, we have for each t a constant §(¢) explicitly defined, and that
approaches one in an exponentially decreasing way, and

%cosh@ < Acoshf — §(t) cosh 0|| B||2.

Setting p(t) = \/nlcﬁecm and 1 = ez cosh?®) || B||2, we have

d
b < At — 2cosh P OV cosh? V4 — cir {e%qs%p? _etentyd _ w} :

Tt

In [11] we show this implies ||B|| < ci1ze™
Since Fy = Fy + f(f H and the mean curvature is exponentially decreasing
we can conclude that Fi(p) lies on a compact region of M, and for any
sequence ty — +o0o we obtain a subsequence ¢, such that F} converges
uniformly to a spacelike graph of a map f.. By (5) this map must be
constant. Furthermore, in this case the limit is the same, for any sequence
tny — +oo we take. This gives the next theorem, obtained with no need of
using Bernstein results:

, where T is a positive constant.

Theorem 3.3 ([11]). If Riccii > 0 everywhere and K1 > Ko, Xo not
necessarily compact, all the flow converges to a unique slice.

4. Homotopy to a constant map

We will give some applications of theorem 5. We assume in this section
¥ is closed and 35 is complete with Ro bounded and its derivatives. We
also assume either K7 > 0 everywhere, or Ricci; > 0 and Ko < —c < 0
everywhere.

Given a constant p > 0 we consider a new metric g1 — g5 on M=3X;x%,
where gh = p~lgs. Now if f : ¥ — ¥ satisfies f*g2 < pg1, means 'y is
a timelike submanifold w.r.t. g3 — g5. Then the curvature conditions in
theorem 5 demands K7 > pKs, that can be translated in the following
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Theorem 4.1 ([11]). There exist a constant 0 < p < 400, such that any
map f: X1 — Yo satisfying f*ge < pg1 is homotopically trivial. If K1 >0
everywhere we may take p < miny, K /supg., K; For Ky < —c every-
where, we may take p = +oo.

Note that, for Ricci > 0, Ko < —c < 0 everywhere, then p >
maxy, K /infy, —K2, where K~ = max{—K,0}. This means we may
take p = 400 if Ko < —c as in case Supg, K;r = 0 and K; > 0. This
is the case n = 1. The homotopy is given by the flow, namely, since
Fi(p) = (¢e(p), fi(de(p))), where ¢y : ¥1 — ¥ is a diffeomorphism with
oo = idy,, then K(t,p) = fi(¢:(p)) is the homotopy. This gives a new proof
of the classic Cartan-Hadmard theorem:

Corollary 4.1. If Ko <0, m > 2, any map [ :S™ — 3o is homotopically
trivial.

The condition given in [14], det(g1 + f*g2) < 2 implies >, A2 +1 < [[.(1+
A?) < 2 and so I'; is a spacelike submanifold. The next theorem, obtained in
the Riemannian context, can be seen as a reformulated corollary of theorem
o:

Theorem 4.2 ([13,14]). Assume both 3; are closed and with constant sec-
tional curvature K; and satisfying K1 > |Ka|, K1 + Ko > 0.

(1) If det(g1 + f*g2) < 2, thenT'y can be deformed by a family of graphs to
the one of a constant map.

(2) If f is an area decreasing map, that is MA; < 1 for i # j, then it is
homotopically trivial.

The area decreasing condition is a slightly more general condition than
spacelike graph for n > 2. In case n = 1 any map is area decreasing, but
it is included in the case K9 < 0. We note that in the previous theorem it
is used the Riemannian structure, and in this setting K cannot be given
arbitrarily negative, a somehow artificial condition, that can be dropped if
one uses the pseudo-Riemannian structure of the product.
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1. Introduction

Many questions in Riemannian geometry involve constructing geometric
realizations of algebraic objects where the objects in question are invariant
under the action of the structure group G. We present several examples
to illustrate this point. We first review previously known results. Section
1.1 deals with Riemannian algebraic curvature tensors, Section 1.2 deals
with Osserman tensors, and Section 1.3 deals with generalized algebraic
curvature operators.
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In Section 1.4 we present the new results of this paper that deal with
a mixture of affine and Riemannian geometry; this mixture has not been
considered previously. The results in the real analytic context can perhaps
be considered as extensions of previous results in affine geometry; the results
in the C* context are genuinely new and require additional estimates. We
refer to Section 1.4 for further details. To simplify the discussion, we shall
assume that the underlying dimension m is at least 3 as the 2-dimensional
case is a bit exceptional. We adopt the Einstein convention and sum over
repeated indices henceforth.

1.1. Realizing Riemannian algebraic curvature tensors

Let V be an m-dimensional real vector space and let v(V) C ®4V* be the
set of all Riemannian algebraic curvature tensors; A € (V) if and only if A
has the symmetries of the Riemannian curvature tensor of the Levi-Civita
connection:

Az, y, z,w) = —A(y, x, z,w), A(z,y, z,w) = A(z,w, x,y),

A(x7 y7 Z? w) +A(y’ Z’Jj’ w) +A(z’m’y7 w) = 0' (1)

Let A € ¢(V) and let (-,-) be a non-degenerate symmetric bilinear form on
V of signature (p,q). The triple 9 := (V, (-,-), A) is said to be a pseudo-
Riemannian algebraic curvature model; let Z(V') be the set of such models.

Let M := (M,g) be a pseudo-Riemannian manifold. Let V9 be the
associated Levi-Civita connection and let R, € @*TjM be the curvature
tensor at a point P of M. Since RY satisfies the symmetries of Equation
(1), WP(M) = (TPM, gp,R?;) S E(TPM)

The following result shows every 9 € Z(V) is geometrically realizable;
in particular, the symmetries of Equation (1) generate the universal sym-
metries of the curvature tensor of the Levi-Civita connection.

Theorem 1.1. Let M € E(V). There exists a pseudo-Riemannian mani-
fold M, a point P € M, and an isomorphism ¢ from TpM to V so that
Mp(M) = ¢*M.

1.2. Osserman geometry

The relevant structure group which arises in this context is the orthogonal
group O(V, {-,-)); one can ask geometric realization questions concerning
any O(V, (-,+)) invariant subset of t(V). If M = (V,(,-), A) € E(V), the
Jacobi operator Jom € End(V) ® V* is characterized by the relation:

<jgm($)y, Z> = A(y’ €, T, Z) .
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If p > 0, then 9 is said to be timelike Osserman if the spectrum of Jon
is constant on the pseudo-sphere of unit timelike vectors in V. The notion
spacelike Osserman is defined similarly if ¢ > 0. If p > 0 and if ¢ > 0,
work of N. Blazi¢ et al.! and of Garcia-Rio et al.? shows these two notions
are equivalent and thus we shall simply say 9t is Osserman in this con-
text. As this definition is invariant under the action of the structure group
O(V, (-, -)), it extends to the geometric setting. Thus a pseudo-Riemannian
manifold M will be said to be Osserman provided that the associated model
Mp(M) is Osserman for every P € M.

Work of Chi® shows there are 4-dimensional Osserman Riemannian alge-
braic curvature tensors which are not geometrically realizable by Osserman
manifolds. The field is a vast one and we refer to Nikolayevsky* for further
details in the Riemannian setting and to Garcia-Rio et al.® for a discussion
in the pseudo-Riemannian setting; it is possible to construct many examples
of Osserman tensors in the algebraic context which have no corresponding
geometrical analogues.

1.3. Affine geometry

Let V be a torsion free connection on M. The associated curvature operator
ReT*M@T*M @ End(TM) is a (3,1) tensor which has the symmetries

R(z,y)z = —R(y,x)z, R(z,y)z+ R(y,z)x+R(z,z)y=0. (2)

As we are in the affine setting, there is no analogue of the additional cur-
vature symmetry A(z,y, z,w) = A(z,w, z,y) which appears in the pseudo-
Riemannian setting. In the algebraic context, let A(V) C V*@V*QEnd(V)
be the set of (3, 1) tensors satisfying the relations of Equation (2). An ele-
ment A € A(V) is said to be a generalized algebraic curvature operator.

If V is a torsion free connection and if P € M, then RY, € A(TpM).
The following geometric realizability result is closely related to Theorem
1.1. It shows that any universal symmetry of the curvature tensor of an
affine connection is generated by the summetries of Equation (2).

Theorem 1.2. Let A € A(V'). There exists a torsion free connection V on
a smooth manifold M, a point P € M, and an isomorphism ¢ from TpM
to V so that RY, = ¢* A.

We contract indices to define the Ricci tensor p(A) € V*QV™* by setting

p(A)(z,y) = Trace{z — A(z,z)y}.
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The decomposition V* @ V* = A2(V*) & S%(V*) sets p(A) = pa(A)+ps(A)
where p,(A) and ps(A) are the antisymmetric and symmetric Ricci tensors.
The natural structure group for (V) is the general linear group GL(V).
The Ricci tensor defines a GL(V) equivariant short exact sequence

0—ker(p) > A(V) =V *@V* —0.

Strichartz® showed this short exact sequence is GL(V) equivariantly split
and gives a GL(V') equivariant decomposition

A(V) = ker(p) ® A2(V*) @ S2(V*)

into irreducible GL(V) modules. The Weyl projective curvature operator
P(A) is the projection of A on ker(p); A is said to be projectively flat if
P(A) =0, A is said to be Ricci symmetric if p,(A) = 0, and A is said to
be Ricci antisymmetric if ps(A) = 0. These notions for a connection are
defined similarly. There are 8 natural geometric realization questions which
arise in this context and whose realizability” may be summarized in the
following table — the possibly non-zero components being indicated by *:

ker(p)[SPVA[A2(VH)] [ker(p)[SE(VH[AZ(VY)
* * * |yes|| O * *  |yes
* * 0 |yes|| O * 0 |yes
* 0 * |yes|| O 0 * no
* 0 0 |yes|| O 0 0 |yes

Thus, for example, if A is projectively flat and Ricci symmetric, then A4
can be geometrically realized by a projectively flat Ricci symmetric torsion
free connection. But if A # 0 is projectively flat and Ricci antisymmet-
ric, then A can not be geometrically realized by a projectively flat Ricci
antisymmetric torsion free connection.

1.4. Torsion free connections and Riemannian geometry

We now combine the settings of Sections 1.1 and 1.3. Let (-,-) be a non-
degenerate symmetric inner product on V of signature (p,q). Fix a basis
{e;} for V and let g;; := (e;,e;) give the components of (-,-). Let g be
the inverse matrix. If A € A(V), expand A(e;, e;)er = Aijkfeg. The scalar
curvature 7 and trace free Ricci tensor are then given, respectively, by

(A, () o= g9 Ak ™, polA, () == ps(A) — Ty
(

Let S2(V*,(-,-)) be the space of trace free symmetric bilinear forms. One
has an O(V,(-,-)) invariant decomposition of V* ® V* into irreducible
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O(V, (-,-)) modules
VRV =A V) d S5V, () dR.

This decomposition leads to 8 geometric realization questions which are
natural with respect to the structure group O(V (-, -)) and which can all be
solved either in the real analytic category or in the C* category of s-times
differentiability for any s > 1. The following is the main result of this paper;
as our considerations are local, we take M =V and P = 0.

Theorem 1.3. Let g be a C* (resp. real analytic) pseudo-Riemannian met-
ric on V. Let A € A(V). There exists a torsion free C* (resp. real analytic)
connection V defined on a neighborhood of 0 in V such that:

(a) Ry = A.

(b) V has constant scalar curvature.

(c) If A is Ricci symmetric, then V is Ricci symmetric.

(d) If A is Ricci antisymmetric, then V is Ricci antisymmetric.
(e) If A is Ricci traceless, then V is Ricci traceless.

The subspace ker(p) C 2(V) is not an irreducible O(V, (-, -)) module
but decomposes as the direct sum of 5 additional irreducible factors — see
Bokan.® This decomposition will play no role in our further discussion and
studying the additional realization questions which arise from this decom-
position is a topic for future investigation.

2. The proof of Theorem 1.3

We assume s > 1 and m > 3 henceforth; fix A € A(V). We introduce
the following notational conventions. Choose a basis {e;} for V to identify
M =V =R"™ and let {z1, ..., 2} be the associated coordinates.

For § > 0, let Bs := {x € R™ : |x| < §} where |z] is the usual Euclidean
norm on R™. Let C§ be the set of functions on Bs which are s-times dif-
ferentiable. Let a = (s, ..., @) be a multi-index. Set

0; == B%i’ Y :=(01)™...(0m)*™, la|=a1+ ...+ am.

If 3 is a real vector space, let C3(3) be the set of C* functions on Bs with
values in 3. Fix a basis {f,} for 3 and expand P € C§(3) as P = P f, for
P e C§. Let v € R. Set

|P|:=sup|P’| € C§ and ||P||sy,—1:=0.
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For 0 <r < s, define || P|

s, € [0,00] by setting
1P|[5,0,r == sup |07 P(z)] - [z
la|=r, |z|<8
Thus || P||s,,,r < C implies |02P(x)| < C|z|” for |a| = r and |z| < §. Let
6 :=S*((R™*)@R™, &:=5%((R™)*), and A:=AR™).

We use the basis {e;} and the coordinate frame {0;} to determine the com-
ponents of tensors of all types; if computing relative to some orthonormal
frame {E;}, we shall make this explicit. Thus, for example, if S € &, then
Sij = S(ei, ej) while if S € Og(@), then Sij = S(@zl,ﬁ%) IfF, Ee Cg(@),
define £(T') € C*71(A) and T' x £ € C§(A) by setting

E(P)ijkl = &»ijl - @-Pikl, (3)
(T x E)iji = En T + Tin Ei™ — En Tir™ — TjnEr™ .

If T e C3(8), let V(I') be the C*® torsion free connection on Bs; with
Christoffel symbol I'. One has:
RYI) = L(I) + 30« T,
p(F * F)jk = ZFE,/I‘jk" — 2anirgkn = p(F * F)kj, (4)
pa(RY ) j1c = pa(LT))ji = 5 {0kTj" — 9;Twi'} -
One says that T' is normalized if
(1) T(0) = 0 and RV™) = A + O(|z|?).
(2) ps(RYV(M) is C*.
(3) Pa(RYD)(;,95) = pa(A)(eise;) on Bs.
We remark that Assertion (2) is non-trivial as RYV(™) need only be C*1.
This is a technical condition used subsequently to avoid loss of smoothness.

Theorem 1.2 follows from the following observation which forms the
starting point in our proof of Theorem 1.3:

Lemma 2.1. IfT,,! = %(Awwl + Awoi )z, then T is normalized.

Proof. Since I'(0) = 0, one has:
Ry (@5, 0)0% = {DTji! (0) = ;T (0)} 0
= 3 {Aur" + Airs' — Ajie' — Ajii } O
= L { A" — Arij' + Aije' — Ajri' } 00 = Aijil' o .

By Equation (4), pa(RY™)s; = pa(L(1))i; = pa(Ry )i = pa(A)ij. O
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We continue our analysis with the following basic solvability result:

Lemma 2.2. If © € C3(6), then there exists £ € C5(®) so p(L(E)) = O,
s0 &) = o < |Olswr +7lO]ls041,r—1-

Proof. By assumption, m > 3. For each pair of indices {3, j}, not neces-
sarily distinct, choose k = k(i,7) = k(j,1) with k # ¢ and k # j. Set

ot fo i (T oy T 1, Uy Tl 1, ooy Ty ) i L=k
i = it O£k

Since k # j, &7 = 0. Consequently Equation (3) yields
P(L(E))is = De€ij* = O
Expand 02 = 0'0% where 3 does not involve the index k. Then:

gog b _ { Ork _8;"@“(3:1, ey T 15 Uy They 1 ey Ty ) if o = 0,
v pol =980, if u>0.
Assume that [090;;(z)| < C|z|” for all z € Bs and all |a| = j. Then
|f$’” 0205 (X1, ooy Th—1, Uy Thpg 15 o, T ) L]
< |a:k|f0 10205 (X1, oy Thm1, ETh, Thot 15 oo, Ty |t
< fak] - Cla]” < Clz"*.

The estimates of the Lemma now follow. O

Let g be a C*® pseudo-Riemannian metric on Bs for § < 1, let {E;} be a

C* g-orthonormal frame for the tangent bundle of By, and let e; := E;(0).
Let I' € C§(®). Define © = O(T") € C§(6) by

0ij = ps(RYW)(Ei, Ej) — ps(A) ei e5) - ()

Use Lemma 2.2 to define £ = E(I') € C§(®B) so that ps(L(E)) = —O. We

use Lemma 2.1 to choose an initial Christoffel symbol I'; € C§(&) which is
normalized. Inductively, set

@l, = @(Fl,), 5u+1 = S(FV), Fu+1 = Fl, + 5u+1 .
We will set ' :=T'1 4+ & + ..., we will establish convergence, and we will
show I'o, defines a connection with the desired properties. We begin by
using Equation (4) to compute:
Our1,ij = ps(Ru)(Ei, Ej) — ps(A)(ei,e5) + ps(L(Evr1))ij
+ ps(L(Ev11))(Ei, Ej) = ps(L(Ev41))ig
+ ps{ (T + %SV-H) *x Eyp1 (B, Ej) .
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As ps(L(Ey+1)) = —O,, the first line vanishes and
Ovt1ij = —Ou(Ei, Bj) + Ouij + ps{(Tw + 5E041) x Evr HE, Ej) . (6)
Choose k > 1 so we have the following estimates for any = € Bs:
S(Ei, EBj) — Sij| < kIS| - [2]* VS € CJ(6),
|ps (0 E)(Ei, Ej)| < w{|T| - €]} ¥V T,€€C5(8).
Lemma 2.3. Adopt the notation established above. Then I, is normalized

for all v. Furthermore, there exists 5o > 0 and there exist constants C,. > 0
for 0 <r <s so forv=1,2,... we have the estimates:

(a) ITullso1orr < 2C.
(b) ||®V||50,2u—r,r S C,,l«/
(¢) N€vs1llso,2vt1-rr < CF +1CY_4.

Proof. By assumption I'; is normalized. We assume inductively I',, is nor-
malized and show I', ;1 is normalized. As 5y+17ijj = 0, Equation (4) yields

pa(Rut1)ij = pa(Ru)ij = pa(A)i; on  Bs. (7)
Since ©, = ps(Ry)(Ei, Ej) — ps(A)ij = O(|z[*), Ev41 = O(|2]*) and
Ru+1 =Ry +O(|z|*) = A+ O(Jz]?) .
AsT, is normalized, ©, € C§(&). Hence £,41 € C5(B) and ', 11 € C3(8).
Since ps(L(Ey4+1)) = —O, is C*, we may conclude that ps(R,+1) is C*® even
though R, need only be C*~!. Thus ', is normalized.

We establish the estimates by induction on r and then on v; Assertion
(3),,r follows from Assertions (2),, and (2),,-1 and from Lemma 2.2.
Suppose first that » = 0; this is, somewhat surprisingly, the most difficult
case. As I'1 is normalized, R1 = A + O(|z|?). One has FE;(0) = §;. Thus
01 = O(|z|?). As Ty = O(|z|), by shrinking §, we may choose Cj so

ITy|(x) < Colz| and |01|(z) < Colz[* on Bs.
Choose Cy and dp < § < 1 so that
00+1<ﬁ00<00, /i‘f’iOO"’%K/SOO, 5800<%
If v = 1, then Assertions (1) and (2) follow from the choices made. Assume

the Assertions hold for ;4 < v where v > 1. Then

ITosal < Ta| + [E2] + .. 4+ |Evsa] < Cola| + Colz|* + CF 2| + ...

— C 2 —
< Cola| + |2| 2L < (Co + V2| < £Co.
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We use Equation (6) to complete the induction step for » = 0 by checking

|©y41] < H{|x|2 A0+ (T + &1 D€}
< R{CY 2P + (g Cola| + CF |2 *+1)Cy |1}
< CYlzP* e+ 10+ 3k} < CytHz2+2.
We now suppose r = 1; we get 1 less power of |z| in the decay estimates.
We choose C so |0x'1| < C; and [0x01| < Ci|z|; the desired estimates

then hold for v = 1 for C sufficiently large. We proceed by induction on
v. We then have for sufficiently large C; and small §; that:

|OkT v 1] < ORT1| + |OkE2| + ... 4 |OkEvqa |
< G +{C1+ Co}af’ +{CF + C}al" + ... < :C1.

We differentiate Equation (6) to obtain

OkOv11,i5 = —(0kO,)(Ei, Ej) + 0kO,i5 — O, (0kE;, Ej) — O, (E;, Ok Ej)
+ps{(8krv + %8k5u+1) * 5u+1 + (Fu + %5,,4_1) * 8]€SV+1}(Ei7 Ej)
(T + E0e1) % 6 H(OLES, ) + (Biy k)

Thus for a suitably chosen constant k1 = k1(A, F,'1) which is independent
of v and for suitably chosen C; > Cj, we have

1060y 11| < K1 {|2210kOu ] + |2] - [O0] + (10kT 0| + |0kEw1]) | €|
(Tl + [Evs1]) - 10kEvir| + (IT] + [Evgr]) - [Evsal}
< Fa|zPPFHOY + CF + (701 + (CF + CE)|2[*)Cy
+(&Co + Cla|*)(CY + C¥) + (& Colz| + C¥la|*H)CE} .

A crucial point is that there are no C¥*' terms present. The desired es-
timate now follows for C sufficiently large and dy sufficiently small. This
completes the proof of the case r = 1; the higher order derivatives are
estimated similarly. O

Since [02E, 41| < C¥|z|> 7177, the series 2 + €3 + ... converges geomet-
rically for small z and thus the sequence I', converges in the C” topology
to a limit I',,. Note that as we have to shrink ¢ at each stage, we do not
get convergence in the C'*° topology even if the initial metric is smooth.
We use Equation (5) to see that for small z we have:

Pa(Roo(2))ij = lim pa(Ry(2))ij = pal(A)ij - (8)

V— 00
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This controls the antisymmetric part of the Ricci tensor. To control the
symmetric part of the Ricci tensor, we use the g-orthonormal frame {FE;}.
We compute, using Equation (7), that:

ps(Roo (7)) (Ej, Ej) =lim, o0 ps(Ro (7)) (Es, Ej)

. (9)
=lim, @V7ij (:c) + ps(.A)ij = Ps (A)” .

The frame {E;} is g-orthonormal. Thus R has constant scalar curvature.
By Equation (8) if A is Ricci symmetric, then so is Ro.. By Equation (9),
if A is Ricci antisymmetric or is Ricci tracefree, so is Reo. This completes
the proof of Theorem 1.3 in the C* category.

In the real analytic category, we complexify and consider the complex
ball of radius ¢ in C™. Since C° convergence of holomorphic functions gives
convergence in the holomorphic setting, Theorem 1.3 follows in the real
analytic context as well.
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1. Introduction

The group of isometries of any Riemannian two-point-homogeneous space
acts transitively on the unit sphere bundle. This implies that any Riemann-
ian two-point-homogeneous manifold is Osserman, i.e., the eigenvalues of
the Jacobi operator are constant on the unit sphere bundle. Moreover, the
converse was conjectured by Osserman and proved to be true in dimen-
sion different from 16.173 Later, the Osserman condition was extended
to the conformal setting by means of the conformal Jacobi operator. Re-
markably, in dimensions greater than 5 and different from 16, both the
Osserman and conformally Osserman conditions are equivalent for Einstein
manifolds. Moreover it has been recently shown that out of those dimen-
sions a Riemannian manifold is conformally Osserman if and only if it is
in the conformal class of an Osserman manifold;* however, this equivalence
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fails to be true in the higher signature setting.® We refer to Ref. 4-8 for
basic results on conformally Osserman manifolds.

The aim of this paper is to survey some known relations between ge-
ometric properties such as being Osserman or conformally Osserman and
the algebraic structure of the metric tensor, and extend them to multiply
warped product structures. More specifically, for each of the sections of this
paper, we recall the necessary results on warped products to classify mul-
tiply warped products with the analogous condition. Thus, after reviewing
some basic definitions in Section 2, we impose the conformally Osserman
condition on multiply warped products in Section 3, showing that they
are necessarily locally conformally flat. This motivates the analysis of local
conformal flatness carried out in Section 4 for these structures. Sections 5
and 6 are devoted to multiply warped products which are Osserman and of
constant curvature, respectively. Note that, on the one hand, the Osserman
condition is equivalent to the conformal Osserman and the Einstein condi-
tions,® and, on the other hand, a manifold has constant sectional curvature
if and only if it is Einstein and locally conformally flat. Therefore, the re-
sults in Sections 5 and 6 can be derived from the corresponding results in
Sections 3 and 4 by imposing the Einstein condition.

Detailed information about the results included in this survey and other
related material can be found in Ref. 9-14.

2. Preliminaries

Let (M, g) be a Riemannian manifold of dimension n > 4 and let R be the
associated Riemann curvature tensor. R decomposes as R = C e g + W,
where C' is the Schouten tensor, W is the Weyl tensor and e denotes de
Kulkarni-Nomizu product. Let

J(X)Y = R(X, V)X, and Jw(X)Y =W(X,Y)X

be the usual Jacobi operator and the conformal Jacobi operator, respec-
tively. (M, g) is said to be pointwise Osserman (respectively, conformally
Osserman) if for every p € M the Jacobi operator 7, (respectively, the con-
formal Jacobi operator Jy ) has constant eigenvalues on the unit tangent
sphere S, = {x € T,M : g,(x,x) = 1}, where T, M is the space tangent to
M on p.

Let (B,gB), (F1,91), --., (Fk, gx) be Riemannian manifolds. The prod-
uct manifold M = B x F} X --- X F}, equipped with the metric

9=gs® fi01® & fion
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where f1,..., fr : B — R are positive functions is called a multiply warped
product. B is the base, F1, ..., Fy are the fibersand f1,..., fi are referred to
as the warping functions. In what follows we will denote a multiply warped
product manifold as above by M = Bx ¢ Fy X --x 5, F},. (See Ref. 15, 16 and
the references therein for more information on multiply warped products).
The special case of a multiply warped product with one fiber is referred to
as a warped product.

The possible order of the fibers is irrelevant for our purposes and, in
order to avoid ambiguity, we assume henceforth that warping functions are
nonconstant and fibers with the same warping function, up to a scale factor,
are joined in one fiber.

3. Conformally Osserman multiply warped products

The aim of this section is to classify multiply warped products which are
conformally Osserman. In order to attain that objective, as a first step we
investigate direct products. Then we study the warped product structure, as
the simplest case of a multiply warped product, to later obtain the complete
classification in the general context. We refer to Ref. 9 for detailed proofs
of the following lemmas.

Lemma 3.1. Let (M,g) be a conformally Osserman manifold which de-
composes as a direct product B x F. Then (M, g) is locally conformally

flat.

Given an arbitrary warped product manifold B x; F with metric
gB @ f2gr one considers the conformal change given by 1/f2 to see that it
belongs to the conformal class of a direct product metric. Therefore, since
the conformal Osserman condition is invariant under conformal transforma-
tions,® one gets the following result for warped products as a consequence
of Lemma 3.1.

Lemma 3.2. A warped product B xy F' is conformally Osserman if and
only if it is locally conformally flat.

Remark 3.1. Although this paper deals with positive definite signature,
we digress slightly in this remark to point out that Lemma 3.2 cannot be
extended with full generality to higher signature, see Ref. 9 for details;
however it remains true in dimension 4 for any possible signature.

Theorem 3.1. A multiply warped product B x g, Fy X --- Xy, F}, is confor-
mally Osserman if and only if it is locally conformally flat.
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Proof. A multiply warped product B xf Fy x --- X, F}, can be thought
of as a warped product with base B Xy Fy x --- xy,_, Fy_1 and fiber F.
Hence Lemma 3.2 directly applies. O

4. Locally conformally flat multiply warped products

Motivated by the results in Section 3, it is natural to proceed studying
multiply warped products which are locally conformally flat. As we did in
the previous section, we begin by analyzing the simplest case which is that
of a warped product. See Ref. 10 and 11 for the proofs of the results in this
section.

Theorem 4.1. Let M = B x ¢ F be a warped product. Then the following
holds:

(1) If dim B =1, then M = B x ¢ F is locally conformally flat if and only
if (F,gr) is a space of constant curvature.
(i1) If dim B > 1 and dim F > 1, then M = B x ¢ F is locally conformally
flat if and only if
(ii.a) (F,gr) is a space of constant curvature cp.
(ii.b) The function f : B — RT defines a conformal change on B
such that (B, f—ggB) is a space of constant curvature cg = —cCp.
(itt) If dim F' =1, then M = B x ¢ F is locally conformally flat if and only
if the function f : B — R defines a conformal change on B such that
(B, #gB) is a space of constant curvature.

Before giving a detailed description of locally conformally flat multiply
warped products, we provide an upper bound on the number of different
fibers.

Theorem 4.2. Let M = Bxy Iy x--- Xy, Fy be a multiply warped product.
If M is locally conformally flat then k < 3 and the fibers (F;,gr,) are
spaces of constant sectional curvature (provided that dim F; > 2), for all
i=1,...,k.

We divide the subsequent analysis in terms of the dimension of the
base. Thus, the following result provides a precise description of all locally
conformally flat manifolds M = I xy Fy x --- Xy, Fj, where I is a real
interval.

Theorem 4.3. Let M = I xy, Fi XXy, Fy be a multiply warped product.
M s locally conformally flat if and only if one of the following holds:
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(i) M =1 x5 F is a warped product with fiber F' of constant sectional
curvature (provided dim F > 2) and any (positive) warping function
f-

(it) M =1 xy, Fi xy, F5 is a multiply warped product with two fibers of
constant sectional curvature (provided that dim F; > 2) and warping
functions

1 1
A [
where f is a strictly increasing function and £ is a warping function
making I x¢ Fy of constant sectional curvature (cf. Theorem 6.1) and

(€0 f) > 0.

(it)) M =1 Xy, F1 X5, Fo xg, Fy is a multiply warped product with three
fibers of constant sectional curvature (provided that dim F; > 2) and
warping functions

fi=(of)

fi=(Eof)

%, h=@wﬂ%, ﬁ:%

where [ is a strictly increasing function and &; are warping functions

making I x¢, Fi X¢, Fo of constant sectional curvature (as in Theorem
6.1) such that (&;0 f) >0,1=1,2.

For a general multiply warped product with base of dimension greater
than one, we do not have a classification like in the theorem above. However
we summarize next some interesting results for this case. We start with the
following theorem.

Theorem 4.4. Let M = 3° x ¢, Fy XX ¢, Fy, be a multiply warped product
with 4° C R®, s > 2. Then M s locally conformally flat if and only if the
warping functions satisfy

[i(R) = | I + (b3, %) + ¢ (1)

—
for all X € S where a; > 0, ¢; € R and b; € R® and moreover the
warping functions are compatible in the sense that

_— — . .
(b, bj> :2(aicj+ajci), 1] (2)
and the sectional curvature of each fiber of dimF; > 2 is given by
F; 2 .
K" = ||b;[|* —4ajc;, 4,j=1,....k. (3)

Remark 4.1. Note that the previous theorem can be extended for not nec-
essarily flat locally conformally flat bases (B, gp) to get a local description
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of locally conformally flat multiply warped spaces. Since (B, gp) is locally
conformally flat, there exist local coordinates such that gz = ¥2gy. Hence,
when using such coordinates the multiply warped metric satisfies
2 2 _ 2 Jiy2 Jr2
9B fign® @ frgr =1 (gus@(a) n® () 9k>~

Therefore the multiply warped product gp @ fZg1 @ -+ @® fZgx is locally
conformally flat if and only if so is gys ® (%)2g1 DD (%)2%. Hence the
warping functions are determined locally up to a conformal factor ¥, since
the warping functions, in local coordinates where gg = W2gy., are given
by fi(x) = (ai|| X)2 + (b, X) + ;) forall i = 1,..., k.

Remark 4.2. Locally conformally flat multiply warped spaces can now be
easily constructed as follows. Since any warping function of a locally confor-
mally flat multiply warped space M = U® X g Fy x --- Xy, F} is completely
determined by scalars a;, ¢; € R and vectors gi = (bi1,...,bis) € R®, con-
sider the vectors Z)Z = (b1, .., bis, ai, c;) in R*T2, Next, define a Lorentzian
inner product in R%*2 by

and note that equations (2) and (3) at Theorem 4.4 are interpreted in terms
— — —

of the orthogonality &, L & (for all i # j) and K¥% = || £;||* (whenever

dimF; > 2), respectively. Hence it follows from Remark 4.1 that

(i) A locally conformally flat space M = B x5, Fy x --- Xy, Fy has, at
most, (s + 2) different fibers, where s = dimB.

(ii) Let s = dim B. The sectional curvature of the fibers (F;, g;) of a locally
conformally flat multiply warped space is as follows

(ii.1) There are at most (s + 1) fibers of positive curvature.
(i.2) There are at most one fiber of nonpositive curvature.

whenever dim F; > 2.

(iii) For any locally conformally flat manifold (B*,gg), there exist (s + 2)
locally defined warping functions f; : 4 C B — R and (F;, g;) spaces
of constant curvature such that M = U x ¢ Fy x---x ¢, Foi o is locally
conformally flat.



191

5. Osserman multiply warped products

Since the Osserman condition is equivalent to both the Einstein and the
conformal Osserman conditions, we take advantage of the results in Sec-
tion 3 to study the Osserman condition. Thus, the following result which
was proved in Ref. 9 is a consequence of Theorem 3.1.

Theorem 5.1. Let M = B xy, Fy x --- xy, Fy be a manifold with local
structure of a multiply warped product. Then M is pointwise Osserman if
and only if it is a space of constant sectional curvature.

Every two-point-homogeneous space is Osserman, in particular CP™,
QP™ OP™, CH™, QH™ and OH™ are Osserman. Furthermore, they are
the only Osserman manifolds of dimensions n not equal to 4 and 16 which
do not have constant sectional curvature. Dimensions 4 and 16 are excluded
because for n = 4 there exist pointwise Osserman manifolds which are not
globally Osserman and for n = 16 the Cayley plane is Osserman. This re-
lation between Osserman manifolds and two-point-homogeneous manifolds
gives the following consequence of Theorem 5.1.

Corollary 5.1. Neither CP™, QP™, OP" nor their negative curvature du-
als may be decomposed as a multiply warped product.

6. Multiply warped products of constant curvature

As we did in Section 4, we first consider multiply warped products with
1-dimensional base, to then extend the classification results to the higher
dimensional setting.

The following theorem has been first obtained by Mignemi and
Schmidt;'® we refer to Ref. 11 for a proof following the line of our discus-
sion here. As a consequence of Theorem 4.2, if M =1 xy¢ Fy X --- X5, Fy
is a space of constant sectional curvature, then each fiber F; must be of
constant sectional curvature.

Theorem 6.1. Let M = I Xy Fy x--- Xy, Fy, be a multiply warped product.
Then M is of constant sectional curvature K if and only if k < 2 and,
moreover, one of the following holds:

) =0, then =1 X, F7 or =1 Xq, F1 Xo, I2, with warping
) If K =0, then M =1 X, F M=1IXx4 F , F ith ]
functions given by

a;(t) = a; t+ b, 1=1,2.



192

Moreover, the fibers (F;, g;) are necessarily of constant sectional cur-
vature K = a2, provided that dim F; > 2 (i = 1,2), and the warping
functions satisfy the compatibility condition aias = 0 in the case of
two fibers.

(ii) If K =2, then M =1 xg, Fy or M =1 xg, F} xg, F», with warping
functions given by

Bi(t) = a;sinct + b; cos ct, 1=1,2.

Moreover, the fibers (F;, g;) are necessarily of constant sectional cur-
vature K = c2(a? + b?), provided that dim F; > 2 (i = 1,2), and the
warping functions satisfy the compatibility condition aias + biby = 0
in the case of two fibers.

(iii) If K = —c?, then M = I X, Fy or M = I X, F| X, F», with warping
functions given by

~i(t) = a; sinh ¢t + b; coshct, 1=1,2.

Moreover, the fibers (F;, g;) are necessarily of constant sectional cur-
vature K1 = ¢?(a? — b2), provided that dim F; > 2 (i = 1,2), and the
warping functions satisfy the compatibility condition ajas — biby = 0
in the case of two fibers.

Remark 6.1. Two immediate consequences follow from previous theorem
on the multiply warped structure of a space of constant curvature. (Com-
pare with the bounds given in Theorem 4.2).

(a) No more than two fibers are admissible for a space I x ¢ Fy X ---x ¢, F},
to be of constant sectional curvature.

(b) The (constant) sectional curvatures of the fibers are subject to some
restrictions.

We turn back our attention to the case of multiply warped products
with base of dimension s > 2. See Ref. 14 for a complete proof of the results
henceforth. Note from Theorem 4.2 that if M = B xy, Fy X --- Xy, Fi is a
space of constant curvature k, then each fiber F; must also have constant
sectional curvature. Moreover since the base inherits the geometry of the
whole manifold in a multiply warped product, the base B has constant
sectional curvature equal to k.

Theorem 6.2. Let M = Bxy, Fy XXy, F}, be a multiply warped product
with B, Fy, ..., Fx of constant sectional curvature, s = dim B > 2 and
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KB = k. Then M is a space of constant sectional curvature (K = x) if and
only if the warping functions have locally the expression

—KCi |7 < P
- 41<X7X>+<b15 >+Cz — s

i(x) = , ¢ €ER, bieR,

f (X) 1+ %<§>7§>> C i
with
(i) (bi,by) +rcic; =0, i#j,
(i) (bi,by) + k2 = KF | if dimF; > 2,
foralli,j =1,...,k, where (-,-) denotes the scalar product in the Euclidean
space R®.

Remark 6.2. The local description of multiply warped product spaces of
constant curvature in the previous theorem leads to some Estricgons on
the number and the geometry of the fibers. Consider vectors & = (bj,¢;) =
(bi1, ..., bic, ¢;) in R¥T! endowed with the symmetric bilinear form given
by diag[l,...,1,x]. Then, conditions (i) and (i4) in Theorem 6.2 mean
that the vectors g, i =1,...,k, must be _())rthogonal to each other and,
if dim F; > 2, then the assomated vector & must satisfy <§1, §1> = KFi,
Moreover, it follows that the above bilinear form is a scalar product in
R of index (1,..., L) if £ # 0 and (1,...,1,0) if & = 0. Now, if
k = 0, Theorem 6.2 1mphes that the scaling functlons are polynomlals of
degree one, fi(X) = (bl, X ) + ¢;, and the corresponding vectors f, are
orthogonal if and only if so are the vectors b_: This shows that no more
than s fibers may exist if k = 0. (Recall that warping functions are assumed
to be nonconstant, and thus the case ? = (ﬁ, ¢) is excluded). Therefore,
proceeding as in Remark 4.2, we conclude:

(1) A multiply warped product M = B x ¢ Fy X --- x5, F} of constant
sectional curvature k, with a (s > 2)-dimensional base has, at most, s
fibers if Kk =0, and at most s + 1 if Kk # 0.

(ii) The sectional curvatures of the fibers F; of a multiply warped product
of constant curvature and with s-dimensional base are as follows:

(ii.1) If k > 0, then no more than s+ 1 fibers of dimension > 2 and
positive sectional curvature are admissible and none fibers of
dimension > 2 and negative sectional curvature may occur.

(i4.2) If k < 0, then no more than s fibers of dimension > 2 and
positive sectional curvature are admissible and none fibers of
dimension > 2 and negative sectional curvature may occur.
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(i.3) If k = 0, then no more than s fibers of dimension > 2 and
positive sectional curvature are admissible and no more than 1
fiber of dimension > 2 and negative sectional curvature may
occur.

(ii) For any (s > 2)-dimensional base (B,gp) of constant curvature s,
there exist s +1 (if K # 0) or s (if Kk = 0) locally defined scaling
functions f; : 4 C B — RT and (F;, gr,) spaces of constant curvature
so that M = x g My X --- %y, M, has constant sectional curvature.
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A T'-symmetric space is a reductive homogeneous space M = G/H provided in
each of its points with a finite abelian group of “symmetries” isomorphic to T".
In caseof I = ZS, the Lie algebra g of G is graded by I' and this grading permits
to construct again the symmetries of M. An adapted Riemannian metric will
be a tensor metric for which the symmetries are isometries. We give in case of
p = 2 the classification of compact Z%-symmetric spaces corresponding to G
compact simple. In particular we find again the oriented flag manifold. For this
class of nonsymmetric spaces and for the space SO(2m)/Sp(m) we describe all
these metrics. In particular we prove that in the definite positive case, these
metrics are not, in general, naturally reductive. We class also the Lorentzian
Z%—symmetric metrics.

Keywords: T'-symmetric spaces, adapted Riemannian metrics, graded Lie
algebras

1. Riemannian reductive homogeneous spaces

Let M = G/H be a homogeneous space where G is a connected Lie group
which acts effectively on M. It is a reductive space if the Lie algebra g of
G can be decomposed into a direct sum of vector spaces of the Lie algebra
h of H and an ad(H )-invariant subspace m, i.e., g = b +m, ad(H)m C m.
If H is connected, and we will assume it in all the following, the second
condition is equivalent to [h, m] C m.

We denote by Vs (or simply V) the canonical G-invariant connection
on M. Recall that its torsion tensor Ty/,, and curvature tensor Ry,, satisfy:

Ty, (X, Y)o=[X,Y]m, X,Y €m (0 denotes the class of 1¢ in G/H),

(RVM(va)Z)OZ_[[XﬂY]aZ]v XY, Z em,
VaTe, = ViR, =0.
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We denote by Vj; the natural (complete) torsion-free G-invariant connec-
tion on M. It admits the same geodesics as Vs and it is defined by

Vu(X)(Y) = %[X, Y]m, X, Y em.

Let g be a G-invariant indefinite Riemannian metric on the reductive ho-
mogeneous space M = G/H. It is completely determinated by an ad(H)-
invariant non degenerate symmetric bilinear form B on m, the correspon-
dence is given byB(X,Y) = g(X,Y)o, for all X,Y € m. Recall that ¢ is
positive definite if and only if B is positive definite. We denote by V, the
corresponding Riemannian connection. It coincides with the natural con-
nection Vy; if and only if we have B(X,[Z,Y]m) + B([Z, X]m,Y) = 0,
VX,Y,Z € m. In this case the Riemannian reductive homogeneous space
M is said to be naturally reductive.

For example, if M is a symmetric space, that is the decomposition of g
satisfies g = h + m with[h, h] C b, [h, m] C m, [m, m] C h then the canonical
and the natural connections coincide. Moreover if V, is a Riemannian
symmetric connection, that is the symmetries of M are isometries, we have
Vi =V = Vg4 and M is naturally reductive.

2. Riemannian I'-symmetric spaces
2.1. T'-symmetric spaces

Let I' be a finite abelian group. A I'-symmetric space is a triple (G, H,T'g)
where G is a connected Lie group, H a closed subgroup of G and I'g an
abelian finite subgroup of the group of automorphisms of G isomorphic to
I': Tg = {py € Aut(G), v € T'} such that H lies between Gr, the closed
subgroup of G consisting of all elements left fixed by the automorphisms of
', and the identity component of Gr. The elements of I'¢ satisfy:

Pri © Prya = Pyuves VY2 €T
pe = Id where e is the unit of T’

(r(g) =g Vyel)<=ygecH.
We also suppose that H does not contain any proper normal subgroup of
G.
Given a I'-symmetric space (G, H,I'¢), we construct for each point x of
M = G/H a subgroup I'; of Diff(M), the group of diffeomorphisms of M,
isomorphic to I' and which has = as an isolated fixed point. We denote by
g the class of g € G in M and by e the identity of G. We consider

Te = {306 € Diff(M), 7 €T},
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with s(y.¢)(g) = py(g). For another point x = gg of M we have
Fr = {5(y7w) € DZﬁ(M), v E F}7

with s¢y,g)(y) = go(s(%é))(galy). All these subgroups I'; of Diff(M) are
isomorphic to I'. The elements of I';, will be called the symmetries of M at
the point x or more generally the symmetries of M.

Remark. If (G, H,T ) is a D-symmetric space, we will also say that the
homogeneous space M = G/H is I'-symmetric.

2.2. I'-grading of the Lie algebra g of G

Let (G, H,T'¢) be a I'-symmetric space. Let g (resp. b ) be the Lie algebra
of G (resp. H). Each automorphism p. of G induces an automorphism 7,
of g and the set I'y = {7, € Aut(g),y € I'} is a finite group isomorphic
to I such that (Vy € I', 7,(X) = X) & X € bh. As each of the linear
morphism 7, is diagonalizable, the relation 7, o 7.,, = 7,/ o 7, implies that
g is a vectorial direct sum of root spaces gy, x € I'* where I'* denotes the
dual group of I'. As I is abelian, I'* is isomorphic to I' and we can identify
I and I'*. We deduce that g is I'-graded, g = 6€9ng with g. = h where e is
v

the identity of T'.
Conversely, we prove in' that every I'-graded Lie algebra g = & gy
~el’

determines a I'-symmetric space (G, H,T") where G (resp. H) is a connected
Lie group associated to g (resp. g.).

Theorem 2.1. Fvery I'-symmetric space is a reductive homogeneous space.

In fact if M = G/H is a I-symmetric space, the Lie algebra g of G is

I'-graded that is g = @ g,. Then we put h =g, andm= ¢ g, We
yer vel v#e
have [h,m] C m and [m,m] C bh. If we assume that H is connected, this

implies that M = G/H is a reductive space

2.3. Riemannian and Indefinite Riemannian I'-symmetric
spaces

Let M = G/H be a I'-symmetric space. Recall that for all z € M,T, =
{s(~,x),v € T'} is a subgroup of Dif f(M) isomorphic to I". Let S(v,x) be
the tangent map T,s(7y,x). Thus S(v,z) € GL(T,M) and {S(v,z),y € T'}
is a finite subgroup of GL(T; M) isomorphic to T'.
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Definition 2.1. A Riemannian (resp. Indefinite Riemannian) metric on M
is called a I'-symmetric Riemannian (resp. Indefinite Riemannian) metric
if for all x € M, the linear symmetries S(v, ), v € I' are isometries.

Remark. f T’ = Zy = Z/2Z, we find the classical notion of Riemannian
symmetric space again. When the Riemannian metric g is positive definite,
the natural and canonical connections coincide, and they are also equal to
the Riemannian connection associated to g. All these spaces are naturally
reductive. In general, this property is false for the Riemannian I'-symmetric
spaces, when I' is not isomorphic to Zs. We will see in the following section
examples of Z3-Riemannian spaces which are not naturally reductive.

2.4. Irreducible Riemannian I'-symmetric spaces

Let (G,H,T¢) be a I'-symmetric space. Since G/H is a reducible homo-
geneous space with an ad (H)-invariant decomposition g = g. ® m, the
Lie algebra of the holonomy group of V is spanned by the endomorphisms
of m given by R(X,Y)o for all XY € m. Recall that (R(X,Y)Z) =
—[[X,Y]y, Z] for all X,Y,Z € m. In particular we have R(X,Y )y = 0 as
soon as X € g,,Y € g, with 7,7" # e. For example, if I' = Z2 then
0=0cD 0D 0 D ge and R(ga, 95)o = R(8a, 8c)o = R(b, 8c)o = 0.

Lemma 2.1. Let g be a simple Lie algebra Z3-graded. Then

[9a, 8a)] © (96, 96] & (g, 0c] = Ge-

Proof. Let U denote [gq, ga] @ (g6, 96] D [8c, 8c])- Then I = U D g, ® gp g
is an ideal of g. In fact, X € [ is decomposed as Xy + X, + Xp + Xe.
The main point is to prove that [Xy,Y] is in I for any YV € g.. But Xy is
decomposed as [ X, Y,] + [ X, o] + [ X, Ye]. The Jacobi identity shows that
([Xa:Yal,Y] € [8a; 8a] and it is similar for the other components. Then I is
an ideal of g which is simple, and hence U = g.. O

One should note that in any case, as soon as ' is not Zs, the repre-
sentation ad g. is not irreducible on m. In fact, each component g, is an
invariant subspace of m.

Definition 2.2. The representation ad g. on m is called I'-irreducible if m
cannot be written m = m; & mo with g. & m1 and g. & mo I'-graded Lie
algebras.



199

Example. Let g; be a simple Lie algebra and g = g1 © g1 © g1 D ¢1-
Let 01, 02,03 be the automorphisms of g given by

Ul(X17X25X37X4) = (X27X15X37X4)a
UQ(X17X2)X37X4) = (X17X2)X47X3)7
03 = 01 0 02.

They define a (Z32)-graduation on g and we have g. = {(X, X,Y,Y)}, g4 =
{(0,0,Y,~Y)}, g = {(X,—X,0,0)} and g. = {(0,0,0,0)} with X,Y € g1.
In particular, g, is isomorphic to g1, hence [g., gs] = 9o and, since g; is
simple, we cannot have g, = g. + g2 with [g., g.] = g% for i = 1,2. Then g
is (Z3)-graded and this decomposition is (Z3)-irreducible.

Suppose now that g is a simple Lie algebra. Let K be the Killing-Cartan
form of g. It is invariant by all automorphisms of g. In particular

K(r,X,7Y) = K(X,Y)

for any 7, € INIfX€e€gyandY € g3, @ # [ there exists v € I' such
that 7, X = AMa,v)X and 7,Y = A(3,7)Y with Aa,v)A(3,7) # 1. Thus
K(X,Y) = 0 and the homogeneous components g-, are pairewise orthogonal
with respect to K. Moreover K., = K|g_ is a nondegenerate bilinear form.
Since g is a simple Lie algebra, there exists an ad g.-invariant inner product
B on g such that the restriction B = B|y to m defines a Riemannian I'-
symmetric structure on G/H. This means that B(g,,g,/) = 0 for y # ' €
I". We consider an orthogonal basis of B. Foreach X € ge, ad X is expressed
by a skew-symmetric matrix (a;; (X)) and K(X, X) = >~, - a;;(X)a;i(X) <
0. This implies that K is negative-definite on ge.

Let K, and B, be the restrictions of K and B to the homogeneous
component g,. Let § € m* be such that K, (X,Y) = B,(6,(X),Y) for all
X,Y € g, and 3, = |y, . Since B, is nondegenerate on g, the eigenvalues
of B, are real and non-zero. The eigenspaces g#, ..., g5 of (3, are pairwise
orthogonal with respect to B, and K.,. But for every Z € g. we have

K’Y([Z7 X]7Y) = K’Y(Xv [Z7 Y]) = B’Y(ﬁ’Y(X)a [Za Y])
and hence B, (5,[Z,X],Y) = B,([Z,3,(X)],Y) for every Y € g, and
By1Z,X] = [Z, 5,(X)], implying that 5, cad Z = ad Z o 3, for any Z € g..
This yields [ge,g%] C g
Now we examine the particular case of I' = Z3. The eigenvalues of the

involutive automorphisms 7., being real, the Lie algebra g admits a real
I'-decomposition g = Zyezg gy. Then we can assume that g is a real Lie
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algebra. Now if ¢ # j we have
K (g, 62), (08, 02]) € K([0%, 02],8¢) C (g}, 0%) =0
and we have, for i # j:
[0}, 63] = {0} .

Let {e,a,b,c} be the elements of Z3 with a? = b? = ¢®> = e and ab = c.
Each component g, v # e, satisfies [g, g,] C ge and g. @ g, is a symmetric
Lie algebra. Endowed with the inner product B, the Lie algebra g. @ g,
is an orthogonal symmetric Lie algebra. The Killing-Cartan form is not
degenerate on ge ® gy. Then g. @ g, is semi-simple. It is a direct sum of
orthogonal symmetric Lie algebras of the following two kinds:

i) g=g¢ + g'with g’ simple
i) g is simple.

The first case has been studied above and the representation is (Z3)-
irreducible. In the second case ad g, g] is irreducible in g, and the repre-
sentation is (Z3)-irreducible on m.

3. Classification of compact simple Z% symmetric spaces

The paper! is, in a large part, devoted to the classification of Z2-symmetric
spaces G/H in case of g is simple of classical type. Recently, in,®> the ex-
ceptional case has been developped. Combining both results, we have a
complete classification of Z3-symmetric space G/H when g is simple com-
plex. From these classifications, we can easily deduce the classification of
compact Z3-symmetric spaces when g is compact and real simple. Following
the terminology of® and,! if (G, H,Z3) is a Z3-symmetric space, the cor-
responding pair (g, ) of Lie algebras is called local symmetric space. From
the local classification, it is very easy to exhibit the classification of the Z3-
symmetric spaces when G and H are connected and G simply connected.
In the following table, we give the list of local Z3-symmetric spces when g
is real simple of compact type and non exceptional.



g.h)
su(2n), su(n))
u(ky + ko), su(ky) ® su(ks) ® C)

h
(
(
su(ky + ko + k3), su(ky) @ su(ks) @ su(ks) @ C?)
(
(
(
(

Va)

(

(

E

(su(ky + ko + k3 + ky), su(k1) @ su(ks) @ su(ks) @ su(ky) & C?)
(su(n), so(n))

(su(2m), sp(m))

(su(ky + k2), so(k1) @ so(kz))
(su2(k1 + k2), sp(2k1) & sp(2k2))
(so(k1 + ko + k3), so(k1) @ so(kz) ® so(ks)
(so(k1 + ko + ks + ka), so(k1) @ so(k2) @ so(ks) ® so(ky))
(so(4m), sp(2m))
(so(2m), so(m))
(s0(8), su(3) ® su(1))
(sp(ky + ko + ks + ka), sp(k1) ® sp(k2) @ sp(ks) @ sp(ka))
(sp(4m), sp(2m))
(sp(2m), so(m))

4. On the classification of Riemannian compact

Z%-symmetric spaces

invariant bilinear forms. In the work, we are interested by two classes
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Let (M = G/H, g) be a Riemannian Z3-symmetric space. We assume that
the local pair is in the previous table. In this case, M is compact. To each
local pair, we have to classify, up to an isometry, the corresponding ad(H)-
invariant bilinear form B. With regard to the symmetric case, the compu-
tation is more complicated because we obtain, not only the Killing Cartan
metric, but also a large class of definite positive or only non degenerate

e The Z3-symmetric flag manifolds. These spaces have been very well

studied and our approach permits to look these metrics with the sym-

metric point of view.

e The homogeneous space SO(4m)/Sp(2m) because it has no equivalent

in the symmetric case.

4.1. Z2-symmetric metrics on flag manifolds

Let M = SO(20 +1)/S0(r1) x SO(r3) x SO(r3) x SO(r4) be an oriented
flag manifold (with 717973 # 0. This manifold is a Z3-symmetric space and



202

the grading of the Lie algebra so(2] + 1) is given by

X1 0 0 0 0 A 0 0
0 X2 0 0 —4, 0 0 0
ge=|0 0X30 |,0.=| 0 0 0 4
00 0 Xy 0 0 -t 0
0 0 B 0 0 0 0
0 0 0 B 0 0 Co0
w=|-B 0 00 |,ge=] 0 —tCo0 0
0 —tB, 0 0 —tC; 0 0 0

where A; (resp. Bp,C1,Cs, As, X;) is a matrix of order (r1,r2) (resp.
(ri,73), (r1,74), (re,73), (re,74), (r3,r4) and (r;,7;)). Let B be a g.-invariant
inner product on g. By hypothesis B(ga,g3) = 0 as soon as a # 3 in Z2.
This shows that B is written as B = By, + By, + By, + By, where By, is
an inner product on g,. We denote by {aj;, a3}, 81,85, 75,75} the dual
basis of the elemetary basis of A1 @ Ay & B1 @& By & Cy & Cy given by
the elementary matrices. A direct computation conduces to the following

result:

Proposition 4.1. FEvery ad(g.)-invariant inner product on m = g,®g,Dg.
18 given by the formula

B:tAlE(azlj)2+tz422(a12j)2+t31E( 1'1j)2+t322( igj)2+t01E(/Vilj)2+t022('7i2j)2
with ta,,ta,,tB,, tBy,tc,,tc, not zero.

Consequences.
1. Such a bilinear form defines a naturally reductive structure on M if and
only if

ta, =ta, =tp, =tp, =tc, =tc, = A >0.
2. On Lorentzian Z3-symmetric structure.

Definition 4.1. Let (G,H,Tg) be a I'-symmetric space, g a semi-
Riemannian metric of signature (1,n— 1) where n = dim M and B the cor-
responding adg.-invariant symmetric bilinear form on m . Then M = G/H
is called a I'-symmetric Lorentzian space if the homogeneous components
of m are pairwise orthogonal with respect to B.
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From the classification of adg.-invariant forms on so(2{+1) given in Propo-
sition 4.1, the (Z3%)-symmetric space SO(2l + 1)/SO(r1) x ... x SO(ry)
is Lorentzian if and only if there exists one homogeneous component of
m of dimension 1. For example if we consider the (Z3)-symmetric space
SO(5)/50(2) x SO(2) x SO(1) the homogeneous components are of dimen-
sion 2 and every semi-Riemannian metric is of signature (2p,8 — 2p) and
cannot be a Lorentzian metric. So SO(5)/S0O(2) x SO(2) x SO(1) cannot
be Lorentzian (as a Z3-symmetric space). Nevertheless one may consider
the grading of so(5) given by

0 ai bl bg b3
—a1 0 C1 Co C3
—bl —C1 0 1 T2
—bg —C2 —I1 0 I3
—b3 —C3 — X2 —I3 0
where g. is parametrized by x1, 2,23, g4 by a1, gy by b1,bs,b3 and g.
by C1,C2,C3. Let us denote by {Xl, Xg, Xg, Al, Bl, Bg, Bg, Cl, Cg, Cg} the
corresponding graded basis. Here g, is isomorphic to so(3) @ so(1) & so(1)
and we obtain the Z2-symmetric homogeneous space

SO(5)/80(3) x SO(1) x SO(1) = SO(5)/SO(3).

Every nondegenerate symmetric bilinear form on so(5) invariant by g. =
s0(3) is written

q=tw] +wj +wi) +ual+v(B]+ 55 +63) +wi +75 +3)

where{w;, a1, 8;,7i} is the dual basis of the basis {X;, A1, B;, C;}. In par-
ticular, we obtain:

4.2. The Z%-Riemannian symmetric space SO(2m)/Sp(m)
We first define the grading of so(2m). Consider the matrices

0 Iy _(-10 /01 _(0-1
o= (0, 5) = (on) 2= (1) %= (0a)

The linear maps on so(2m) given by 7,(M) = J;1MJ,, a = a,b,c where
Jo =S ® Xy, Jp =S RXp, J. =S ® X, are involutive automorphisms
of so(2m) which pairwise commute. Thus {Id, 7, 7, 7. } is a finite subgroup
of Aut(so(2m)) isomorphic to Z3. We deduce the Z32-grading

50(2m) = ge B ga B g D ge
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where
Ay By Ay B
_ _ tA A tp
o = tBl ;41 By —A, with 1211 Ay, tBl By
—A2 —Bg Al Bl A2:A27 32:B2
—th tAg -B1 A
X, Y. Z, T,
B Yo ~Xao| T Za | 0 Xa=—Xo, Yo=Y,
ga = iz T —X, -, w =L, Ty=T,
—tT, 7. =Y., X,
Xy Yo Zpy Ty
_ _YEJ Xb Tb Zb with tXb = _Xb7 t}/b = }/b
gy = _th _th _Xb —Y;) th — _Zb7 th — _Tb
=T, —Z| Yy —Xp
X, Y| Z. T,
_ Yo X |-T. Z ith X, =-X.,'Y.=-Y,
gc = iz, | x, Y. |V iz =z, tT,=_T,
—tT. —7Z.| Y. -X.

The subalgebra g. is isomorphic to sp(m) and from!, every Z3-grading
of so(2m) such that g. is isomorphic to sp(m) is equivalent to the pre-
vious one.‘The symmetries of the Z3-symmetric space SO(2m)/Sp(m) at
any point x can be described as soon as we know the expression of the
symmetries at the point 1, the class on the quotient SO(2m)/Sp(m) of 1,
the unit of the group SO(2m). Moreover we have s., 1(A) = (p,(A)) with
pa(A) = J AT, a = a,b,c. Let g be a Riemannian Z2-symmetric metric
on SO(2m)/Sp(m). The corresponding bilinear form B on g, ® gy ® g, is
g -invariant and the linear spaces g,, gp, gc are orthogonal. Then B writes
B = B, + By + B. where B, is a nondegenerate bilinear form on g, for v =
a,b, ¢ such that the kernel contains @./2g,. Let { X, i, Y55, Zy.i5, Ty ij }
the basis of g given by elementary matrices which generate (X, Y, Z,,T;)
and {evy,ij, By,ij> Vv,ij» 0+,ij } its dual basis.

Proposition 4.2. Every Riemannian (indefinite) 73-symmetric on
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SO(2m)/Sp(m) is defined from the bilinear form B whose quadratic form
is written ¢ = qq, + qq, + qg, With

qga = )\lll (Z( az] +ﬂa ,4] +’Ya 1]) + E 5(1 1]) + )\a(szz u)
+ (A8 = 3T (Baiiba )

i<j

dg, = )‘b(Z(ab K¥) +’7z]) +6b ,iJ + Z ﬁb 1]) + )‘b(ﬂb u)

+ (A8 - %)(;(m,uﬂb,j‘ﬁ
1<J
qgc = )‘T(Z( c,ij +/yc 1]) +631j + Z ac 1]) + Ac( cn)
+ (A5 = A (@eyiite,jj) -

1<J

Let v € {a,b,c}. The eigenvalues of g are

r—l—l ,Yr—l

A T
2 . . .
where r = % is the order of symmetric matrices T, Yy, Z.. These

roots are respectively of multiplicities dimg, — 7,7 — 1,1. We deduce

iy =AM, b2y =X/ 24N /4, psy =273

Theorem 4.1. Every definite positive Riemannian Z3-symmetric metric
on SO(2m)/Sp(m) is given from the bilinear form B whose quadratic as-
sociated form

qB = qga (/\lfa )‘a) + ng ()‘liﬂ )‘g) + qu (/\li7 )‘g)

satisfies \] > 0 and \J > A”%j‘f%) for all v € {a,b,c}. Such a metric

1s naturally reductive if and only if
A=A = Af =208 =28 = 2.3,
For the lorentzian case, we have

Theorem 4.2. Every lorentzian Z3-symmetric metric on SO(2m)/Sp(m)
is given from the bilinear form B whose quadratic associated form

0B = g, (AT, X3) + dg, (AT, A3) + dg, (AT, 3)
satisfies
Vv € {a,b,c}, A\] >0,
v € {a,b,c} such that —2\]°/2 < \J° < \]° 57=1

1 2r+1)’
V"/?’é%a )‘ >A’1YQ(T7:&-1)
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METHODS FOR SOLVING THE JACOBI EQUATION.
CONSTANT OSCULATING RANK VS. CONSTANT JACOBI
OSCULATING RANK

Teresa Arias-Marco

Departamento de Matemdticas, Universidad de Extremadura
Badajoz, 06071, Spain
E-mail: ariasmarco@unex.es

This article shows the relation between the known methods for solving the Ja-
cobi equation. As example, we work on the H-type group given by A. Kaplan.6
Here, the method for solving the Jacobi equation based in the used of the
constant Jacobi osculating rank of the g.o. space is applied explicitly for the
first time using the constant osculating rank of the Jacobi operator. Moreover,
we show an explicit case where the constant Jacobi osculating rank and the
constant osculating rank are not the same.

Keywords: Jacobi equation, H-type groups, g.o. spaces, constant osculating
rank of the Jacobi operator, Jacobi osculating rank of a g.o. space

1. Introduction and preliminaries

Let M be a Riemannian manifold and let V denote the Levi-Civita connec-
tion. For an arbitrary vector x € T}, M, we denote by v or -y the geodesic
through p € M whose tangent vector at yg = p is 9 = =. The Jacobi oper-
ator along ~ is defined by J;(-) = R(+,¥:)v: where R denotes the curvature
tensor. Let {E;} be an orthonormal basis of T, M. We denote by {Q;} the
orthonormal frame field obtained by Vs-parallel translation of the basis
{E;} along ~. Moreover, let @; be the vector formed by the elements of
{Qi}. A vector field Y; along a geodesic v of M is called Jacobi vector field
if it satisfies the Jacobi equation along v: Y/ + J:(Y;) = 0 with initial
conditions Yy = 0, Yy = Qo.

The resolution of the Jacobi equation on a Riemannian manifold can
be quite difficult. However, in a symmetric space the problem is reduced
to a system of differential equations with constant coefficients. I. Chavel*®
solved this problem for some particular directions of the geodesic on the
naturally reductive spaces Sp(2)/SU(2) and SU(5)/(Sp(2) x S'). Nonethe-
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less, the method used by I. Chavel does not seem to solve in a simple way
the Jacobi equation along a geodesic with arbitrary direction. For natu-
rally reductive compact homogeneous spaces, W. Ziller? solved the Jacobi
equation but the solution can be considered of qualitative type (it does not
allow us to obtain in an easy way the Jacobi vectors fields neither for any
particular example nor for an arbitrary geodesic). On the other hand, J.
Berndt, F. Tricerry and L. Vanhecke? solved it along an arbitrary geodesic
on any H-type group. The methods used by all these authors are special
cases of a more general procedure based on the use of the canonical con-
nection. This procedure is valid, in particular, on any g.o. space and any
generalized Heisenberg group. From now on, we will refer to it as standard
method and it will be presented in Section 3.2.

A g.o. space is a Riemannian homogeneous space on which every
geodesic is an orbit of a one-parameter group of isometries. The first
counter-example of a g.o. space which is not naturally reductive is Kaplan’s
example. This is a six-dimensional H-type group. On the other hand, K.
Tsukada® pointed out on naturally reductive spaces and, the author and A.
M. Naveira? showed on g.o. spaces that J; has constant osculating rank i.e.,
for every fix geodesic 7 there is a natural number 7, and there are 5y, ..., 5.,

constant such that ﬁljtl) 4+ B jt”) + Jpﬂ) = 0. In Ref. 2, the au-
thors settled the concept of Jacobi osculating rank of a g.o. space as the
number r = max{r, : for all v of the g.o. space} and they established that
a g.0. space has constant Jacobi osculating rank if there is also a relation
ﬂ1$1) +- 4G tr) —I—Jfﬂ) = 0 that it is the same for all y of the g.o. space.
It is clear that 7, < r for all 7y of a g.o. space. Moreover, ry, = r = 0 for all
v of a symmetric space (i.e. VR = 0). Therefore, the following question is
natural : is 7y =1 for all v of a g.0. space with constant Jacobi osculating
rank? This question was not answer in Ref. 2 where the authors proved that
Kaplan’s example has r = 4 and constant Jacobi osculating rank due to
i|x|4$1) + %|x|2$3) + Jt5) = 0. In Section 3.1, we will answer the question
providing a family of geodesics on Kaplan’s example with r, = 2.
Recently, constant Jacobi osculating rank was used by A. M. Naveira
and A. Tarrio” to develop a recursive method for solving the Jacobi equa-
tion. They worked on the space Sp(2)/SU(2) although they did not applied
it explicitly. In Ref. 1, the author and S. Bartoll presented the non-recursive
version of the previous method. Moreover, they applied explicitly the non-
recursive method working on a geodesic of the naturally reductive space
U@3)/U(1)xU(1) x U(1) with r, = r = 4. In Section 3.2, we will recall the
recursive method namely, the constant osculating rank method and we will
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applied it on the family of geodesics presented in Section 3.1. Moreover, we
will propose a simplification of this method based in the use of 7, instead
of r when we want to solve the Jacobi equation on geodesics with 7., # r.

Finally, we will devote Section 3.3 to compare the results obtained by
standard and constant osculating rank methods in Section 3.2.

2. Preliminaries about H-type groups

Let n be a 2-step nilpotent Lie algebra with an inner product ( , ). Let 3
be the center of n and let v be its orthogonal complement. For each vector
A € 3, the operator j(A) : v — v is defined by the relation

GAX,Y) = (A, [X,Y]) forall X,Y o 1)

The algebra n is called H-type algebra if, for each A € 3, the operator j(A)
satisfies the identity j(A)? = —|A|*I, where | |? denotes the quadratic
form of the inner product (, ). A connected, simply connected Lie group
whose Lie algebra is an H-type algebra is diffeomorphic to R™ and it is
called H-type group. It is endowed with a left-invariant metric.

In particular, the Lie algebra structure on n is defined by extending the
skew-symmetric bilinear map [, ] : 0 X v — 3 to a bracket [A+ X, B+Y] =
[X,Y] where A, B € 3 and X,Y € v.

Moreover, a geodesic 7; through the origin p of an H-type group N is
described by means of two vector-valued functions t — X; € v, t — A; € 3
as follows: 7, = exp(X, + A;) such that Xy =0, Ay = 0 and 4o = X + Ao.
(See Refs. 3 and 6 for more information about H-type groups).

Finally, we recall a recursive expression for the n'” covariant derivative
of the Jacobi operator at p of an H-type group given in Ref. 2. Let , , :
3= 3 Vo 13— 0, (,x 0 —3and v, 0 — 0 be the mappings
defined by the following recurrent formulas where B € 3 and Y € v.

C(O,A) (B) = %|X0|2 » V0o, a (B) = %j(B)j(AO)X - %](AO)J(B)X(%
1[X0,3(Ao)Y] = 3[Y,(Ao) Xo],

s 1
Vs, (V) = HAoPY + 35([Y, Xo]) Xo.
Conmy (B) = 5([X0, vy ay (B + Gy, (1(B) X)),
Vo, (B) = 3(v_, 4, (G(B)X0) = j(Ao)v,_, 1) (B) = §(C_ya) (B))X0),
Coney (V) = 3(1X0, Vi1 0y V] + Gy ey ((A0)Y) = €,y (X0, YD),
Ve (Y) = 5y o (G(A0)Y) = j(Ao)v,, (V)

_j(c(n—l,x) (Y))XO T Vin1,4 ([X07 Y]))
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Proposition 2.1. The n'"covariant derivative of the Jacobi operator at
the origin of an H-type group for any B € 3, Y € v is given by

\70”) (B) = C(n,A) (B) + V(n,A) (B)a Jon) (Y) = C(n,X) (Y) + V(n,x) (Y)

3. Kaplan’s example
3.1. Constant osculating rank of the Jacobi operator along
a special family of geodesics

Let n be a vector space of dimension 6 equipped with a scalar product and
let {E;}%_; form an orthonormal basis. The elements E5 and Fg span the
center 3 of the Lie algebra n. The structure of a Lie algebra on n is given
by the following relations:

[ElaEQ] - [E3;E4] - [E57E6] - [Ek;Ef)] - [Ek;Eﬁ] = 07 k= 17 "'74a

(3)
[E17E3] = Ej, [E1;E4] = L, [EQ,Eg] = Fg, [EQ,E4] = —F;.

Moreover, from (1) and (3) we easily obtain that

J(Es)Er = B3, j(E5)Ey = —Eu, j(E5)Es = —E1, j(E5)Ey = B,

J(Ee)Er = Eu4, j(Ee)E2 = E3, j(Ee)E3 = —E», j(Eg)Es = —En.

The H-type group corresponding to n is named Kaplan’s example and
from now on we will denote it by N. Moreover, in the following we will
always suppose that = € n is an arbitrary unit vector with null-center; i.e.,
= Xo+ Ao, Xo = Z?:l r;E;, Ao = 0 and |2|? = 1. In addition, v will
denote the family of geodesics on N with vy = p and 4y = x.

Now, we want to calculate the constant osculating rank of the Jacobi
operator along 7, i.e. the number r, and the constants such that ﬁljtl) +

ot ﬂ” trw) + $T7+1) =0.
Let us start with the following technical lemmas on N. Their proofs are
direct considering the linearity of all operators and using (2), (3) and (4).

Lemma 3.1. The operator [Xo,Y] €3, Y € v, is given by
[):(0, Ey] = —a3E5 — 14 Fg, .[Xo, Ep] = x4 E5 — 3 Eg, 5)
[Xo, B3] = x1E5 + x2Fs, [ Xo, E4] = —x2E5 + 1 Eg.
§(Ag) : v — v is the null operator and j(-)(Xo) : 3 — v is given by
§(Es)(Xo) = —23F1 + 4B + 21 F3 — 22 Fy,
§(Ee)(Xo) = —x4 By — w32 + 22 F3 + x1 Ej.
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Lemma 3.2. The mappings g, y,, V are defined by

0377 S0.4)7 Yio,4)

Viox) (E1) = 73((3:3 + 22 By — (123 4 2224)E3 + (223 — 1124) Ey),
Vi x, (B2) = 32 (43 + 27) Ea + (z124 — 2213) B3 — (2123 + 224) Ea),
Y. x) (E3) %((xlxg + $2{E4)E1 + ($2x3 - x1x4)E2 - ((E% + {E%)E3),
Vi x, (B1) = %((mlm — 20x3) By + (2123 + 2024) By — (27 + 23)Ey),
Coey (B1) =0, i = 1,04, vy 1 (Ba) =0, Gy (Ba) = ZEE,, a = 5,6.

Lemma 3.3. The mappings C, y,, V are defined by

wxy2 Saoayr Yaoa

Cox) (B1) = 128 (23 B5 + 24Ey), Cox) (B2) = 128 (—24Bs + a3 Es),
Cax) (B3) = T( z1B5 —x2F6),  ( x, (E4) = 28 (20 Bs — 21 E),
(1 X) (E ) 0 = ]. 4, V(l,A) (E5) = ‘ ‘ ($3E1 — {E4E2 — $1E3 + $2E4)

V(l,A) (EG) %(3}4E1 + JrgEQ - JIQEg - 331E4), C<1’A>(Ea) = 0, o = 5, 6.

Lemma 3.4. The mappings Cy, y,, V are defined by

@x)7 Says Yiaa)

Vi x) (El) I ((CEB + $4)E1 (;leg + $2{E4)E3 + ($2x3 — x1x4)E4)

Vi x) (E2) %((333 + 23) B2 + (2174 — 2273) E3 — (2123 + T274) E4),
2

Vip ) (B3) = - (= (2125 + 2224) By + (2124 — 2293) By + (aF + 23) B),
2
Vi x (B1) = | - (w223 — 2124) By — (2123 + 0224) By + (23 + 23) By),
—|x|*
C(ZX)( )_0 i=1,...4, V(ZA)( )—O C(ZA)( )_ ‘Q‘EOMO‘:576'

Lemma 3.5. The mappings (., y,, V are defined by

5377 S@ays Yis,a)

4
Coaxey (B1) = ( r3E5 — w4Fg), (5 (E2) = %(mEs —x3E6),
Cox) (B3) = T($1E5 +22E6), (i y, (Fa) = %( z2E5 + 11 Eg),
Vig x (Bi) = 0,0 = v, (E5) = kL ‘ (—23E1 + 24E2 + 21 B3 — 12 Ey),

V(3,A)(E6) |T( 24y — 23> + 12 F3 + x1E4)7 <(3,A) (Ea) =0, a=35,6.

Moreover, by a lengthy but elementary calculation using Proposition
2.1, the lemmas 3.2, 3.3, 3.4, 3.5 and the linearity of all operators, we
get the n!* covariant derivative of the Jacobi operator at p of N. It
is given by the symmetric matrix Jg = (T5), i,j = 1,...,6, where

3 = <<(n,A)(QOt)aQ5>(O) = <<(n,A)( )Eﬁ> ja] = <V(n,A)(E0¢)an>v
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5= (C. « (Ei), Eg), I = <V(nyx)(Ei),Ej> fori,j=1,...,4, a, 8 = 5,6.
The non-zero elements of jon), n =0,...,3 are the following:
Ti = Tap = (a3 +21), Ty = Ty = (21 +23), Tgs = Tge = %
Tt = Jg4 = 3(z123 + 22w4), Jiy = _j23 = 3(—wow3 + T124).
2
~715 = JQG = le 3, j16 = _»725 = ﬂx%

|:E| 7‘ ‘2 (8)
‘735 = J46 Iy, \736 = J45 = —5 T2.

‘ 2

Th =T = (x3 +a3), Ty = Ty = ‘w (=} +z ) ~7525 =Jis = —

\\2

Tty = —Tos = - (wows — x124), Tis = Toy = (331$3 + $2334)
(9)
4 4
~7135 = J236 = 7|w| 3, j136 = _»7235 = \w\ Ty, (10)
xT xT 4
~735 = J46 = |2| L1, j336 = _»749’5 %xz

Proposition 3.1. The constant osculating rank of the Jacobi operator
along the family of geodesics v on N is given by r, = 2, |x|2$1) + ZB)

Proof. Let us consider the linear homogeneous system of equations form
by AJY + BJE =0 and AJ15 —|— BJZ = 0. Using (8) and (9) we conclude
that A = B = 0. Therefore, JO and »70) are linear independent.

On the other hand, we easily check from (8) (9) and (10) that

27y + ) (11)

Finally, we use (11) in the expansion in Taylor’s series of |x|2$1) + jtg)

Note that 81 = |z|?, B2 = 0 and 33 = 1. Moreover, the value of these
constants is always the same on every member of the family of geodesics
v on N. Therefore, we can use the constant osculating rank method for
solving the Jacobi equation along . The following relation will be the key
in the next section. It is obtained using (11) and the induction method.

JEm = () 2T, m=1,2, 1=1,2,3,.. (12)

3.2. Resolution of the Jacobi equation

Here, we use the constant osculating rank method and the standard method
to calculate the first Jacobi vector field along the previous family of
geodesics with Ag = 0 on Kaplan’s example N.
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The constant osculating rank method.” Let Y; = D,Q; be
the Jacobi vector field along a geodesic . Then, the Jacobi equation
Y + J:(Y:) = 0 with initial conditions Yy = 0, Yj = Qo, can be rewritten
as (D:Qy)" + J:(D:Qy) = (D) Q¢ + D J:(Q¢) = 0 and, consequently, as
Dt2 ) + Dy J; = 0 with initial values Dg = 0, D(l)) = I where we consider
the covariant differentiation with respect to 4 and I is the identity trans-
formation of T),M. Therefore, to obtain the expression of the Jacobi fields
it is enough to know the development in Taylor’s series of D;. Thus, we
successively derive D? ) = —D¢J; and we apply the initial COIldlthnS Fi-
nally, D; along the geodesic v on N is given by D, = > 2, Dy k—k, where

=" =C} =0, DY =T and, for k > 2, DY = ¢F1 ¢ (Df ”),
Ck = (Cffl) —%Dt D' Moreover, if we work on a g.0. space with constant
Jacobi osculating rank, Dg) only depend of Jp, jol), A ).

Now, we use the previous methodology assuming that ~ denotes the
family of geodesics with Ay = 0 on Kaplan’s example N. In Ref. 2, the
authors proved that N has constant Jacobi osculating rank with r = 4.
However, we use that r, = 2 (see Proposition 3.1) and the relation (12) to
obtain the Jacobi vector fields instead of the information provided by the
constant Jacobi osculating rank. Thus, ij) only depend of Jp, jol) and Jg ),
Note that we simplified the method proposed in Ref. 7. More explicitly,

Lemma 3.6. Fach Jacobi vector field along the family of geodesics with
Ay =0 on N is given by (Y;); = Z?Zl(Dt)iij, i =1,...,6 where
(D1)ij = Iigt = (To)is'y — 2% )y + (%0o)is ~ 3(J0)is) & + (Alal’
(To))is + 20T To)is + U ToTs)is) s + 12T — (FoToTo)ij
+3(T5) To)ij +10(T0) T i + 10T i) & + (18(T5 T )i
+30(75) T3)i5 — 2Ty FoJo)ig — A JoTy To)is — Al (Ty Jo)is
—6(TT )i — 2002 (FoTy )i = 6lal* (T )i)  + O
Finally, using (7), (8) and (9) in Lemma 3.6 we obtain that
(Yo)1 = tQ1 + S(t)((23 + 2)Q1 — (2123 + 2224)Q3
+ (223 — 2124)Qu) + T(t)(3t*(23Q5 + 24Qs)),
where S(t) = 1% — fht® + ohet” + 0(t°) = Y02 iy (1) =
%t(—2+2cos(t/2)+t81n(t/2)) and T(t) = — 1512+ 5t — sgraa t°+O(7) =
St et (8) ) = cos(t/2) - 3 sin(t/2).

(13)
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The standard method.? This method is based in the transforma-
tion of the Jacobi equation using a new covariant derivative. Let M be a
Riemannian manifold with Levi-Civita connection V and v; a geodesic in
M parametrized by arc length. Suppose there exists a V;-parallel skew-
symmetric tensor field T} along v such that the Jacobi operator J; along
v satisfies V4 J; = [Jt, Ty]. Thus, we define a new covariant derivative
?7 = V4 + T3, and put J=T + TZ. Then J;, Ji, T; are @.y—parallel
along v and the Jacobi equation becames V:VsB; — 2T,V By + J; By = 0
where B; is a vector field along ~.

Now, let us denote by {P;}$_; the orthonormal frame field obtained by
V.-parallel translation of the basis { £;}$_, along 7. The standard method
was used in p. 52 of Ref. 3 for solving the Jacobi equation on any H-type
group. In such case, V is the canonical connection. Now, using their result
we conclude that the first Jacobi field along the geodesic v with Ay = 0 is

C))
(Bt)l =tP + %tg[Pl,’}/()] =th + %t2(333p5 + $4P6). (14)

3.3. Relation between both methods

It is well-known that on any n-dimensional homogeneous space the canon-
ical and the Levi-Civita connection have the same geodesics. Moreover,
Lemma 5 of Ref. 5 establishes the relation between the parallel orthonor-
mal frame fields {Q;} and {P;} along an arbitrary geodesic . This is

Qi(t) = Zaij(t)Pj(t)ﬂ i=1,..,n (15)
=1

where (a;;(0)) = I and aj;(t) = > 7¢_; aw(t)(Ty Pi(t)); for i,5 =1,...,n.
In this section, we will use (15) to relate (13) with (14). From now on,
if there is no confusion we will denote the matrix (a;;(t)) by (as;).
Lemma 3.7. (a;5), i,j =1,...,6 along the family of geodesics with Ay =0
on Kaplan’s example is given by
a11 = Qg2 = 33% + xg + COS(t/Q)(x% + 33421), a1 = —Qa25 = G52 = sin(t/2)x4,
A13 = Q24 = G3] = Q42 = (]. — COS(t/2))({L‘1{E3 =+ x2x4),

@12 = Q21 = A34 = Q43 = As6 = G5 = 0, ass5 = age = cos(t/2),

a4 = —agz = —azz = an = (=1 + cos(t/2))(z223 — T174),
33 = Qqqa = cos(t/2)(x% + x%) + ;v% + xi, a1s = ase = —az1 = sin(t/2)xs,
ass = Q46 — —A53 — — sin(t/2)m1, a3 = —Q45 = A54 = — Sin(t/2)m2.

(16)
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Proof. we know from p. 45 of Ref. 3 that T, P; = %[Pi,x], 1 =1,2,3,4,
T, Py = 3j(Pi)(z), a = 5,6. More specifically, using (3) and (4) we have

Ty Py = $(x3P5 + 24P), TyP> = 1(x3Ps — x4 P5),
T, Py = 5 (21 P5 + 22 P), Ty Ps = 5(21P3 — 2oPy — x3P1 + 24P2), (17)
T7P4 = §(x2P5 — ﬁC]_Pﬁ), TVPG = §(x1P4 + £C2P3 - {E3P2 - x4P1)'

Thus, using (17) in (15), we obtain an homogeneous systems of ordinary
differential equations, a; = M -a;, with initial condition a;;(0) = 1, a;;(0) =
0,7 # i for each i € {1,2,3,4,5,6} where a; and a} denote the vectors (a;;)
and (aj;), j = 1,...,6, respectively, and M is the antisymmetric matrix
whose non-zero elements are Mi5 = M26 = —%!Eg, Mg = —Mss = —%x4,
Mss = Myg = a1, Msg = —Mys = 2.

Finally, we will solve the system following the general theory of ordlnary
differential equations. The eigenvalues associated to M are {0, — 2 7, 21} all

of them with multiplicity 2. A basis {v1,v2} of ker M? and a basis {w1, wa}

_ 2 2 : — w1w3+w2w4 T2T3 =TTy
of ker(M — 3Id) al;e given by wvq ( o N RS ,1,0,0,0),
— z114 1213 Ilm’i z214 — (X3 —T4 —X1 — —
Vg = ( z3+a? ) xital 0 1 0 0) wy = ($2a T2 ) o 717570)3 Wz =
(l(wwg““), 1(1”22”““), 71(11;%) 0,£%,1). Moreover, e"v; = vy +tM -

at
vy = vy, eMuy = vy + M - vy = vy, eMwy =2 (wy + t(M — £1d) - wy) =

. 2t .
eswy, eMwy =e2 (wa +t(M — $1d)-ws) = e wy. Thus, the general solu-
tion of the system a} = M-a; is a; = Ci1e"™ v +Cize™M vy +CizRe(e!Mwy )+
Cialm(eMwy) + CisRe(etMwy) + CigIm(e!Mwy) or, more explicitly, it is

an(t) = ngigm Ci1 + ””””3+;”2””3 Cia + $2(cos(t/2)Cyz + sin(t/2)Cya)
+ 7w1w3+w2w4 (COS(t/2) 6 — Sin(t/2)ci5),

aio (t) wzws £E1334 Ci1 + $1$3+w2w4 Cio ;L (COS(t/Z)Cig + sin(t/2)C¢4)

x +r x: +z
+ BREELE (cos(t/2) Cig — sin(t/2)Cs),
ai3(t) =Cin + -2+ (cos(t/2)Cs + sin(t/2)Cia) (18)

+ %(sm(t/mcm — cos(t/2)Ci).
a;q(t) =Cio + cos(t/2)Cs3 + sin(t/2)Clyy,
a;s(t) :%(sin(t/Z)Cig — cos(t/2)Cia) + Z:(cos(t/2)Ci5 + sin(t/2)Cig),
aig(t) =cos(t/2)Ci5 + sin(t/2)Cie,
where C;1, Cio, C;3, Ciq, Ci5, Cig are arbitrary parameters that must be cal-

culated for finishing the proof. We obtain their values solving the system
a;;(0) =1, a;;(0) =0, j # i, for each i € {1, ..,6}. |

Finally using (16), we substitute Q; by 25:1 a;;Pj,1=1,..,6,in (13).
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We obtain
(3/,5)1 :t.Pl - f(t)(($§ + fZ)Pl - (;leg + $2{E4)P3

+ (.11233‘3 — $1$4)P4) + %t2g(t)(l‘3p5 + $4P6),
where f(t) = t(1 — cos(t/2)) — cos(t/2)S(t) + % sin(¢/2)T'(t) and g(t) =
2 sin(t/2) + cos(t/2)T(t) + % sin(t/2)S(t). Thus, (14) is equal to (19) if and
only if f(t) = 0, g(t) = 1 or, equivalently, if and only if S(t) = 3t(—2 +
2cos(t/2) + tsin(t/2)), T(t) = cos(t/2) — Zsin(t/2). Therefore, (13) and
(14) are obviously equivalent.

(19)

Remark 3.1. Although the standard method can be used on any Rie-
mannian manifold it does not always give general explicit results as on
H-type groups (recall the results obtained by I. Chavel*® and W. Ziller?).
Nonetheless, the constant osculating rank method can be always applied
on g.o. spaces with easy and straightforward computations.
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In this paper, the reparametrization of affine homogeneous geodesics is studied
on the examples in dimension 2. In particular, the examples of affine g.o. mani-
folds such that almost all homogeneous geodesics require a reparametrization
to obtain the affine parameter are presented.
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neous geodesic, homogeneous manifold, g.o. manifold

1. Introduction

A geodesic in a homogeneous pseudo-Riemannian or affine manifold is said
to be homogeneous if it is an orbit of an one-parameter group of isome-
tries, or, of affine diffeomorphisms, respectively. A homogeneous pseudo-
Riemannian or affine manifold is a g.o. manifold if every geodesic is homo-
geneous. On pseudo-Riemannian manifolds, the parameter of the group of
isometries may be different from the affine parameter of the geodesic only
for null homogeneous geodesics. Nevertheless, for all known examples of
pseudo-Riemannian g.o. manifolds, these parameters are the same for all
homogeneous geodesics. In the affine case, there are g.o. manifolds whose
almost all geodesics must be reparametrized.

In Section 2, we recall the essential features of pseudo-Riemannian g.o.
manifolds. The details can be found in Refs. 3,4,7,8. In Section 3, we present
the new approach for the study of homogeneous geodesics in affine homo-
geneous manifold. This method was developed and used for homogeneous
affine manifolds in dimension 2 in Ref. 6. In Section 4, we recall the classifi-
cation of 2-dimensional homogeneous affine connection given by B. Opozda
for the torsion-free case in Ref. 9 and later refined and generalized to arbi-
trary torsion by T. Arias-Marco and O. Kowalski in Ref. 1. In Sections 5,
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6 and 7, we investigate in more details some special 2-dimensional homo-
geneous affine manifolds, which were studied in Ref. 6, and we also present
a new example in Section 5.

2. Homogeneous geodesics in pseudo-Riemannian manifolds

Let M be a pseudo-Riemannian manifold. If there is a connected Lie group
G C Io(M) which acts transitively on M as a group of isometries, then M is
called a homogeneous pseudo-Riemannian manifold. Let p € M be a fixed
point. If we denote by H the isotropy group at p, then M can be identified
with the homogeneous space G/H. In general, there may exist more than
one such group G C Io(M). The pseudo-Riemannian metric g on M can
be considered as a G-invariant metric on G/H. The pair (G/H, g) is then
called a pseudo-Riemannian homogeneous space.

If the metric g is positive definite, then (G/H,g) is always a reductive
homogeneous space: We denote by g and h the Lie algebras of G and H
respectively and consider the adjoint representation Ad: H xg — g of H on
g. There exists a direct sum decomposition (reductive decomposition) of the
form g = m+b where m C g is a vector subspace such that Ad(H)(m) C m.
If the metric g is indefinite, the reductive decomposition may not exist. For
a fixed reductive decomposition g = m + h there is a natural identification
of m C g = T.G with the tangent space T,M via the projection 7: G —
G/H = M. Using this natural identification and the scalar product g, on
T, M we obtain a scalar product (,) on m. This scalar product is obviously
Ad(H)-invariant.

Definition 2.1. A geodesic y(s) through the point p defined in an open
interval J (where s is an affine parameter) is said to be homogeneous if
there exists

1) a diffeomorphism s = ¢(t) between the real line and the open interval J;
2) a vector X € g such that v(p(t)) = exp(tX)(p) for all t € (—oo, +00).
The vector X is then called a geodesic vector.

Lemma 2.1 (see Ref. 5). Let X € g. Then the curve y(t) = exp(tX)(p)
is a geodesic curve with respect to some parameter s if and only if

<[Xv Z]maXm> :k<Xm7Z> (1)

for all Z € m and for some constant k € R.
Further, if k = 0, then t is an affine parameter for this geodesic. If
k # 0, then s = e ¥ is an affine parameter for the geodesic. The second



219

case can occur only if the curve (t) is a null curve in a (properly) pseudo-
Riemannian manifold.

In Ref. 2, based on the examples in dimensions 6 and 7, the following
conjecture was formulated:

Conjecture 2.1. Let G/H be a pseudo-Riemannian g.o. manifold. For all
null homogeneous geodesics one has k =0 in Lemma 2.1.

3. Homogeneous geodesics in affine manifolds

For the study of homogeneous geodesics in affine manifolds, we cannot use
the algebraic tools as in the pseudo-Riemannian case, because we have no
reductive decomposition and no scalar product here. We briefly describe
the new method which is based on Killing vector fields.

Definition 3.1. A vector field X on an affine manifold (M, V) is called
an affine Killing vector field if the Lie derivative £xV vanishes, or, equiv-
alently, if X satisfies the equation

(X, VyZ] - Vy[X,Z] - Vixy)Z =0, (2)
for all vector fields Y, Z.

Proposition 3.1. An affine manifold (M, V) is homogeneous if it admits
at least n = dim M complete affine Killing vector fields which are linearly
independent at each point.

Definition 3.2. Let (M, V) be a homogeneous affine manifold. A homo-
geneous geodesic is a geodesic which is an orbit of an one-parameter group
of affine diffeomorphisms. (Here the canonical parameter of the group need
not be the affine parameter of the geodesic). An affine g.0. space is a homo-
geneous affine manifold (M, V) such that each geodesic is homogeneous.

Proposition 3.2. Let M = G/H be a homogeneous space with a left-
invariant affine connection V. Then each regular orbit of a 1-parameter
subgroup g C G on M is an integral curve of an affine Killing vector field
on M.

Definition 3.3. A nonvanishing smooth vector field Z on M is said to be
geodesic along its regular integral curve «y if the curve (¢) is geodesic up to
a possible reparametrization. If all regular integral curves of Z are geodesics
up to a reparametrization, then the vector field Z is called a geodesic vector
field.
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Proposition 3.3 (see Ref. 6). Let Z be a nonvanishing Killing vector
field on M = (G/H, V).
1) Z is geodesic along its integral curve v if and only if

V2,02 =k Zy (3)

(1)

holds along v, where ky € R is a constant. If ky, = 0, then t is the affine
parameter of geodesic . If k, # 0, then the affine parameter of this geodesic
: kot

is s = e"*.

2) Z is a geodesic vector field if and only if
VzZ=k-Z (4)

holds on M. Here k is a smooth function on M, which is constant along
integral curves of the vector field Z.

4. Locally homogeneous connections in dimension two

Theorem 4.1 (see Refs. 1,9). Let V be a locally homogeneous affine
connection without torsion on a 2-dimensional manifold M. Then, in
a neighborhood U of each point m € M, either V is locally a Levi-Civita
connection of the unit sphere or, there is a system (u,v) of local coordinates
and constants A, B,C, D, G, H such that V is expressed in U by one of the
following formulas:

typeA: Vp,0, =A0,+ B0,, Vg, 0, =C0y+ D0y,
Vo,0u = C0y+ D0y, Vo, 0, = GOy + H Oy,

typeB:  Vo,0, = 5 0u+ 2 0y, Vo,00 = § 0y + 3 Oy,
v('),Uau = % 811, + % ava v(’)uav = % 811, + % 81)7
where not all A, B,C,D,G, H are zero.
5. G.o. manifolds of type A
Let us have a connection V with constant Christoffel symbols A, ..., H in

R2(u,v). It is easy to verify that the vector fields 9, and 9, satisfy the
system of PDEs corresponding to the equation (2) and they are complete
Killing vector fields. Hence, (R?, V) is a globally homogeneous manifold.

Let us consider a Killing vector field X = 29, + y 9, (where x,y are
constants and (z,y) # (0,0)) and its integral curves

() = (u(t)m(t)) - (xt+cl,yt+ CQ). (5)
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We calculate the covariant derivative of the tangent vector
7 (t) = («' ), 0'®) = (2.9) (6)
along ~y(t). We obtain
V' (t) = (Agc2 +2C xy + GyQ)au + (B 2?2 +2Dxy + HyQ)av. (7)

We see that V. ;)7'(t) does not depend on the initial conditions of the
integral curve and the formula (7) is the same for all integral curves of the
vector field X. The condition

VoY () = ky'(t) (8)
is satisfied for all z,y with £ = 0 if and only if all the Christoffel sym-
bols are equal to zero. In this case, (R?,V) is a g.o. space, every Killing

field X = 9, + y 0, is geodesic and its integral curves do not require a
reparametrization. For k # 0, the equality (8) is satisfied if and only if

Az® +2Cxy + Gy? = ka, Ba? +2Dxy+ Hy? = ky, 9)
which gives, by the elimination of the factor k, the equation
B+ (2D — A) 2y + (H — 20) zy* — Gy* = 0. (10)
Example 5.1. Let us consider the affine connection whose Christoffel sym-
bols satisfy the conditions
A=2D, H=20, B=G=0. (11)

The equation (10) is obviously satisfied for all x and y. From the equations
(9), we obtain

k = 2(Dz + Cy) (12)

and we see that any integral curve of the vector field X = xd,,+y0, requires
a reparametrization, unless Dz + Cy = 0. According to Proposition 3.3, the
affine parameter of this geodesic is

s = 62(D1+Cy)t. (13)

Now we are going to express these geodesics through the affine parameter.
From the relation (13), we obtain easily

__ log(s)
b= 2(Dx + Cy) (14)

and the geodesics and their tangent vectors are given by the formulas

716) = (u9:009)) = (g * 0 by Oy * )
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7(s) = (u’(s),v’(s)) - (2(Dx —xk Cy)s’ 2(Dx i Cy)s) (1)

After a longer but straightforward computation we verify that
V,Y/(S)’yl(s) =0. (16)

It is worth mentioning here that all integral curves of the Killing field
X are reparametrized by the same diffeomorphism (13). With the affine
parameter, geodesics are defined on the interval (0, o).

By the direct solution of the system of PDEs corresponding to the equa-
tion (2), we can check that these affine connections admit another Killing
vector fields, namely

(au + bv)(COy — DI,), (17)

for arbitrary a,b. The lines in the direction (z,y) = (—C, D) are the only
integral curves which do not need reparametrization when considered as the
integral curves of a Killing field of the type X = 20, + y0,. As the orbits of
the Killing field of the type (17), they obviously require a reparametrization.

On the other hand, if C' # 0 or D # 0, integral curves of a Killing vector
field X = 20, + y0, such that (x,y) # (—C, D) are not integral curves of
any other Killing vector field. The reparametrization of these homogeneous
geodesics cannot be avoided.

Example 5.2. Let us now consider the connection with the Christoffel
symbols

A#£0, C#0, B=D=H=G=0. (18)

If we consider the Killing vector fields of the type X = x0, + yd,, the
equations (9) give us

Az?y + 2Cxy? = kz, ky = 0. (19)

We see that only the integral curves corresponding to z = 0, y = 0 or
Ax + 2Cy = 0 are geodesics.

When we solve the system of PDEs corresponding to the equation (2),
we find that the general Killing vector fields for these connections are

X = clefA“(efzc” + ¢2)0u + 30y, for ¢; € R. (20)
Let us now consider the Killing vector field
X = ge” A0 1 49, (21)
for any z,y € R and calculate the covariant derivative. We obtain

VXX — 3367<Au+20v)vau ($€7<Au+20v)8u + yav)
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+yVa, (xe—(Au—‘rQC'v)au n yav)
_ xe—(Au—&-QCv)(_Axe—(Au—&-QC’v)+xe—(Au+20v)A+yC) B,

+y (—2OI€_(AU+QCU) + a:e_(A"+QC”)C) 0y = 0. (22)

We see that the Killing vector field X given by the formula (21) is geodesic.
All its integral curves are geodesics and they do not need a reparametriza-
tion.

6. G.o. manifolds of type B

Let now V be the affine connection on the manifold H = {R?(u,v) |u > 0}
whose Christoffel symbols are %, %, . %, where A, ..., H are constants.
By the direct check we can verify that the vector fields 9, and ud, + v0,
satisfy the system of PDEs corresponding to the equation (2). These are
complete affine Killing vector fields and (H3, V) is a globally homogeneous
manifold.

Let us counsider the Killing vector field X = 29, +y (ud, +v9, ), where

x,y are arbitrary parameters and express its integral curves. We obtain

7 (1) = (w/),0'®) = (yult),z +yo)) (23)
and by the integration in the case y # 0 we have
(1) = (u(t)v®)) = (ere” ez —a/y) (24)
and in the case y = 0 we have
A1) = (u(t)v®) = (er.at + ), (25)

where ¢; > 0 and ¢y € R are integration constants. We calculate the co-
variant derivative of the tangent vector /() along ~(¢) for y # 0:
VoY () =c1y?e? 0, + coy?e¥' 0, +cy?e?V'Vy, 0,
=+2c102y%eV g, 0y +3y% etV 5, 0,
:clyzeytau—l—ch?eyt@v+c%y2e2yt(£e’yt5u+ge*ytav)
2 2yt (C — D _—
o6y (Se TV Out e TV0y) (26)
+c§y2629t(%e‘ytau—kge_ytav)
2
=((1+ A)er +G2+2Cca)y?e 9,
2
+ ((1 + 2D)02+Bcl+H§—f)erytav.
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For y = 0 we obtain

2

V,Y/(t)’y'(t) = (GBU + H&,). (27)

x
C1
Now let us consider various cases of the affine connections of type B.

Example 6.1. Let the constants in the Christoffel symbols of the affine
connections satisfy

A=-1, D=-1/2, B=C=H=G=0. (28)
Then in the equations (26) and (27), we obtain for any ci, ca
vv/(t)’yl(t) =0. (29)

Obviously, any Killing field X = z 9, + y (u0, + vd,) is geodesic and any
integral curve is geodesic parametrized by the affine parameter.

Example 6.2. Let us consider the connections, whose Christoffel symbols
satisfy

A=2D, H=20, B=G=0 (30)
and A # —1 or C # 0. For y # 0, the relation (26) gives
c
Vo' () = (2D +1) + 205);; A (b). (31)

If C # 0, the integral curve corresponding to (2D + 1)c; + 2Cc2 = 0 does
not need a reparametrization. According to Proposition (3.3), other integral
curves have to be reparametrized by the diffeomorphism

5= eXp(((zp T+ 202—?)@. (32)
From the equality (32), we obtain
evt = g where ay; = oD+ 1)0011 T (33)
For geodesics, we obtain
~v(s) = (u(s),v(s)) = (015“1,028“1 - 5),
v(s) = (u’(s),v’(s)) = (clalsal_l,@alsal_l). (34)

After a longer, but straightforward calculation we can verify that

V,Y/(S)’)/I(S) =0. (35)
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For y = 0, the equation (27) gives

2Cx

V() = 25 0) (36)

For C # 0, we use the reparametrization s = exp (20019” t) and we obtain

1(s) = (u(s).v(s)) = (e1, 555 log(s) + cz2),
/ / / cl
V(s) = (w(),v'(9) = (0.557) (37)
and we verify easily V,/(57/(s) = 0.

Because v was arbitrary integral curve, we see again that any Killing
vector field X = x 0, +y (ud, +v0d,) is geodesic, but the reparametrization
depends on the initial conditions (¢1, ¢2) and hence it is different for different
integral curves of the given Killing vector field X.

We observe again, that the integral curves of the Killing vector field
X =20, + y (udy + v9,) were defined on the interval (—oo,00), but the
affine parameter of geodesics is from the interval (0, 00).

7. General connection of type B

Example 7.1. Let us now consider the connections, whose Christoffel sym-
bols do not satisfy the relations (30), let us choose for example

A=-1, B=C=0, D=1/2, G=-1, H=-3. (38)

From the equation (26), we obtain
/ Cg 2 yt Cg 2yt
V)Y (8) = =2y 0y + (202 — 32) "0, (39)
1 1

Now, for the simplicity, we can always “normalize” the Killing vector field
X =20, + y(udy + vdy) in a way that y = 1. We can also asume that
the initial conditions (c1, ce) of the integral curve of this vector field sasisfy
c1 = 1, because any integral curve intersect the line v = 1. Hence, the
tangent vector ~/(t) is
v (t) = €'y + cae’ (40)

and the equation (39) is

VoY (t) = —c3e' 0y + c2(2 — 3e2)e’ 0, (41)
We see easily that the equality V.. 7' (t) = kv/(t) is satisfied if and only
if ¢ satisfies the equation

ca(ck —3ca +2) =0, (42)
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with the solutions
c2 =0 (k=0), co=1(k=-1), co =2 (k=-4). (43)

We see that any Killing vector field X = z 9, +y (ud, +v09,) is geodesic
along exactly 3 integral curves corresponding to ¢; = 1 and ¢y from the
above solutions.

We also see that there are three homogeneous geodesics through any
point p € H2 and two of them require a reparametrization. If p = (1, p,),
then the components x, y of the Killing vector fields X = x 9, + (ud, +v0,)
corresponding to these geodesics can be calculated using the relation (24),
because we suppose (0) = p, and we obtain

T =Cy — Py- (44)

We see that the Killing vector fields corresponding to these geodesics depend
on the point p.
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1. Introduction

For a smooth finite dimensional manifold M the structure of T2M, the
bundle of accelerations, was studied by Dodson and Radivoiovici.* They
proved that T?M admits a vector bundle structure over M if and only
if M is endowed with a linear connection. Dodson and Galanis? have es-
tablished the structure of T2M for Banach manifolds and also for those
Fréchet manifolds which are projective limits of Banach manifolds. They
proved that existence of a vector bundle structure on T?M is equivalent to
the existence on M of a linear connection in the sense of Vilms.'® By this
means, vector bundle structures of T?M were classified by Dodson, Galanis
and Vassiliou® for the Banach case.

In this paper we extend that classification to a large class of Fréchet
manifolds. Also, we investigate some relations between connections and or-
dinary differential equations on Fréchet spaces which generalize a result
of Vassiliou'® in the Banach case. As Galanis and Vassiliou® have pointed
out, there is no specific method to solve a given differential equation on
Fréchet spaces. Here we introduce a method for solving such problems and
we give also a relation between these equations and the induced connec-
tions. This method can solve a wide class of ordinary differential equation
on any Fréchet space because every Fréchet space can be considered as a
projective limit of Banach spaces. Furthermore, it extends to solve differen-
tial equations on those Fréchet manifolds which are obtained as projective
limits of Banach manifolds. We indicate how the methodology may be ap-
plied by suggesting an approach to generalize to a large class of Fréchet
manifolds the Earle and Eells® foliation theorem.

There has been recent interest in the Fréchet case for various models
in theoretical physics and stochastic calculus; we mention some examples.
Blair! studied the space M of all C*°-Riemannian metrics on a manifold M
as an infinite-dimensional Fréchet manifold with C'*°-topology and provided
certain of its geometrical properties. Sergeev'# suggested a new realization
of the homogeneous factor-space Dif f(S1)/St, which is a Fréchet mani-
fold. He interpreted it as the space of those complex structures on the loop
space QG of a compact Lie group G (regarded as a Fréchet-K&hler manifold
equipped with a canonical action of the group Dif f(S!) by symplectomor-
phisms) that are compatible with the symplectic structure. Minic and Tze!3
proposed a generalization of quantum mechanics in which the projective
Hilbert space of quantum events is replaced by a ‘nonlinear Grassmann-
ian” Gr(C"*1) of codimension-2 compact submanifolds of C"*, which is a
Fréchet manifold. Then it admits a symplectic structure (being a coadjoint
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orbit of the group of volume-preserving diffeomorphisms of C"*!) and a
(non-integrable) almost complex structure, which make it into an almost
Kéhler manifold. Kinateder and McDonald? discussed the stochastic flow of
certain diffeomorphisms via the Fréchet manifold D of smoothly bounded
domains in R™ with compact closure; they included also a review of the rele-
vant Fréchet geometry, developed the stochastic analysis and gave a number
of examples and applications. See also McDonald'? who studied Brownian
motion in a complete Riemannian manifold M where, for each v > 0, M,,
is the Fréchet manifold of all relatively compact smooth domains D in M
of volume v; he obtained various results when M has constant curvature.

2. Preliminaries

Let M be a smooth manifold modelled on the Banach space E with the
corresponding atlas {(Uy, ¥a)}acr. For each © € M we define C,, = {f :
(—e,e) — M ; fis smooth and f(0)=x}. For f,g € Cy, we define f ~, g
iff f'(0) = g'(0), so TuM = Cy/~, and TM = {J,cp; ToM. It is easy to
check that T'M is a smooth Banach manifold modelled on E x E. Moreover it
is a vector bundle over M by the projection wp; : TM — M. Consider the
trivialization {(7;' (Ua), ¥a)}aer for TM and similarly the trivialization
{(r7 L (73 (Ua))s Wa) Yaer for T(TM).

Following e.g. Vilms,'® a connection on M is a vector bundle morphism
V : T(TM) — TM with the local forms wq, : 9o (Uy) x E — L(E,E).
Local representation of V is as follows:

Vo 1 Ua(Uy) XEXEXE — 9,(U,) X E
with V, = \IJQOVokflgl for « € I , and the relation V,(y,u,v,w) =

(¥, w + wa(y,u).v) is satisfied. Furthermore V is a linear connection iff
{wa }aer are linear with respect to their second variables. This connection
V is completely determined by its Christoffel symbols:

To:ta(Uy) — L(E,L(E,E) = L2EXE,E); acT

defined by 'y (y)[u] = wa(y,u) for each (y,u) € 1o (Uy) X E.
The necessary condition for V to be well defined on chart overlaps of M
is that the Christoffel symbols satisfy the following compatibility condition;

La(0ap())(doas(y) (u), doas(y) (v) + (d*oas(y)(v))(u)
= doap(y)(Ts(y)(u, v))

for all (y,u,v) € ¥o(Uy) X E x E. Here 043 = waowﬁ_l, and d, d*> denote
the first and the second order differentials respectively.
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Recalling our above definition of C, we define the equivalence relation
~, as follows, for f,g € Cy,

f e g f(0)=g'(0) and £(0) = g"(0).

Then T)M = Cy/ =, and T?°M = J, o, T2M. Here we see that T M is a
topological vector space isomorphic to E x E under the isomorphism:

¢p:T°M — E xE
[f7 $]2 — ((dja o f)/(0)7 (wa o f)”(O)).

However, this identification cannot be extended to a vector bundle structure
on T?M. This can nevertheless be achieved by the use of a linear connection
V of M by means of the following local trivializations:

B,y H(Uy) — Uy xEXE
[f. 2]y — (@, (Ya © £)'(0), (Ya 0 f)"(0) + Tal(tba (@) ((a o ) (0),
(Yo © £)'(0))),

where 7 : T?M — M sending [f, z], to z. In this way we see that T2M
becomes a vector bundle over M with fibres of type E x E and the structure
group GL(E x E).

Let @, , be the restriction of ®, to the fibres T2 M. Then the transition
functions of T2M will be:

Top: UsNUs — L(E x E,E x E)

z+— Py, 0 <I>g7w71

More precisely, they have the form Tog = (d(oap © ¢3),d(0as © ¢g)), for
more details see Dodson and Galanis.?

3. Classification for vector bundle structures of T2M

Here we turn to a class of Fréchet manifolds that are obtained as projective
limits of Banach manifolds. Let {M? 7}, ;en be a projective system of
Banach manifolds modelled on the Banach spaces {E};cy respectively; we
require the model spaces also to form a projective system. Suppose that
forx = (z°) € M = l&nMZ there exists a projective system of charts
{(UZ,¥%) }ien such that z* € U} and the limit lim U}, is open in M. Then,
the projective limit M = lim M; has a Fréchet manifold structure modelled
on F = lim F; with the atlas A = {(lim U, lim ¢},) }aer. Let {M*, ¢7'}; jen
and {N* ¢'7'}, ;ey be two projective systems of manifolds, with smooth
maps g* : M’ — N* such that lim g’ = g exists. Suppose that for each
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i € N; M? and N are endowed with linear connections V,;: and V y:
which form the projective limits V= lim Vi and Vi = lim V. The
latter are then linear connections over M and N respectively.

Moreover, the next result holds:

Proposition 3.1. Let Vi and Vi be g'-conjugate for each i € N then
Vu and Vi are g-conjugate.

Proof. We have to show that VyoT (Tg) = TgoV .
First we prove that lim Vy:0T(Tg’) exists. Let ¢ < j , then:
T¢"7 (Vs o T(Tg’)) = (Vi o T(T¢"7")o(T(Tg"))
= Vnio[(T(Tg")) o T(T$")]
= (Vni oT(Tyg")) o T(T'$"),

hence the limit lim Vi o T(Tg") exists. Furthermore for each i € N we
have:

T¢'" o (Vx o T(Tg)) = (Vi 0 T(TG")) 0 T(Tg) = Vyi o T(Ty')
where ¢'* : N — N are the canonical projections. As a result,
Vi oT(Tg) =lim Vyi o T(Tg").

On the other hand, {T'g% o V ;i }sen is a projective system of maps. Indeed
fori<j:

T¢7 o (Tg’ oV i) = (Tg' 0 T¢") 0 Vs
=Tg' o (Vari o T(T¢'"))
= (Tg" o V,) o T(T¢").
Hence liLnTgi o Vi exists. Moreover:
T¢" o(TgoVa) = (Tg' 0oT¢")oVy =Tg' oV, i €N,
where ¢' : M — M are the canonical projections of M. Hence
TgoVy = @(Tgi o V).

Based on the fact that each pair (V i, Vi), i € N, consists of gi-conjugate
connections, we conclude that

Vi oT(Tg) =1lim(Vyi o T(Tyg")) = lim(Tg" 0 Vi) = Tgo Vi,
hence Vj; and Vy are indeed g-conjugate. O

Lemma 3.2. If Vy; = lianMi, VN = liLHVNi and Vi and Vi are
g*-conjugate, then T?g : T?M — T?N is linear on the fibres.
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Proof. Since Vi and Vi are g'-conjugate® then T2 g" is linear for each
z' € M. Since T7g = lim T2 g* the result follows. 0

Proposition 3.3. Let g' : M? — N be smooth maps and V y;i and V
be g'-conjugate for each i € N. Then, T?g : T?M — T?N s a vector
bundle morphism.

Sketch of proof. Each T?g' : T?M? — T?N' is a vector bundle mor-
phism for each i € N ;® and since T%g = @ngi, we get the result.
In view of the above discussion, we deduce the following main result:

Theorem 3.4. Let g' : M* — M? be a diffeomorphism and V' and V'
g'-conjugate linear connections on M?, for each i € N. If V = @Vi and
V' = liLnV'i, then the vector bundle structures on T?M induced by V and
V' are isomorphic.

Let (M, V) denote the vector bundle structure of T2M induced by V.
For a diffeomorphism ¢ : M — M we define the equivalence relation ~
as follows:

(M,V) ~g (M,V'") <=V and V' are g — conjugate.

Hence if (M, V) and (M, V') are in the same g-conjugate class [(M, V)]4,
their induced vector bundle structures on T2M are isomorphic.

Corollary 3.5. All the elements of the class [(M,V)]y have isomorphic
induced vector bundle structures on T>M .

4. Connections and ordinary differential equations

Let E be a Banach space and L = (R x E,R,pry) be the trivial bundle
over R with fibres of type E. Vassiliou!® showed that we can correspond an
ordinary differential equation to a connection over the trivial bundle with
the solution £ being the horizontal global section of the obtained connection.
Furthermore, it is shown that connections V and V’ over L are conjugate iff
the corresponding differential equations dx/dt = A(t)x and dz/dt = B(t)y
are equivalent.

Here we extend these concepts to Fréchet spaces. Let F be a Fréchet
space with F = @{Ei,pji}i,jej\]. Consider the trivial bundle L = (R x
F,R,pr1) with respect to the usual atlas A for R formed by the global
chart (R, idg).

Assume that V' is a linear connection over L' = (R x E! R,pr;) and
that the corresponding Christoffel symbols commute with the connecting
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morphisms p/*. Then, V = @Vi a linear connection on L = lim L' char-
acterized by a single Christoffel symbol:

I''R— L*R xF,F).

Let A(t) = I'(t)(.,1) where 1 is the unit of R. Then the following result
holds true:

Theorem 4.1. Linear connections of the above type are in one-to-one cor-
respondence with the ordinary differential equations dx/dt = A(t)x where
the factor A is obtained as a projective limit. Moreover for each to € R
there exists a unique horizontal global section

ER—RXF

as solution with &, (to) = fo, where & : R — F is the principal part of €.

Proof. We know that V = liLnVi such that each V' is a linear con-
nection over L*. Also, each V' corresponds bijectively to an ordinary
differential equation dx’/dt = A(t)z*.'> Furthermore, every solution of
da®/dt = A'(t)z* is the principal part of the horizontal global section of V¢,
which we call &°.

We notice firstly that A%(t?) = T'¥(¢*)(.,1) where I'" is the Christoffel
symbol V' over L* assigned to the chart (E%,idg:). Since V = lim Vi we get
L(t)(.,1) = imI*(t)(., 1), t € R. Hence, A(t) = lim A*(#') is well defined
and consequently dx/dt = A(t)z is an ordinary differential equation on [E?.
For more details see Galanis.®

Let & be the solution of dx/dt = A;(t)z, satisfying £ (to) = fj. We
claim that {£}}ien is a projective system of maps and &, = lim¢&} is the
solution of dx/dt = A(t)x. One has first to check that:

pjiofpj = gpi
for i < j. To this end, we see that
(P 0 &) (t) = p o () (t) = P/ o [A ()] (1))
= [ o A (1)](E (1))
= [A'(t) 0 p")(E (1))
= [A' ()& )
Moreover, & (ty) = f& and (p/'0&))(to) = p’'(f]) = fi. Based on the

uniqueness of the solutions of differential equations on Banach spaces over
given initial conditions, we conclude that p/* o & = ¢, This implies that
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& = 1&15}, exists. Furthermore, it is the solution of the above-mentioned
differential equation:

&) = (& (1), = (A'(E)(E) (1)), = A& (2)).

Similar calculations ensure that £, = 1&1 5;, is also the unique horizontal
global section of V as a projective limit of global sections. O

Let V = @Vi and V' = @V' ! be two linear connections over L
such that for each i € N, V! and V’? are g’-related connections on L and

g=limg".

Theorem 4.2. With the same assumptions, let V = liLnVi and V' =
@V’i be two linear connections over L. Then ¥V and V' are (g, idgr)-related
iff their corresponding differential equations, given by dx/dt = A(t)x and
dy/dt = C(t)y , are equivalent i.e. there exists a smooth transformation
Q : B — HO(F) such that x(t) = Q(t)y(t) or equivalently,

C(t) = Q7' (1) o (A(t) 0 Q(t) — Q(t))
for each t € R.
Proof. By Vassiliou'® V? and V¢ are g'-related connections over L’ iff
dr'/dt = Al (t)x' and dy'/dt = C*(t)y® are equivalent i.e.
Cl(t) = (@) (Do (A(H)oQ'(t) - Q'(1): i €N, (1)
where QQ = e o Q*, Q* = (Qi)ieN and ¢ is the natural morphism
e: H'(F) — L(F)
(I")ien — lim 1’

Hence (1) implies that: V* and V’? are g’-related iff z(t) = Q(t)y(t). O

-1

Note that the existence of intrinsic obstacles in the structure of the
space of continuous linear mappings £(F), which drops out of the category
of Fréchet spaces, leads us to replace it with the Fréchet space H(F).

H(EF) = {(I")ien € HC(Ei) :lim " exists}
i=1
More precisely, H(F) can be considered as the projective limit of the Banach
spaces:

Hi(F) == {(1", ... 1)) € [JLE®): p* 0l =1%o p¥; for k < j < i}.
j=1
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The work presented in this paper can be applied in order to obtain a
potentially useful Floguet — Liapunov theorem in Fréchet spaces:

Corollary 4.3. Let V = @Vi be a linear connection over L with peri-
odic coefficient A. Then there exists a linear connection V' with constant
Christoffel symbols, where V and V' are (g,idg) — related.

Proof. According to Galanis® the differential equation @(t) = A(t)xz(t)
with periodic coefficient A is equivalent with the differential equation ¢(t) =
B(t)y(t) such that B is constant. Let V' be the linear connection over L
assigned to B then, by Theorem 3.2, V and V' are (g, idr) — related. 0O

5. The Earle and Eells foliation theorem in Fréchet spaces

The target here is to indicate a possible generalization to a wide class of
Fréchet manifolds for the following result:

Theorem 5.1 (Earle and Eells®). Let (X,a), (Y,3) be Finsler C*-
manifolds modeled on Banach spaces, and suppose that (X, «) is complete.
Let f : X — Y be a surjective C'-map which foliates X. If there is a, locally
bounded over Y, Lipschitz splitting of the sequence

0— Kerf, — TX 5 fY(TY) — 0,

where f. stands for the differential of f at x, then f is a locally C°-trivial
fibration.

The proof of Theorem 5.1 is strongly based on properties of differential
equations in Banach spaces, used to construct coherent liftings of paths. As
a result, any attempt to generalize it to the Fréchet framework encounters
serious difficulties. This is because the local structure of the space models
do not admit a general solvability theory for ordinary differential equations
analogous to that of the Banach case. Indeed, in a Fréchet space an initial
value problem may have no solution, a single one or multiple solutions.

A way out of these difficulties is proposed here for a wide class of Fréchet
manifolds: those that can be obtained as projective limits of Banach cor-
responding factors (see Galanis and Dodson®7)
consider the manifolds X, Y to be limits of a projective system of Banach
Finsler manifolds: X = lim{(X",a*)}ien, Y = @{(Yi, B%) }ien. Then, sup-
pose that X and Y can be endowed with generalized Fréchet-Finsler struc-
tures in which the induced norms on the tangent spaces are replaced by

. To be more precise, we

sequences of semi-norms.
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If this is the case, then a corresponding limit of mappings f = lim f* :
X — Y satisfying the properties of the previous theorem, can be realized
as a projective limit of C'-factors f* : X* — Y, i € N, where each of factor
satisfies also the assumptions of Theorem 5.1. It follows that a sequence of
CV-trivial fibrations will be obtained and it will projectively converge to f.
Taking into account that the notion of triviality on the fibers is compatible
with projective limits, one obtains this property also for f, avoiding the use
of the pathological differential equations on Fréchet spaces.

Note that if the domain manifold X is assumed to be Banach modeled
and Y is a Finsler manifold as above, then the result obtains for every
surjective C'-map f which foliates X.
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We introduce the notion of totally biharmonic submanifolds and characterize
totally biharmonic hypersurfaces in terms of their extrinsic geometry. Then,
we classify the totally biharmonic surfaces in a three-dimensional space form.
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1. Introduction

Biharmonic curves v : I C R — (M, g) of a Riemannian manifold are the
solutions of the fourth order differential equation

V3A = R(Y,Vyq')y =0.

As we shall detail in the next section, they arise from a variational problem
and are a natural generalization of geodesics.

In the last decade several articles (see, for example, Refs. 1,2,4-7.9) have
appeared on the construction and classification of biharmonic curves, start-
ing with Ref. 3, where the authors studied the case of biharmonic curves
on a surface.

In this paper we consider the following problem: under which conditions
on the extrinsic geometry of a submanifold M in a Riemannian manifold
(N, h) all the geodesics of M are biharmonic curves of N.

We call totally biharmonic a submanifold M that satisfies the above
property.

We first write down the system that characterizes the shape operator
of a totally biharmonic submanifold. Next, we use this system to find all
totally biharmonic surfaces in a space form N?(C) of constant sectional
curvature C i.e.:
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(a) if C <0, then M is a totally geodesic surface;
(b) if C =1, and we take N3(1) = S3, then M is either totally geodesic or
one of the following surfaces:

(i) part of the Clifford torus S'(-=) x S'(

(ii) part of the sphere 82(%).

);

S
S

In the last section we explore an example of a non-totally biharmonic surface
in the Heisenberg group Hs admitting geodesics which are biharmonic in
the ambient space.

2. Biharmonic maps

Harmonic maps ¢ : (M,g) — (N,h) between smooth Riemannian mani-
folds are critical points of the energy functional E(p) = % S |de]? vg. The
corresponding Euler-Lagrange equation is given by the vanishing of the ten-
sion field 7(p) = traceVdp. Biharmonic maps (as suggested by J. Eells and
J.H. Sampson in Ref. 8) are the critical points of the bienergy functional
Es(¢) = % [1 I7(9)> vg. In Ref. 10, G.Y. Jiang derived the first variation
formula of the bienergy showing that the Euler-Lagrange equation for Fo
is
72(p) = —A7(p) — traceR™ (dp, 7())dyp = 0,

where A is the rough Laplacian defined on sections of ¢~ !(T'N) and
RN(X,Y) = VxVy —VyVx —V[x,y] is the curvature operator on (N, h).
The equation T3(¢) = 0 is called the biharmonic equation.

Let now v : I C R — (N, h) be a curve parametrized by arc-length. If we

denote by T' = +/ its unit tangent vector field, then the biharmonic equation
becomes

ViT — RN(T,VT)T = 0. (1)

For a survey on biharmonic maps and submanifolds we refer the rider
to Ref. 11.

3. Totally biharmonic hypersurfaces

Let ¢ : (M", g) — (N™*% h) be the inclusion of a submanifold M in N.
We shall denote by V and V the Levi-Civita connections on N and M
respectively.

Definition 3.1. The inclusion ¢ : (M",g) — (N"** h) is called totally
biharmonic if all geodesics of M are biharmonic curves of N.
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We shall now find the conditions on the extrinsic geometry of the submani-
fold M in N under which a geodesic of M is biharmonic in N.

For simplicity, in the sequel, we shall consider the case of codimension-
one submanifolds, although most of the results can be generalized to higher
codimension. We shall denote by 7 a unit section in the normal bundle of M
in N, by B(X,Y), X,Y vector fields tangent to M, the second fundamental
form with values in the normal bundle and by S, the shape operator with
respect to the section 7. The curvature operators of (M, g) and (NN, k) will be
denoted by R and R and the sectional curvatures by K and K, respectively.

We have

Lemma 3.1. Let ¢ : (M",g) — (N"*1,h) be the canonical inclusion.
Then a geodesic v : I — M™ is biharmonic in N if and only if, along the
curve vy, the shape operator S, satisfies one of the following conditions:

(a) (Sy(T),T) =0 and vy is a geodesic of N;
(b) Sy is a solution of the following system

(Sy(T),T) = constant # 0
IS,(T) 2 = K(T.n) (2)
<VTS77(T)’TZ‘J_> = _<R(T777)T7TiJ_>7 1=2,...,n
where T =+, whilst Tf‘, 1=2,...,n, are n— 1 unit vector fields along
v, orthogonal to T.

Proof. Decomposing B(T,T) with respect to n we have B(T,T) = fn,
with f = (B(T,T),n) = (Sy(T),T). Let now v : I — M™ be a geodesic
parametrized by arc-length, so that V17T = 0. Now, y is a biharmonic curve
of N if and only if
Vol — R(T,V+T)T = 0.
Taking into account that VT = 0, the first addend becomes
Vol =V (VT + B(T,T))
=2
=V,B(T,T)
=2
=Vrfn
=Vr(f'n+ fVrn)
= Vr(f'n— f9,(T))
= f"n+ Ny — 'Sy (T) = f(VrSy(T) + B(S,T,T))
= f"n=2f'Sy(T) = fVrSy(T) — fB(Sy(T),T).
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On the other hand, the the second addend is
R(T,V1T)T = R(T, V1T + B(T,T))T
= R(T,B(T,T))T
= fR(T,n)T.
Thus + is biharmonic in N if and only if
f'm = 2f'8y(T) = fVrSy(T) = fB(Sy(T),T) = fR(T,mT =0.  (3)

Next, taking the inner product of (3) with T, and n — 1 unit vector fields,
along v, T, i = 2,...,n, orthogonal to T, we get

37 =0 W
f”_f<B(Sn(T)vT)v77>+fF(T’77) =0, (5)

—2f(Sy(T), Ty — f(VSy(T) + R(T,n)T,T;") =0, i=2,...,n.(6)
In Condition (4) we have two possibilities:

(a) f=0,
(b) f = constant # 0.

In the first case

(VrT,n) = (5,(T),T) = f =0, (7)

from which it follows that V77 = 0 and thus ~ is a geodesic of N**1. If
we assume that f = (S, (T"),T) = constant # 0, then (5) becomes

—[(B(T, 8y(T)),m) + fE(T,n) = = f(Sy(T), Sy(T)) + fE(T,n) = 0,

which gives the second equation of (2).
Finally, (6) reduces to

<VTS77(T)7EJ_> = _<R(T7 n)TvTiJ—% { :27...,TL. a

Since for any point p € M and for every vector X € T, M there exists a
geodesic starting at p with velocity vector X, we have the following

Theorem 3.1. Let ¢ : (M™, g) — (N"*1 h) be the inclusion. Then ¢ is
totally biharmonic if and only if, for any point p € M, one of the following
1s satisfied:

(a) Sy, =0 and ¢ is totally geodesic;
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(b) Sy is a solution of the following system:
(Sy(X), X) = constant # 0
1Sy (X)) = K(X,m) (8)
<VXS77(X)7 Y> = _<R(X7 77)X7 Y>7
for any orthonormal vectors X,Y € T, M.

4. Totally biharmonic surfaces of space forms

Let now M2 be a surface in a three-dimensional space form N3(C) of
constant sectional curvature C. Then, for arbitrary orthonormal vectors
X,Y € T,M, we have
(RX.n)Y, X) = C((X, X)(n,Y) — (X, Y)(n, X)) =0
(R(X,m)n, X) = C((X, X)(n,n) — (X,n){n, X)) = C.
Therefore, (8) becomes
(Syp(X), X) = constant
1Sy (X = C 9)
(Vx5y(X),Y) =0.
In particular, from the second condition in (9), we have immediately the
following

Proposition 4.1. Let N2 be a three-dimensional space form of constant
sectional curvature C' < 0. Then the only totally biharmonic surfaces are
the totally geodesic ones.

We are then left to study the case when the sectional curvature of N3
is positive. Without loss of generality we can assume that N? is the three-
dimensional sphere S? of sectional curvature 1. In this case we have the
following characterization

Theorem 4.1. Let M be a totally biharmonic surface of S®. Then M is
either a totally geodesic or one of the following surfaces:

(i) part of the Clifford torus Sl( 5) X Sl( =)
(ii) part of the sphere S?( 2)

Proof. Let M be a totally biharmonic surface of S?. Since C' = 1, Sys-
tem (9) becomes
(Syp(X), X) = constant
1S, (X)I? =1 (10)
(Vx5,(X),Y) =0.
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Let e1, es be the principal curvatures of M2 in S?, that is Syei) = Aieg, 1 =
1,2, A; € C*°(M). Then, applying the second equation of (10) to e; and
e, we have

M= S, e))?=1, i=1,2

If i = X2 =1, S, is the shape operator of the sphere SQ(%), while,
if Ay =1 and Ay = —1, &, is the shape operator of the Clifford torus
St (%) X Sl(%). To end the proof we need to show that the sphere SQ(\%)
and the Clifford torus satisfy all conditions in (10). For the sphere S%( %),
where S,, = Id, taking for any unit vector T € T,,M the geodesic v : I — S?
starting at p with velocity vector T', we have

<S77(T)3T> = <Ta T> = 17

1Sy(D)|? = IT|* =1,

(VrSy(T), Ty = (VT, T+) = 0.

Thus SQ(\%) is totally biharmonic. Let now consider the Clifford torus.

Using the canonical inclusion of S? in R*, a geodesic of the Clifford torus
can be parametrized by

1 V2 (V2
~v(s) = 7 <cos (\/ﬁs),sm (\/ﬁs),

cos (\/%s—i—b),sin (\/%s—l—b)) , a,beR.

With respect to the principal directions
el = (—sin( V2 ),COS( V2 s),0,0)

\/1+a28 1+a2
eq = (0,0,—sin(\/‘{%s+b),cos(\/\{%s—i—b))

the shape operator of the Clifford torus is

10
(o)

while the velocity vector of ~ is

= (& +
V1+a? ! v1+a?
Then, we have
1 a
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and
—a 1

e; + e
V14 a? ! V14 a? 2

Let now show that System (10) is satisfied. For the first two equations we
have at once

T+ =

1— 2
(Sy(T),T) = 1+—22 = constant,
1+ a?
| = =1
ISy (DI = 1o
To verify the third one, we have
— 1 = o — —a 1
V1S, (T),T) = (——=Vre; — ——=Vres, e1 + e
VeSO I =gV ™ e V2 e T e
1-a? =
= Tratvrene)

Now, using the Weingarten equation of S* in R* we see that
— 4
(Vrer,e2) = (Vi e1,e2) =0,

where the last equality comes from the fact that V]%ffel is tangent to the
first factor of the Clifford torus while es is tangent to the second one. O

5. Biharmonic curves in Hs

The three-dimensional Heisenberg group Hs is the two-step nilpotent Lie
group whose elements can be represented in Gl3(R) by the matrices

1x 23+ %xlxg
01 T2
00 1

with z; € R, i = 1,2, 3. Endowed with the left-invariant metric
sy 1 1 2
g =dzi + dz; + | dzs + §$2d$1 — §x1dx2 , (11)

(Hs, g) has a rich geometric structure. In fact its group of isometries is of
dimension 4, which is the maximal possible dimension for a non constant
curvature metric on a three-manifold. Also, from the algebraic point of
view, (Hs,g) is a 2-step nilpotent Lie group, i.e. “almost Abelian”. An
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orthonormal basis of left-invariant vector fields is given, with respect to the
coordinates vector fields, by

_ 0 z3 0
n_ i
=0 4z 9
E2_8$2+ 2 Oxz (12)
E. = -2
3 8$3

and with respect to these left invariant vector fields the non-zero component
of the curvature tensor field are

3 1
Rigo1 = e Ri331 = Razzp = 1 (13)

Let now X : U C R? — Hs, X(u,v) = (cos(u),sin(u),v) be the im-
mersion of a right cylinder in Hg. This is invariant under the action of the
one-parameter subgroup of isometries of Hj3 generated by rotation about
the z3-axes and the induced metric is ds? = 2du? — Ldudv+dv?. A geodesic
of the cylinder, with respect to the induced metric, can be parametrized by

~(t) = (cos(at + b),sin(at + b),ct +d), a,b,c,d € R. (14)
With respect to the left invariant vector fields E;, the velocity vector of ~
is

T = —asin(at + b)Eq1 + acos(at + b)Es + (c — %)Eg,,
the normal to the cylinder along ~ is

1 = cos(at + b)E + sin(at + b) Es,
and
1 a\ a a
T = —(c — 5) sin(at + b)Ey + (c - 5) cos(at + b)Ey — (c— §)E3

We now want to find under which conditions on the parameters a, b, ¢, d € R,
a geodesic of the cylinder is biharmonic in Hs. We have

Proposition 5.1. Let X : U — Hs, X (u,v) = (cos(u),sin(u),v), the im-
mersion of a right cylinder in Hs. Then all the meridians and the geodesics
parametrized by (14) with 2¢ = 5a are biharmonic curves of Hs.

Proof. We shall compute for which values of the parameters a,b,c,d € R a
geodesic of the cylinder is a solution of (2). A straightforward computation
gives

) c c

5
Sn(T) - (Za B 5) sin(at + b) By — (Za — 5) cos(at + b)Ey + gE3,
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Then, the first of (2) reduces to

(Sy(T),T) = —a(éa - E) + %(C— 2) = constant

4 2 2
and is always satisfied. Before computing the second of (2), note that
345 1 a2
K(T,n) = 4 +Z(C_ 5) .
Thus the second condition of (2) becomes
40
Eag —ac=0

which is satisfied if either a = 0, where the geodesic is a meridian, or ¢ = ga.
Let now show that the third condition of (2) is always satisfied. From

VrSy(T) = [(%a - 5)2 + %2] (Cos(at +b)E; + sin(at + b)Eg),
we have immediately that
(VS (T), T) = — [(Za - g)z + %2] (c— g) cos(at + b) sin(at + b)
+ [(ga - g)z + %2} (c — g) cos(at + b) sin(at + b)
=0.

Moreover, a straightforward computation, taking into account (13), gives

(R(T,n)T, T+) = 0. ]
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1. Introduction

The energy functional of a map ¢ : (M, g) — (N, h) between Riemannian
manifolds has been widely investigated by several researchers(®%) and is
given by

Ey(¢) = /N 16|20,

where d¢ denotes the differential of the map ¢. Critical points for the energy
functional are called harmonic maps and have been characterized by the
vanishing of the tension field 71 (¢) = trVde.

Let (M, g) be a Riemannian manifold and denote by (71 M, gs) its unit
tangent sphere bundle equipped with the Sasaki metric gg. Every smooth
unit vector field V on M determines a mapping from M into 17 M, embed-
ding M into its unit tangent bundle. If M is compact and orientable, we
can define the energy of V as the energy of the corresponding map (1%). A
unit vector field which is a critical point of the energy functional restricted
to the set of unit vector fields on (M, g) is called a harmonic vector field
and the corresponding critical point condition has been determined in (17)
and ('®). It should be pointed out that a harmonic vector field determines a
harmonic map if an additional condition involving the curvature is satisfied
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(5). The notion of harmonic vector fields can be extended to unit vector
fields on possibly non-compact or non-orientable manifolds.

A natural generalization of harmonic maps can be given by considering
the functional obtained integrating the square of the norm of the tension
field. More precisely, J.Eells and J.H.Sampson (°) define the bienergy of ¢
as the functional

Ba0) = 5 [ In(@)lPv,

and a map is biharmonic if it is a critical point of Fy. In (®), Caddeo et al.
classified biharmonic curves and surfaces of the unit 3-sphere S3. In fact,
they found that they are circles, helices which are geodesics in the Clifford
minimal torus and small hyperspheres. The same authors in (*) constructed
examples of proper biharmonic submanifolds of S",n > 3.

In (*?), the author studies the existence and classification of left-
invariant unit vector fields which define nonharmonic biharmonic maps
on Lie groups equipped with a left-invariant Riemannian metric extend-
ing the results of (8). More generally, O. Gil-Medrano et al. (") constructed
new examples of G-invariant unit vector fields which are either harmonic
or which determine harmonic maps on homogeneous Riemannian mani-
folds (M = G/Gy, g) by means of homogeneous structures and infinitesimal
models. We use these notions in order to construct examples of unit vector
fields which determine nonharmonic biharmonic maps into the unit tangent
sphere bundle of the Poincaré half-space H™.

More specifically, the paper is organized in the following way. Section 2
contains the basic notions about biharmonic maps and the Sasaki metric
gs of the unit tangent sphere bundle.

In Section 3 we recall some basic facts about the homogeneous struc-
tures. Especially, the classification of homogeneous structures of type G
provides us with examples of unit vector fields which define nonharmonic
(proper) biharmonic maps into the unit tangent sphere bundle of hyperbolic
spaces (see Theorem 3.1).

2. Preliminaries
2.1. Biharmonic maps

Let (M™,g),(N™ h) be Riemannian manifolds and let ¢ : (M™, g) —
(N™, h) be a smooth map between them. We denote by V¢ the connection
of the vector bundle ¢~ 'T'N induced from the Levi-Civita connection V of
(N, h) and V the Levi-Civita connection of (M, g). The tension field 71 (¢)
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of ¢ is a section of the vector bundle ¢ 'T'N defined by

71(9) = tr(Vdo) = > _{VEdg(e:) — dp(Ve,ei)},
i=1
where {e;} is a local orthonormal frame field of M™. For a compact subset
D of M, the energy of ¢ is defined by

1
Bi(0) = 5 [ a6lPdo,.

The smooth map ¢ is said to be a harmonic map if it is a critical point of
the energy over every compact subset of M and the corresponding Euler-
Lagrange equation is

71(¢) =0
which is called harmonic equation (19).
Definition 2.1. A smooth map ¢ : (M™, g) — (N™, h) is said to be bihar-
monic if it is a critical point of the bienergy functional:

Ea0) = 5 [ Im(0)|Pdv, 1)

over every compact domain D of M.

G. Jiang obtained (1%!!) the Euler-Lagrange equation associated to the bi-
energy. More precisely, a smooth map ¢ : (M™, g) — (N™, h) is biharmonic
if and only if it satisfies the following biharmonic equation

To(¢) = —Ay71(¢) — trRYN (dp, 71(¢))dgp = 0,

where Ay, = —tr (V¢V¢ — V%) is the rough Laplacian acting on sections
of ¢ 'TN and RN(X,Y) = [Vx,Vy] — V|x y] is the curvature operator
on N. The section 72(¢) is called the bitension field of ¢. It is clear that
a harmonic map is automatically a biharmonic map, in fact a minimum of
the bienergy. Non-harmonic biharmonic maps are called proper biharmonic
maps. For more details about biharmonic maps, we refer to (13).

2.2. The tangent bundle and the unit sphere bundle

We recall some basic facts and formulas about the geometry of the tangent
bundle and the unit tangent sphere bundle. For a more elaborate exposition,
we refer to the survey (°).

Let (M, g) be an m-dimensional Riemannian manifold with Levi-Civita
connection V. The tangent bundle T'M consists of pairs (z,u) where x is
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a point in M and u a tangent vector to M at x. The mapping 7 : TM
M : (z,u) — z is the natural projection from T'M onto M.

It is well-known that the tangent space to TM at (z,u) splits into
the direct sum of the vertical subspace V() = Ker(dm|,,)) and the
horizontal subspace H ;) with respect to V:

T(w7u)TM = 'H(w)u) D V(w7u).

For any vector w € T, M, there exists a unique vector w” € H(z,u) at the
point (x,u) € TM, which is called the horizontal lift of w to (x,u), such
that dr(w") = w and a unique vector w® € V(z,u); Which is called the
vertical lift of w to (xz,u), such that w(df) = w(f) for all functions f on
M. In a similar way, one can lift vector fields on M to horizontal or vertical
vector fields on T M.

The tangent bundle TM of a Riemannian manifold (M, g) can be en-
dowed in a natural way with a Riemannian metric gg, the Sasaki metric,
depending only on the Riemannian structure g of the base manifold M. It
is uniquely determined by

gs(X"Y") = gs(X°,Y") = g(X,Y) o, gs(X",Y") =0 (2)

for all vector fields X and Y on M. More intuitively, the metric gg is
constructed in such a way that the vertical and horizontal subbundles are
orthogonal and the bundle map = : (T'M, gg) — (M, g) is a Riemannian
submersion.

Next, we consider the unit tangent sphere bundle 73 M which is an
embedded hypersurface of TM defined by the equation g.(u,u) = 1. The
vector field N = ! 6?“. is a unit normal of T1 M as well as the position
vector for a point (z,u) € Ty M. For X € T, M, we define the tangential lift
of X to (z,u) € T'M by (?)

Clearly, the tangent space to T9M at (x,u) is spanned by vectors of the
form X" and X* where X € T, M. The tangential lift of a vector field
X on M to Ty M is the vector field X! on T M whose value at the point
(x,u) € Ty M is the tangential lift of X, to (x,u).

A unit vector field V on M can be regarded as the immersion V :
(M,g) — (Th'M,gs) : v — (z,V;) € T1'M into its unit tangent sphere
bundle T3 M equipped with the Sasaki metric gg. The pull-back metric
V*gs is given by

(V*gS)(Xv Y) = g(X’ Y) +g(vXV7 VYV)
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As a consequence, the unit vector field V' determines an isometric immersion
into its unit tangent sphere bundle if and only if it is parallel.
The tension field 71 (V) is given by (%)
n(V)=_R(V,V.V)e:)" + (trV?V — g(tr V>V, V)V)",

i=1
or, equivalently,

(V)= R(Ve,V.V)e)" + (—AV)". (3)

i=1
where {e;} is a local orthonormal frame field of (M, g). The term —trV2V
is equal to the rough Laplacian AV, that is
AV = —trV?V =) {Vy, o,V = V., V., V}.
i=1

For the sake of convenience, we set A = 2" R(V.,V,V)e;, where V is a
unit vector field.

3. Homogeneous structures

In this section we consider the notion of homogeneous Riemannian structure
on a Riemannian manifold (M, g). More specifically, we study homogeneous
structures of type Gj.

A homogeneous structure on a Riemannian manifold (M g) is a tensor
field T of type (1,2) Satlsfymg Vg = VR = VT = 0 where V is the metric
connection determined by V = V — T'. Moreover, we have VT = VR = 0,
where T and R denote the torsion and the curvature tensor of V, respec-
tively. Any homogeneous Riemannian manifold (M, g) admits a homoge-
neous structure ( [15, Theorem 1.12]). On the other hand, Ambrose and
Singer (!) proved that a connected, complete and simply connected Rie-
mannian manifold (M, g) is homogeneous if and only if it admits a homo-
geneous structure 7. In particular, given the tensor field T, they constructed
the Lie group G (which is called the transvection group) which acts transi-
tively and effectively on M ( [15, Theorem 1.18)). First, we set V =V — T
The Lie algebra g of G splits into the direct sum

g=moak

and called the transvection algebra, where m coincides with the tangent
space T, M and k is the algebra generated by all curvature transformations
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R(X, Y), X, Y € m. In this case, we have the representation of M as the
reductive space (M, g) = G/K with the canonical connection V (') and K
being isomorphic to the restricted holonomy group of (M, @) at the origin.
Moreover, in (1°) the authors classified the homogeneous structures into
eight classes. In this paper, we are interested only in the first class G;. Let
(M, g) be a connected Riemannian manifold of dimension n which admits
a non-trivial homogeneous structure 7' (T" # 0) of type Gy, i.e. there exists
a tensor field T" of type (1,2) on M given by

I(T(X,Y),Z) =g(TxY,Z) = g(X,Y)p(Z) — 9(X, Z)p(Y),

where X,Y,Z are vector fields on M and ¢ is a non-zero 1-form on M.
Equivalently, if we consider the vector field £ dual to the 1-form ¢, T is
given by

for every vector fields X, Y on M. In this case, the manifold M is of constant
negative curvature and furthermore, if M is complete and simply connected
then it is isometric to the hyperbolic space and conversely. In the sequel, we
follow the terminology given in (7). We consider the n-dimensional Poincaré
half-plane H™ = {(z1, z2,...,2y) € R™|z1 > 0} with the metric

g=(cx1)? 2:(da:1)2

It has constant curvature equal to —c?. According to (*®), the vector field
&=c2n 8%1 determines a non-trivial homogeneous structure of type G; on
(H™, g). More precisely, the Poincaré half plane (H?, g) has, up to isomor-
phisms, only two homogeneous structures, namely 7' = 0 (corresponding
to the symmetric case) and the other corresponding to . In this case, the
canonical connection V is flat and hence the holonomy algebra k of V is
trivial. The computation of the transvection algebra g, yields the represen-
tation of H™ as the subgroup G of GL(n,R) of the form

e’ 0 - 0 m9
0 e*r--- 0 I3
o= o
0 0 ---e*t g,
o 0 ---0 1

Furthermore, it is a solvable Lie group which is a semi-direct product of the
multiplicative group Ry = {z € R|z > 0} and the additive group R"~1. A
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basis of left-invariant vector fields is given by
Xlzca%l,X—ce -, (2<i<n)

and the Lie bracket satisfies [X7, X;] = cXi, the remainder brackets being
zero. On G, we consider the Riemannian metric <, >. Then, these vector
fields constitute an orthonormal basis at each point with respect to this
inner product. With this metric, the group G is locally isometric to (H™, g).
The Levi-Civita connection with respect to this metric is determined by

Vx, Xi=cX1,Vx, X1 =—cX;, (2<i<n) (4)

and the remaining covariant derivatives vanish. In the sequel, we completely
determine the unit left-invariant vector fields on (H™, g) which define proper
biharmonic maps into the unit tangent sphere bundle equipped with the
Sasaki metric. Furthermore, let S be the unit sphere of g with respect to
<,>.For VeS8, VV, A, AV, the tension field 7, (V) and the bitension field
72(V') are invariant by left translation. Therefore, these can be viewed as
tensors on g which are determined by the Lie algebra structure and its inner
product <, >.

Now, let V € S and put V = V1 X7 + E?:Q V;X;. Then, using (4), we
easily get

Vx,V=0,Vy,V=cViX; - ViX;), (2 <i<n). (5)
By straightforward calculation, using (4) and (5), we deduce
R(Vx,V,)X; = (=) (< V,X; >Vx, V- <Vx,V,X; > V)
= (=) (ViVx,V + V) = (=)(V? + V) X,
+V12n:Vij], (2<i<n)
i

and, as a consequence, we get

A=R(Vx,V,V)X1+ ) R(Vx,V,V)X

i=2
Z (n—DVHX1+ (-2 Y ViXi.  (6)
=2
Once again, using (4) and (5), we compute
=YV VXV = (n - DXy + Y ViXi). (7)

=2 =2
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Combining (2), (3), (6) and (7), we obtain
I W)Il; = In(V)IIZ = A2 + AV = < AV,V > V|2

ZVQ (n— 1)V)? (—2>2V12Z%2]+c4[<n—1)2v12

=2

JFZV2 —ct Z +(n—1V2)?,
=2
_f(‘/la‘/?w"avn)a

since the Riemannian metric <, > is left invariant. The Lie group G is
non-compact and, so, we choose an open neighbourhood U of the neutral
element e with compact closure. Working on U and using (1), we get

V) = 5 [ I (V) e,

®)
=5 | IV IBd, = 350 Var . Vvl

From the above analysis we have the following Proposition:

Proposition 3.1. A left-invariant unit vector field V on (H™, g) defines a
biharmonic map into its unit tangent sphere bundle equipped with the Sasaki
metric gs if and only if V' is a critical point of the function f on S.

We define the Lagrange function L(Vi, Va,..., Vo, A) = f(V1,Va, ..., V) +
A, VE+VE-1),(Vi, Va,..., Vi) € R™, where ) is the Lagrange multi-
plier. The critical points of the function f are given by the following system:

{ sz (n— DVE) + (n — 2)2V2] + ¢t

n

—2c4(ZVi2+(n—1)V12)+/\}:O, i=2,...,n

{2 - DOV + =DV + (=22 Y VA 4+ (n - 1)
=2 =2
—2(n — 1)c4(zn: Vi+(n—1DVP) + /\} =0
=2
S VP+V =1
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The solutions of the above system lead to the following Theorem:

Theorem 3.1. Let (H™,g) = G be the n-dimensional Poincaré half-space.
For n = 2 every left-invariant unit vector field defines a proper bihar-
monic map into the unit tangent sphere bundle TyH? equipped with the
Sasaki metric gs. For n > 2, the set of left-invariant unit vector fields V
which define proper biharmonic maps into the unit tangent sphere bundle
is giwen by: :|:1§ SnNé&t and the (n — 2)-dimensional hyperspheres: Cy =

n C n n C n— 7C2’I’L
{Zz 2V2 (i 2) Vi = 2($1+22) 2 02—{21 2V2 ﬁ’vl:
—,/w} with the assumption that ¢? < 1 — ;, where £+ denotes the
distmbutzon defined by the vector fields orthogonal to &.

Remark 3.1. According to Proposition 5.2 in (7), the unit vector field ¢
of H™ n > 2 and those which are orthogonal to £ are harmonic vector fields
and the corresponding maps into the unit tangent sphere bundle are not
harmonic. On the contrary, they define proper biharmonic maps into 77 H™.

Remark 3.2. The non harmonic unit vector fields whose coordinates sat-
isfy the equations of the hyperspheres C7,Cy mentioned in Theorem 3.1
define proper biharmonic maps and they do not determine harmonic maps.

Remark 3.3. In (12), the author completely determines the left-invariant
unit vector fields which define proper biharmonic maps into the unit tangent
sphere bundle of the generalized Heisenberg groups H(1,7),r > 2. Further-
more, the generalized Heisenberg groups are unimodular Lie groups. On
the other hand, since tradyx, = ¢(n — 1) # 0, the transvection group G is
non-unimodular. As a consequence, Theorem 3.1 provides us with exam-
ples of unit vector fields which define proper biharmonic maps into the unit
tangent sphere bundle of non-unimodular Lie groups of dimension greater
than three (if we choose n > 3).
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This paper is intended to present the main results of the author’s PhD Thesis?
concerning the geometry of biharmonic maps:

(i) we present several new methods, inspired by the Baird-Kamissoko
method?, for constructing proper biharmonic maps starting with harmonic
maps and using warped product manifolds;

(ii) we obtain classification and non-existence results for proper biharmonic
submanifolds in space forms;

(iii) we study the biharmonicity of the Gauss map for submanifolds in
the Euclidean space, in the intent of generalizing the celebrated Ruh Vilms
Theorem?4.

Keywords: Biharmonic maps and submanifolds, warped products, Gauss map

1. Introduction

Denote by C°°(M, N) the space of smooth maps ¢ : (M,g) — (N,h) be-
tween two Riemannian manifolds. A map ¢ € C°°(M, N) is called harmonic
if it is a critical point of the energy functional'®

1
B:Cx(MN) =R, B0 =3 [ 1do v,

and is characterized by the vanishing of the tension field 7(¢) = traceVde.
We recall that, if ¢ : (M, g) — (N, h) is a Riemannian immersion, then it

6. i.e. a critical point

is harmonic if and only if it is a minimal immersion'
of the volume functional.
One can generalize harmonic maps by considering the functional ob-

tained by integrating the squared norm of the tension field. More precisely,
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biharmonic maps are the critical points of the bienergy functional

1

Ey: C*(M,N) — R, E2(¢):§/M|T(¢)|2U9'

The Euler-Lagrange equation for Fy (see Ref. 19), called the biharmonic
equation, is given by the vanishing of the bitension field

2(¢) = —J(1(¢)) = —AT(¢) — traceR™ (dg, 7(¢))d¢ = 0,

where J is (formally) the Jacobi operator of ¢, A is the rough Laplacian
defined on sections of ¢~ (T'N) and R (X,Y) = VxVy —VyVx —V[x,y]
is the curvature operator on (N, h).

Biharmonic maps have been extensively studied in the last decade and
there are two main research directions. On one hand, in differential geome-
try, a special attention has been payed to the construction of examples and
classification results (see, for example, Refs. 1,9,13,15,18,21). On the other
hand, from the analytic point of view, biharmonic maps are solutions of a
fourth order strongly elliptic semilinear PDE and the study of their regular-
ity is nowadays a well-developed field (see, for example, Refs. 10,20,22,25).

We are interested in the geometric aspect and, since any harmonic map
is trivially biharmonic, we concentrate on biharmonic non-harmonic maps
and biharmonic non-minimal submanifolds, which are called proper bihar-
monic.

In his studies on finite type submanifolds!!, B-Y. Chen defined bihar-
monic submanifolds M C R™ of the Euclidean space as those with har-
monic mean curvature vector field, that is AH = 0, where A is the rough
Laplacian. By considering the definition of biharmonic map for Riemannian
immersions into the Euclidean space one recovers the notion of biharmonic
submanifold in the sense of B-Y. Chen. Thus biharmonic Riemannian im-
mersions can also be thought of as a generalization of Chen’s biharmonic
submanifolds. All the results obtained by B-Y. Chen and his collaborators
on proper biharmonic submanifolds in Euclidean spaces are non-existence
results. Nevertheless, by adapting their techniques it is possible to pro-
duce, as we shall see in the sequel, several classification results for proper
biharmonic submanifolds in spheres.

For an up-to-date bibliography on biharmonic maps see Ref. 26.

2. Bihamonic maps and warped product manifolds

We shall present in this section a series of new methods for constructing
proper biharmonic maps by using harmonic ones.
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A natural way for constructing proper biharmonic maps is the follow-
ing: given a harmonic map ¢ : (M, g) — (N, h) one can conformally change
the metric g, or h, in order to render ¢ proper biharmonic. The behav-
ior of the bitension field under the conformal change of the domain metric
was studied by P. Baird and D. Kamissoko!. They established an inter-
esting connection between conformally equivalent biharmonic metrics and
isoparametric functions on Einstein manifolds.

We extend the idea of studying the effect of conformal changes of metric
to the biharmonic equation by considering the situation of warped products.
The first problem consists in the study of the biharmonicity of the inclusion
of a Riemannian manifold N into the warped product M x s N and we
obtain

Theorem 2.1 (3). The inclusion map i, : N — M X2 N is a proper
biharmonic map if and only if xo is not a critical point for f2, but is a
critical point for |gradf?|?.

With this setting we obtain new examples of proper biharmonic maps and
recover some of the examples first obtained in Refs. 7 and 9.
Affine functions play an important role in our study

Theorem 2.2 (3). Let (M,g) be a Riemannian manifold with a positive
nontrivial affine function f? and let (N,h) be an arbitrary Riemannian
manifold. Then any inclusion i, : N — M Xy N, x € M, is a proper
biharmonic map.

We then consider the product of two harmonic maps ¢ = 1y X ¥ :
M x N — M x N. By warping the metric on the domain or codomain we
lose the harmonicity; nevertheless, under certain conditions on the warping
function the product map remains biharmonic. We obtain

Theorem 2.3 (3). Let v : N — N be a harmonic map and let f €
C>(M) be a positive function. Then ¢ = 1y X p: M X2 N — M x N is
a proper biharmonic map if and only if f is a non-constant solution of

trace,V2gradIn f + Ricci™ (grad In f) + ggrad(|grad In f|?) = 0.

In the case that the product map is the identity map 1 : M Xp2N — MxN
we shall call the warping function, which is a solution of the above problem,
a biharmonic warping function and if M is an Einstein manifold we show
that the isoparametric functions provide examples of biharmonic warping
ones



260

Proposition 2.1 (3). Let M be an Einstein space. If p € C(M) is an
isoparametric function, then it admits, away from its critical points, a local
reparameterization f which is a biharmonic warping function.

For the projection 7 : M X y2= N — M we obtain

Proposition 2.2 (3). The projection T : M x y2 N — M is proper bihar-
monic if and only if f is a biharmonic warping function.

We also give the complete classification of the biharmonic warping func-
tions when M = R. Similar results are obtained when the codomain metric
is warped and 9 is harmonic with constant energy density.

Finally, we use the warped product setting to study axially symmetric
biharmonic maps from R™ \ {0} to an n-dimensional space form. We get a
general characterization result

Theorem 2.4 (3). Let ¢ : S™ ' — S"! be an eigenmap of eigenvalue
2k > 0. Then ¢ = px ¢ : R™\ {0} — R x ;2 S"" is biharmonic if and only
if p is a solution of

m—1 2k

—F' =3 (1) + f(p) " (p) F =0,

F// _|_

where
m—1 2k
F=p"+——0"=3/0)f )

We discuss several examples and, when the target manifold is R™ \ {0},
we give the complete classification of biharmonic axially symmetric maps.
From the former classification we also deduce that the generalized Kelvin
transformation ¢ : R™ \ {0} — R™ \ {0}, ¢(y) = y/|y|® is a proper bihar-
monic map if and only if m =0+ 2 or £ = —2.

3. Biharmonic submanifolds in space forms

The attempt to classify the biharmonic submanifolds in space forms was ini-
tiated in Refs. 14 and 23. It was proved that an m-dimensional submanifold
M in an n-dimensional space form E"(c) is biharmonic if and only if

AL H + traceB(-, Ag-) — mcH =0,

2traceAv(L_)H(-) + Zgrad(|H|?) = 0,

where A denotes the Weingarten operator, B the second fundamental form,
H the mean curvature vector field, V+ and At the connection and the
Laplacian in the normal bundle of M in E"(c).
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All the known results on proper biharmonic submanifolds in non-
positively curved spaces are non-existence results. There are no proper bi-
harmonic hypersurfaces in R® and R* (see Refs. 14,17). Also, it was proved
that the biharmonicity implies the minimality for the following classes of
submanifolds in the Euclidean space: curves, submanifolds of finite type,
submanifolds of constant mean curvature, pseudo-umbilical submanifolds of
dimension m # 4, hypersurfaces with at most two distinct principal curva-
tures, conformally flat hypersurfaces (see Refs. 14,15). Similar results were
obtained when the ambient space is the hyperbolic space (see, for example,
Ref. 7).

The non-existence theorems for the case of non-positive sectional cur-
vature codomains, as well as the
Generalized Chen Conjecture. Biharmonic submanifolds of a non-
positive sectional curvature manifold are minimal,
encouraged the study of proper biharmonic submanifolds in spheres and
other curved spaces (see, for example, Ref. 21).

The first achievement towards the classification problem is represented
by the complete classification of proper biharmonic submanifolds of the 3-
dimensional unit Euclidean sphere”. Then, inspired by the 3-dimensional
case, two methods for constructing proper biharmonic submanifolds in S™
were given in Ref. 8. Although important results and examples were ob-
tained, the classification of proper biharmonic submanifolds in spheres is
still an open problem.

This section is devoted to the classification results for proper biharmonic
submanifolds in space forms contained in Refs. 4, 5.

A partial classification result for biharmonic submanifolds in spheres
was given in Ref. 23. It was proved that a proper biharmonic submanifold
M of constant mean curvature |H| in S™ satisfies |H| € (0, 1]. Moreover,
|H| = 1 if and only if M is minimal in S"il(%). Taking this further,
we study the type of compact proper biharmonic submanifolds of constant
mean curvature in S and prove that, depending on the value of the mean
curvature, they are of 1-type or of 2-type as submanifolds of R™"*!

Theorem 3.1 (%). Let M™ be a compact constant mean curvature, |H|? =
k, submanifold in S™. Then M is proper biharmonic if and only if either

(i) |H|?> =1 and M is a 1-type submanifold of R™ ™ with eigenvalue A =
2m, or

(i) |H]? = k € (0,1) and M is a 2-type submanifold of R"™" with the
eigenvalues A1 o =m(1 £ \/E)
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We then study proper biharmonic hypersurfaces with at most two dis-
tinct principal curvatures in space forms. We first prove the following

Theorem 3.2 (%). Let M be a hypersurface with at most two distinct prin-
cipal curvatures in E™ 1 (c). If M is proper biharmonic in E™ ' (c), then
it has constant mean curvature.

By using this result, we obtain the full classification of such hypersurfaces
in spheres

Theorem 3.3 (). Let M™ be a proper biharmonic hypersurface with at
most two distinct principal curvatures in S™. Then M is an open part of

S™(Z) or of S™ (%) x S™* (L), ma + m2 =m, my1 # ma.

A similar classification is obtained for conformally flat biharmonic hy-
persurfaces in spheres. In contrast, for the hyperbolic space H™ ! we prove
a non-existence result. The problem of the biharmonic hypersurfaces with
at most 3 distinct principal curvatures is also investigated. We first prove

Theorem 3.4 (°). There exist no compact proper biharmonic hypersur-
faces of constant mean curvature and three distinct curvatures in the unit
FEuclidean sphere.

The key of the proof was to show that such hypersurfaces are isoparametric

and to use the expressions of the principal curvatures. Further, Theorem

3.4 allows us to fully classify the proper biharmonic compact hypersurfaces

in $*

Theorem 3.5 (°). The only proper biharmonic compact hypersurfaces of
4 3 1 2

S* are the hypersphere S°(J5) and the torus S* (%) x S*(Z5).

2

Moreover, we recover the non-existence result for proper biharmonic hyper-
surfaces in R* and prove that it also holds for hypersurfaces of H*.

We prove that the pseudo-umbilical biharmonic submanifolds in spheres
have constant mean curvature and we give an estimate for their scalar
curvature. Using these results, we classify the proper biharmonic pseudo-
umbilical submanifolds of codimension 2

Theorem 3.6 (). Let M™ be a pseudo-umbilical submanifold of S™2,
m # 4. Then M is proper biharmonic if and only if it is minimal in

Serl(%)'

We also investigate surfaces with parallel mean curvature vector field
in S”
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Theorem 3.7 (*). Let M? be a proper biharmonic surface with parallel

mean curvature vector field in S"™. Then M is minimal in S"_l(%).

In view of the above results we proposed the following

Conjecture 3.1 (*). The only proper biharmonic hypersurfaces in S

are the open parts of hyperspheres Sm(%) or of generalized Clifford tori

S™(Z5) x 8™ (Z5), m1 +m2 = m, m1 # ma.

Conjecture 3.2 (%). Any biharmonic submanifold in S™ has constant
mean curvature.

4. On the biharmonicity of the Gauss map

The study of submanifolds with harmonic Gauss map in Euclidean spaces
has been a classical problem in harmonic maps theory, ever since the char-
acterization result obtained by E. Ruh and J. Vilms in Ref. 24 and the
remarkable link with constant mean curvature hypersurfaces. In Ref. 6 we
propose a generalization of this problem: the characterization of submani-
folds with proper biharmonic Gauss map in Euclidean spaces.

By using the expression of the curvature operator for the Grassmannian
G(m,n) of oriented m-planes in R™*™  we first characterize the biharmonic-
ity of the Gauss map v : M — G(m,n) associated to a submanifold M in
the Euclidean space R™™.

Theorem 4.1 (®). The Gauss map associated to a m-dimensional ori-
entable submanifold M of R™™ is proper biharmonic if and only if
V+H #0 and

VXATH —mVy, x H + traceB(ZAvt (X)) = Age (), - )
—2traceR* (-, X)V1H — trace(VIRY) (-, X)H = 0,

for all X € C(T'M), where A denotes the Weingarten operator and H the
mean curvature vector field of M in R™*™.

Although rather technical, this condition simplifies in the case of hypersur-
faces, since the Grassmannian is the m-dimensional sphere and the tension
field of the Gauss map relies completely on the gradient of the mean cur-
vature function of the hypersurface

Theorem 4.2 (%). The Gauss map of a nowhere zero mean curvature hy-

persurface M™ in R™Y is proper biharmonic if and only if gradf # 0
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and
Agradf + A%(gradf) — |A*gradf = 0,

where A denotes the rough Laplacian on C(TM) and f and A denote

the mean curvature function and, respectively, the shape operator of M
in R™TL

In order to obtain examples of hypersurfaces with proper biharmonic
Gauss map we study the hypercones generated by hypersurfaces in spheres.

Theorem 4.3 (®). Let M be a nowhere zero mean curvature hypersurface
of S™ L with constant norm of the shape operator. If M is compact, then the
Gauss map associated to the hypercone (0,00) x4 M is proper biharmonic
if and only if M has constant mean curvature in S™ T, m > 2, and [A|? =
3(m — 2), where A is the shape operator of M in S™T!.

By considering constant mean curvature hypersurfaces in spheres we obtain

Theorem 4.4 (%). Let M be a constant non-zero mean curvature hyper-
surface of S™. The Gauss map associated to the hypercone (0,00) X2 M
is proper biharmonic if and only if m > 2 and |A]? = 3(m — 2).

The previous result is used in order to provide examples of hypersurfaces
with proper biharmonic associated Gauss map in any (m + 2)-dimensional
Euclidean space, with m > 2. In this respect, we study the biharmonicity of
the Gauss map associated to hypercones over isoparametric hypersurfaces
in spheres, and we only present here the following

Proposition 4.1 (¢). Consider the hypercone (0,00) x42S™(a), a € (0,1),
in R™2 . Its associated Gauss map is proper biharmonic if and only if

p— m
m>2anda—,/m.

Finally, non-existence results for hypercones with biharmonic Gauss
map in R and R* are obtained

Theorem 4.5 (®). There exist no cones in R* with proper biharmonic
Gauss map.

Theorem 4.6 (6). There exist no hypercones in R4, over compact nowhere

—2 ‘ ) .
zero mean curvature surfaces M~ C S*, with proper biharmonic Gauss map.
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We introduce the notion of contact pair structure and the corresponding asso-
ciated metrics, in the same spirit of the geometry of almost contact structures.
We prove that, with respect to these metrics, the integral curves of the Reeb
vector fields are geodesics and that the leaves of the Reeb action are totally
geodesic. Moreover, we show that, in the case of a metric contact pair with
decomposable endomorphism, the characteristic foliations are orthogonal and
their leaves carry induced contact metric structures.

Keywords: Contact pairs, foliation, associated metrics, contact metric structure

1. Introduction

A contact pair on a smooth manifold M is a pair of one-forms «; and
g of constant and complementary classes, for which «a; restricted to the
leaves of the characteristic foliation of s is a contact form and vice versa.
This definition was introduced in Refs. 1,3 and is the analogous to that of
contact-symplectic pairs and symplectic pairs (see Refs. 2,7,10).

In this paper we introduce the notion of contact pair structure, that is a
contact pair on a manifold M endowed with a tensor field ¢, of type (1, 1),
such that ¢? = —Id+ a1 ® Z1 + a2 ® Zy and ¢(Z1) = ¢(Z3) = 0, where Z;
and Zs are the Reeb vector fields of the pair.

We define compatible and associated metrics and we prove several prop-
erties of these metrics. For example, we show that the orbits of the locally
free R?-action generated by the two commuting Reeb vector fields are totally
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geodesic with respect to these metrics. Another important feature is that,
given a metric which is associated with respect to a contact pair structure
(a1, a9, @), if we assume that the endomorphism ¢ preserves the tangent
spaces of the leaves of the two characteristic foliations, then the contact
forms induced on the leaves are contact metric structures.

In what follows we denote by I'(B) the space of sections of a vector
bundle B. For a given foliation F on a manifold M, we denote by T'F the
subbundle of T'M whose fibers are given by the distribution tangent to the
leaves. All the differential objects considered are supposed smooth.

2. Preliminaries on contact pairs

We gather in this section the notions concerning contact pairs that will
be needed in the sequel. We refer the reader to Refs. 2,3,6,7 for further
informations and several examples of such structures.

Definition 2.1. A pair (a1, a2) of 1-forms on a manifold is said to be a
contact pair of type (h, k) if:

i) a1 A (dar)? A ag A (das)F is a volume form,
ii) (dap)"*! =0,
i) (dag)k*! =0.

Since the form a; (resp. ag) has constant class 2h+1 (resp. 2k+1), the dis-
tribution Ker ay NKer day (resp. Ker ag NKer das) is completely integrable
and then it determines the so-called characteristic foliation F; (resp. F2)
whose leaves are endowed with a contact form induced by as (resp. aq).

To a contact pair (aq, as) of type (h, k) are associated two commuting
vector fields Z; and Zs, called Reeb vector fields of the pair, which are
uniquely determined by the following equations:

a1(Z1) = ae(Z2) =1, a1(Z2) = aa(Z1) =0,
izldal = iZldOzQ = Z'ZQdOél = iZQdOZQ = 07

where ix is the contraction with the vector field X. In particular, since the
Reeb vector fields commute, they determine a locally free R2-action, called
the Reeb action.

The kernel distribution of day (resp. das) is also integrable and then it
defines a foliation whose leaves inherit a contact pair of type (0,%) (resp.
(h,0)).

A contact pair of type (h, k) has a local model (see Refs. 2,3), which
means that for every point of the manifold there exists a coordinate chart
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on which the pair can be written as follows:

h k
ayp = d332h+1 + E Toi—1dTo;, Qg = dy2k+1 + E yQi—ldy2i7
i=1 i=1
where (z1, - ,Zant+1,%1, - ,Y2k+1) are the standard coordinates on

R2h+2k+2

The tangent bundle of a manifold M endowed with a contact pair (a1, as)
can be split in different ways. For i = 1,2, let T F; be the subbundle de-
termined by the characteristic foliation of a;, T'G; the subbundle of T'M
whose fibers are given by Ker da; N Ker a; N Ker ay and RZ;,RZ; the line
bundles determined by the Reeb vector fields. Then we have the following
splittings:

TM=TF, &TF,=TG ®TG ®RZ; ®RZ,.

Moreover we have TF; = TGy ® RZy and TFo = TG, ®RZ;.

3. Contact pair structures and almost contact structures

In this section we firstly recall the basic definitions of almost contact struc-
tures and their associated metrics. Next we introduce a new structure,
namely the contact pair structure. More details on almost contact struc-
tures can be found in Ref. 8.

3.1. Almost contact structures

An almost contact structure on a manifold M is a triple («, Z, ¢) of a one-
form «, a vector field Z and a field of endomorphisms ¢ of the tangent
bundle of M, such that ¢> = —Id+a® Z, $(Z) = 0 and a(Z) = 1. In
particular, it follows that a o ¢ = 0 and that the rank of ¢ is dim M — 1.

In the study of almost contact structures, there are two types of metrics
which are particularly interesting and we recall their definition:

Definition 3.1. For a given almost contact structure (o, Z, ¢) on a mani-
fold M, a Riemannian metric g is called:

i) compatible if g(¢pX,9Y) = ¢g(X,Y) — a(X)a(Y) for every XY €
I(TM);

ii) associated if g(X,¢Y) = da(X,Y) and g(X,Z) = «(X) for every
XY eI(TM).
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In particular if ¢ is an associated metric with respect to (o, Z, ¢), then «
must be a contact form. For a given almost contact structure there always
exists a compatible metric and for a given contact form there always exists
an associated metric.

Definition 3.2. A contact metric structure (o, Z, ¢, g) is an almost contact
structure (a, Z, ¢), where « is a contact form and Z its Reeb vector field,
together with an associated metric g.

3.2. Contact pair structures

Now we want to generalize the notion of contact metric structure to the
contact pairs. To do that, we begin with the following definition:

Definition 3.3. A contact pair structure on a manifold M is a triple
(1,0, 9), were (a1, a2) is a contact pair and ¢ a tensor field of type
(1,1) such that:

$? =—Id4+ o1 Q@ Z1 + g @ Zo, (1)
&(Z1) = ¢(Z2) = 0. (2)

where Z7 and Z, are the Reeb vector fields of (a1, as).

As in the case of an almost contact structure, it is easy to check that
a; 0¢=0,i=1,2 and the rank of ¢ is equal to dim M — 2.

Remark 3.1. Actually, the condition ¢(Z) = 0 in the definition of almost
contact structure is not needed, since it follows from ¢? = —T + a ® Z (see
Ref. 8, Theorem 4.1 p. 33). In the case of a contact pair, it is possible to
construct an endomorphism satisfying (1) but not (2). This can be done,
for example, by taking ¢ to be an almost complex structure on TGy & T'Go
and extending it by setting ¢(Z1) = —¢(Z2) = Z1 + Zs.

On a manifold M endowed with a contact pair, there always exists an
endomorphism ¢ verifying (1) and (2), since on the subbundle TG, & TG,
of TM, the 2-form da; + das is symplectic. Then one can choose an almost
complex structure on T'G; TG, and extend it to be zero on the Reeb vector
fields, to produce an endomorphism ¢ of T'M with the desired properties.

The following definition is justified by the fact that we are interested on
the contact structures induced on the leaves of the characteristic foliations
of a contact pair.

Definition 3.4. The endomorphism ¢ is said to be decomposable if
o(TF;) CTF;, fori=1,2.
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The condition for ¢ to be decomposable is equivalent to ¢(1'G;) = TG;,
because ¢ vanishes on Z;, Z3 and has rank 2k (resp. 2h) on T'F; (resp.
TFs).

By Definition 2.1, a; induces a contact form on the leaves of the charac-
teristic foliation of as and vice versa. Then it is easy to prove the following:

Proposition 3.1. If ¢ is decomposable, then (a1, Z1, ) (resp. (ag, Za,d))
induces an almost contact structure on the leaves of Fo (resp.F1).

Here is a simple example of contact pair on a manifold which is just a
product of two contact manifolds and ¢ is not decomposable:

Example 3.1. Let us consider standard coordinates (1, y1, T2, Y2, 21, 22)
on R® and the contact pair (o, az) given by:

o1 =dzy —x1dy; o = dzg — xadyo,

with Reeb vector fields Z; = 6%1 , Lo = 6%2. Let us define ¢ as follows:

0 0 0 0 0 0
¢(a1—+b1 +ay— +bo—+c1— +co— >

15} oy 0xo ya 021 029
0 0 0 0 0 0
= <_a28x1 b28 +a18 2+b18 " 9611?2(9 -chzbl(9 ) ,

where a1, as, by, ba, ¢1, co are smooth functions on RE.
Then (a1, a2, ¢) is a contact pair structure and ¢ is not decomposable.
This because, for example, 8%1 € Ker(ag A dag), 8%2 € Ker(ay Aday) but

d\y_ _9d
5e7) = s
Remark 3.2. A more general structure, similar to the almost contact
structures, is obtained by considering a 5-tuple (a1, g, Z1, Z2, ¢), where

¢? = —Id+ a1 ®Z1 +as @ Za, 3(Z1) = ¢(Z2) = 0 and the ;s are just
non-vanishing 1-forms verifying «;(Z;) = ;5.

4. Compatible and associated metrics

For a given contact pair structure on a manifold M, it is natural to consider
the following metrics:

Definition 4.1. Let (a1, g, ¢) be a contact pair structure on a manifold
M, with Reeb vector fields Z; and Z5. A Riemannian metric g on M is
called:

i) compatible if g(¢pX, ¢Y) = g(X,Y) — a1 (X)a1 (V) — az(X)az(Y) for all
X,Y e T(TM),
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ii) associated if g(X, YY) = (day + dae)(X,Y) and ¢(X, Z;) = «a;(X), for
i=1,2and for all X, Y € I'(T'M).

It is clear that an associated metric is also compatible, but the converse
is not true. In the Example 3.1, the metric g = Z?Zl(d;vf +dy? + aF) is
compatible but not associated.

Definition 4.2. A metric contact pair (MCP) on a manifold M is a 4-
tuple (a1, s, ¢, g) where (a1, a9, @) is a contact pair structure and g an
associated metric with respect to it.

Like for compatible metrics on almost contact manifolds, we have:

Proposition 4.1. For every contact pair structure on a manifold M there
exists a compatible metric.

Proof. Let (a1,as,¢) be a contact pair structure on M. Pick any Rie-
mannian metric A on M and define k as

E(X,Y) = h(¢*X, %Y ) + a1 (X)ai (V) + aa(X)az(Y).
Now put

9XY) = S(HXY) + (X, 6) + o (X)an(¥) + az(Xaz(Y)).

It is straightforward to show that g is a compatible metric with respect to
(a1, a2, 0). O

Compatible and associated metrics have several interesting properties given
by the following

Theorem 4.1. Let M be a manifold endowed with a contact pair structure
(a1, g, @), with Reeb vector fields Z1,Zs. Let g be a compatible metric with
respect to it, with Levi-Civita connection V. Then we have:

(a) 9(Z;; X) = ;(X), fori=1,2 and for every X € T(TM);

() 9(Z;i, Z;) = 53} i,j=1,2;

(c) Vz,Z; =0, i,j = 1,2 (in particular the integral curves of the Reeb
vector fields are geodesics);

(d) the Reeb action is totally geodesic (i.e the orbits are totally geodesic
2-dimensional submanifolds).

Moreover, if g is an associated metric and Lz, is the Lie derivative along
Z;, then Lz,¢ =0 if and only if Z; is a Killing vector field.
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Proof. The first two properties are easy consequences of the definitions of
compatible metric and of the Reeb vector fields of a contact pair. For the
third property, let us remember that «; is invariant by Z;, 4,7 = 1,2, and
then:

0= (Lz;0i)(X) = Zj(i(X)) — ai(Lz; X)
=Zj(9(X, %)) — 9(Zi,V 7, X = Vx Zj)
= g(VZjX, Z) + g(X, ijZi) — g(Zi,VZjX - VxZj)
=g(X, ijZi) +9(Z:,,VxZj).

Summing up with (Lz,«a;)(X) and recalling that [Z;,Z;] = 0, we get
9(X,Vz Z;) =0 for all X.

To prove the fourth property, let us consider the second fundamental
form B of an orbit M of the Reeb action. Since the Reeb vector fields are
tangent to the orbits of the Reeb action, we can choose {Z 1, Z2} (restricted
to M ) as a basis of the tangent space at every point of M . For a vector field
X on M along M, let us denote by X7 its tangential component. Then, by
the third property, we have:

B(Zi,Zj) =V 2.2 — (Vz,Z;)" = 0.

Finally, if ¢ is associated, we want to prove that [Lz,¢](X,Y) = 0 for all
X,Y eI(TM) if and only if (Lz,¢)(Y) =0 for every Y € I'(T'M). This is
clearly true for Y = Z; or Zs, since in this case [Lz,¢|(Z;) vanishes identi-
cally and Lz,o; = 0 applied to a vector field X implies [Lz,g](X, Z;) = 0.
It remains to prove the assertion for Y in Ker a; N Ker as. In this case, for
all vector fields X, Y, we have:

0 = Lz, (doy + das)(X,Y)
= Zg(X qZ)Y) (dO&l + dOéz)(LZiX, Y) — (doq + dOéz)(X, LZiY)
= [Lz,9)(X,9Y) + g(X, [Lz,¢](Y))

and this completes the proof since ¢ restricted to Kera; N Keras is an
isomorphism. O

Remark 4.1. Codimension two geodesible foliations of closed 4-manifolds
have been studied by Cairns and Ghys in Ref. 9. In particular, they have
proven that, in this situation, there exists a metric on the manifold for which
the leaves of the foliation are minimal and have same constant curvature
K =0,1,—1. Our case belongs to what they have called parabolic case, that
is K =0.
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As for the metric contact structures (see Ref. 8 for example), by polarization
one can show the existence of associated metrics, and in fact we have:

Proposition 4.2. For every contact pair (a1, az) on a manifold M, there
exists an endomorphism ¢ of TM and a metric g such that (a1, a2, d, g) is
a metric contact pair. Moreover ¢ can be chosen to be decomposable.

Proof. Take any Riemannian metric k. Since da; + das is symplectic on
the subbundle T'G; @ T'Gs, then it can be polarized by using k to obtain a
metric g and an almost complex structure é compatible with g. Extending
¢Z to be zero on the Reeb vector fields, we obtain ¢. Defining g to be equal
to g on T'Gy ® TG and putting g(X, Z;) = a;(X), gives the desired metric.

To obtain a decomposable ¢, polarize da; on T'G; to obtain two metrics
g; and two endomorphisms (;NSZ on TG; (i = 1,2) and then take the direct
sums. Finally, extend them as before to obtain the desired tensors. O

We end this section with two results concerning the structures induced
on the leaves of the characteristic foliations:

Theorem 4.2. Let M be a manifold endowed with a MCP (a1, 2,9, )
and suppose that ¢ is decomposable. Then («;, ¢, g) induces a contact metric

structure on the leaves of the characteristic foliation of aj for i # j, i,j =
1,2.

Proof. We will prove the assertion only for (a1, ¢, g), the other case being
completely similar. If F' is a leaf of the foliation Fs, then (a1, ¢) induces
an almost contact structure on it and «; is a contact form. Since g is
an associated metric with respect to (a1, ag, @), by Definition 4.1, when
restricted to vectors X,Y which are tangent to F' we have:

9(X,9Y) =dar(X,Y) , g(X,Z1) = a1 (X),

showing that its restriction to F' is an associated metric with respect to the
contact form induced by a;. O

In a similar way, recalling that the characteristic foliation of da; for i = 1,2
is given by Ker do;, we can prove:

Theorem 4.3. Let M be a manifold endowed with a MCP (a1, 2,0, 9)
and suppose that ¢ is decomposable. Then (a1, a9, d,g) induces a melric
contact pairs of type (h,0) on the leaves of the characteristic foliation of
das and one of type (0,k) on the leaves of the characteristic foliation of
dal.
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4.1. Orthogonal foliations

The following theorem explains the link between decomposability of ¢ and
orthogonality of the characteristic foliations when the metric is an associ-
ated one:

Theorem 4.4. For a MCP (a1, aq,9,9), the tensor ¢ is decomposable if
and only if the foliations F1,Fo are orthogonal.

Proof. Suppose that ¢(TF;) C TF; for i =1,2 and let X € I'(TF,),Y €
I'(T'F3). Because g is associated, by the choice of X, Y, we have:

g(X7¢Y) = dal(va) +da2(X7Y) =0 ’ g(X7zl) = al(X) = 07

which proves that X is orthogonal to T F, and then the two foliations are
orthogonal.

Conversely, suppose that the two foliations are orthogonal. Then, for
X € I'(TF,) and every Y € I'(TF2), we have

g(Y, 6X) = (das + da)(Y, X) =0

which implies that ¢X € I'(TF3") = I'(T'Fy), that is ¢ is decomposable. O

In the Example 3.1 the foliations are orthogonal with respect to the
metric g = Y7, (dz? 4 dy? + o) which is compatible but not associated
because ¢ is not decomposable.

Here is an example of MCP with decomposable ¢ on a nilpotent Lie
group and its corresponding nilmanifolds:

Example 4.1. Consider the simply connected nilpotent Lie group G with
structure equations:
dwl = dw6 =0 s dwg = Ws /\wg,
dwos =wi ANwy , dwy =wi Aws , dws =wi Awg,
where the w;’s form a basis for the cotangent space of G at the identity.
The pair (w2, ws) is a contact pair of type (1, 1) with Reeb vector fields

(X2, X3), the X;’s being dual to the w;’s. Now define ¢ to be zero on the
Reeb vector fields and

P(Xs5) =—X6 , 0(Xo)=X5 , o(X1) =Xy, o(Xy)=X1.

Then ¢ is easy verified to be decomposable and the metric g = Z?:1 w? is
an associated metric with respect to (ws,ws, ¢).
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Since the structure constants of the group are rational, there exist lat-
tices I' such that G/I' is compact. Since the MCP on G is left invariant,
it descends to all quotients G/T" and we obtain nilmanifolds carrying the
same type of structure.

Final comments

Further metric properties of the contact pairs structures are studied in
Ref. 5, where we prove, for example, that the characteristic foliations are
minimal with respect to an associated metric.

In Ref. 4 we study the analog for a contact pair structure of the notion of
normality for almost contact structures. We give there several constructions
involving Boothby-Wang fibrations and flat bundles, which can be used to
produce more examples of metric contact pairs.
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1. Introduction

The paraquaternionic structures, firstly named quaternionic structures of
second kind, have been introduced by P. Libermann (Ref. 1) in 1952. The
theory of paraquaternionic manifolds parallels the theory of quaternionic
manifolds, but uses the algebra of paraquaternionic numbers, in which two
generators have square 1 and one generator has square —1. Accordingly,
such manifolds are equipped with a subbundle of rank 3 in the bundle of
the endomorphisms, locally spanned by two almost product structures and
one almost complex structure. From the metric point of view, the almost
paraquaternionic Hermitian manifolds have neutral signature.

The counterpart in odd dimension of paraquaternionic geometry was
introduced by the present authors and R. Mazzocco (Ref. 2) in 2006. It is
called mixed 3-structure, which appears in a natural way on lightlike hyper-
surfaces in paraquaternionic manifolds. We review properties of manifolds
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endowed with mixed 3-structures and give some examples. Particularly, we
obtain some conditions for the existence of a metric mixed 3-structure on a
normal semi-invariant submanifold of a paraquaternionic Kéhler manifold.

2. Paraquaternionic structures on manifolds

Following Refs. 3—6 we first recall some basic facts concerning paraquater-
nionic Kéahler manifolds.

An almost product structure on a smooth manifold M is a tensor field
P of type (1,1) on M, P # +Id, such that:

P? = Id. (1)

An almost complex structure on a smooth manifold M is a tensor field
J of type (1,1) on M such that:

J? = —1Id. (2)

An almost para-hypercomplex structure on a smooth manifold M is a
triple H = (Ja),-13, where J; is an almost complex structure on M and
Ja, Js are almost product structures on M, satisfying:

JoJi = —JyJy = Js. (3)

In this case (M, H) is said to be an almost para-hypercomplex manifold.
A semi-Riemannian metric ¢ on (M,H) is said to be para-
hyperhermitian if it satisfies:

g(JozX; JaY) = eag(X, Y)a (4)

for all vector fields X,Y on M and @ € {1,2,3}, wheree; = 1,65 = €3 = —1.
Moreover, (M, g, H) is said to be an almost para-hyperhermitian manifold.

An almost para-hypercomplex manifold (M, H) is said to be a para-
hypercomplex manifold if each J,, a = 1,2, 3, is integrable, that is, if the
corresponding Nijenhuis tensors:

No(X,Y) = [Jo X, JoY] = Jo[ X, JoY] = JalJu X, Y] — ea[X, Y] (5)

a = 1,2, 3, vanish for all vector fields X,Y on M. In this case H is said to
be a para-hypercomplex structure on M.

An almost hermitian paraquaternionic manifold is a triple (M, o,g),
where M is a smooth manifold, o is a rank 3-subbundle of End(T M) which
is locally spanned by an almost para-hypercomplex structure H = (Jo),-13
and g is a para-hyperhermitian metric with respect to H. It is easy to see
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that any almost hermitian paraquaternionic manifold is of dimension 4n
and g is necessarily of neutral signature (2n,2n).

If the bundle o is parallel with respect to the Levi-Civita connection
V of g, then (M,o,g) is said to be a paraquaternionic Kéhler manifold.
Equivalently, locally defined 1-forms wi,ws,ws exist on M such that we
have:

Vxda =€a {wa+1(X)Ja+2 - wa+2(X)Ja+1} (6)

for any vector field X on M, where the indices are taken from {1,2,3}
modulo 3. We can remark that an important example in this theory is
the paraquaternionic projective space as described by Blazié¢ (see Ref. 3).
Moreover, if w1 = ws = w3z = 0, then (M,0,g) is said to be a locally
para-hyper-Kéahler manifold.

Definition 2.1. (Ref. 4) Let (M, o, g) be a paraquaternionic K&hler mani-
fold.

(a) A subspace m of T,M, p € M is called non-degenerate if the restriction
of g to m is no degenerate. In particular a 2-plane 7 in T,M is non-
degenerate if and only if it has a basis {X,Y} satisfying:

A(m) = g(X, X)g(Y,Y) — g(X,Y)* #0.

(b) If X € T,M, p € M, the 4-plane PQ(X) spanned by
{X, 1 X, J>X, J3X} is called a paraquaternionic 4-plane.

(¢) A 2-plane in T,M,p € M, spanned by {X,Y} is called half-
paraquaternionic if PQ(X) = PQ(Y).

Note that if X is a non-lightlike vector of T, M, then PQ(X) is a non-
degenerate subspace.

Definition 2.2. (Ref. 4) Let (M, o, g) be a paraquaternionic K&hler mani-
fold and let m be a non-degenerate 2-plane in 7, M,p € M, spanned by
{X,Y}. The sectional curvature K(r) is defined by:

K - SRV X)
A(m)
where the Riemannian curvature tensor R is taken with the sign convention
R(X,Y) = [Vx,Vy] = Vix,y), for all vector fields X,Y on M.
In particular, the sectional curvature for a half-paraquaternionic plane
is called paraquaternionic sectional curvature. A paraquaternionic Kéhler
manifold of constant paraquaternionic sectional curvature is called a

paraquaternionic space form.
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We have the following fundamental properties concerning paraquater-
nionic Kéhler manifolds (see Refs. 3-6):

Theorem 2.1. Any paraquaternionic Kahler manifold (M, o, g) is an Ein-
stein manifold, provided that dimM > 4.

Theorem 2.2. A paraquaternionic Kahler manifold (M,o,qg) with
dimM > 4 and zero scalar curvature is a locally para-hyper-Kdhler mani-

fold.

Theorem 2.3. The curvature tensor R of a paraquaternionic space form
(M,0,g) is given by:
3
R(X,Y)Z = g{g(Z, X —g(X,2)Y + Y €alg(Z, JoaY)Joa X —
a=1

—9(Z, T X)JoY +29(X, J.Y)J Z]}  (7)
for all vector fields X,Y,Z on M and any local basis {J1, J2, J3} of 0.

3. Manifolds endowed with mixed 3-structures

The counterpart in odd dimension of a paraquaternionic structure, called
a mixed 3-structure, was introduced in Ref. 2.

Let M be a differentiable manifold equipped with a triple (¢, £, n), where
¢ is a a field of endomorphisms of the tangent spaces, £ is a vector field and
1 is a 1-form on M such that:

¢? = —eld+n®¢& n(E) =« (8)
If e = 1 then (¢, &, n) is said to be an almost contact structure on M (see
Ref. 7), and if ¢ = —1 then (¢, &,n) is said to be an almost paracontact

structure on M (see Ref. 8).

Definition 3.1. (Ref. 2) Let M be a differentiable manifold which ad-
mits an almost contact structure (¢1,&1,7m) and two almost paracontact
structures (¢2,&2,m2) and (¢3, &3, n3), satisfying the following conditions:

na(gﬁ)zoava#ﬁv (9)
Pa(€p) = —9p(8a) = €&, (10)
Na © Pg = —7g © Go = €47, (11)

¢a¢ﬂ —Np ® ga _¢5¢a + Na & {ﬂ = E'y(b’ya (12)



280

where («, 3,7) is an even permutation of (1,2,3) and € = 1,63 = €3 = —1.
Then the manifold M is said to have a mixed 3-structure

(¢a7 é-ou 77(1)0421,3'

Definition 3.2. (Ref. 9) If a manifold M with a mixed 3-structure
(PasEarNa)a=13 admits a semi-Riemannian metric g such that:

g(¢aXa ¢ay) = eag(Xa Y) - na(X)na(Y)v g(X, ga) = na(X) (13)

for all vector fields X,Y on M and o = 1,2, 3, then we say that M has a
metric mixed 3-structure and g is called a compatible metric. Moreover, if
(¢1,€1,m,9) is a Sasakian structure, i.e. (see Ref. 7):

(Vxé)Y =g(X,Y)6 —m(Y)X (14)

and (¢2,&2,1m2,9), (¢3,&3,m3,9) are LP-Sasakian structures, i.e. (see Ref.
8):

(Vx$2)Y = g(¢aX, oY) +n2(Y) 5 X, (15)

(Vx¢3)Y = g(¢3X, d3Y)Es +n3(Y)h3 X, (16)

then ((@a,a; Na)a=13,9) is said to be a mixed Sasakian 3-structure on M.

It is easy to see that any manifold M with a mixed 3-structure admits
a compatible semi-Riemannian metric g. Moreover, the signature of g is
(2n+1,2n + 2) and the dimension of the manifold M is 4n + 3.

If M*"*3 is a manifold endowed with a mixed 3-Sasakian structure
((¢ar8arNa)a=13:9), then we can define a para-hyper-Kéhler structure
{Ja}a=13 On the cone (C(M),g) = (M x Ry, dr? 4+ r2g), by:

{JaX = (baX - na(X)(I)

Ja® = &0 (a7

for any vector field X on M and o = 1,2,3, where ® = 70, is the Euler
field on C(M).

Conversely, if a cone (C(M),g) = (M x Ry, dr? + r?g) admits a para-
hyper-Kéhler structure {Jq},_73, then we can identify M with M x {1}
and we have a mixed 3-Sasakian structure ((¢a,&a,7a)0=13,9) on M given
by:

o = Ja(ar)a PaX = —€aVx&a, Ua(X) = g(ﬁa,X), (18)

for any vector field X on M and o = 1,2, 3.
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Finally, since a para-hyper-Kahler manifold is Ricci-flat, we obtain the
main property of a manifold endowed with a mixed 3-Sasakian structure
(see Ret. 9).

Theorem 3.1. Any (4n + 3)— dimensional manifold endowed with a mized
3-Sasakian structure is an Einstein space with Einstein constant A = 4n+2.

We give now some examples of manifolds endowed with such kind of
structures.

1. Tt is easy to see that if we define (¢a,&a,%a)q—13 in R® by their
matrices:

001 000 0 —-10
b= 000, do=(001],65=(-100],
—-100 010 0 00
0 1 0
G=(1]),&=10],&=10],

0 0 1

m=(010), 72=(-100), n3=(00-1),
then (¢a, 8o, Na)o=13 IS @ mixed 3-structure on R3.

We define now (¢, &0, 7 ) g3 in RT3 by:

a’Sa

/ « 0 ! « /
¢a: (qz) Ja)aéa: <€0)ana:(na 0);

for o = 1,2, 3, where .J; is the almost complex structure on R*" given by:

Jl((l‘i)i:m) = (=22, %1, —T4, T3, .o; —Tan—2, Tan—3, —Tdn, Tan—1), (19)

and Jy, J3 are almost product structures on R*" defined by:

Jo((i);=14m) = (—Tan—1, Tan, —Tan—3, Tan—2, ..., —T3, T4, —T1,T2), (20)

J3((xi)i:m) = (33477.7 Lan—1, Lan—2, L4n—3, ---y L4, T3, T2, 1‘1). (21)

Since JoJ1 = —J1J2 = J3, it is easily checked that (¢r,, &), 1m0 ) 0=13 is @
mixed 3-structure on R4"+3.

2. The unit sphere S;Zj_'f is the canonical example of manifold with
a mixed Sasakian 3-structure. This structure is obtained by taking S;ﬁif
as hypersurface of (R3/15.7). It is easy to see that on the tangent spaces

T,Sart?, p € Syrt?, the induced metric g is of signature (2n + 1,2n + 2).
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If (Ja),=13 is the canonical paraquaternionic structure on the Ry" 3
and N is the unit normal vector field to the sphere, we can define three
vector fields on Sy t% by:

€0 =—JuN, a=1,2,3.

If X is a tangent vector to the sphere then J,X uniquely decomposes
onto the part tangent to the sphere and the part parallel to N. Denote this
decomposition by:

JouX = ¢paX + 1a(X)N.

This defines the 1-forms 7, and the tensor fields ¢, on S5t where o =

1,2,3. Now we can easily see that that (¢a,&a; 7a),-13 18 @ mixed Sasakian
3-structure on Sy,

3. Since we can recognize the unit sphere Séﬁif as the projective space
Pyri3(R), by identifying antipodal points, we have also that Pyrf?(R)
admits a mixed Sasakian 3-structure.

4. Let (M,g) be a (m + 2)-dimensional semi-Riemannian manifold with
index ¢ € {1,2,...,m + 1} and let (M, g) be a hypersurface of M, with
g = gjn- We say that M is a lightlike hypersurface of M if ¢ is of constant
rank m (see Ref. 10). Unlike the classical theory of non-degenerate hyper-
surfaces, in case of lightlike hypersurfaces, the induced metric tensor field
g is degenerate.

We consider the vector bundle TM+ whose fibres are defined by:
T,M~+ ={Y, € T,M[g,(X,,Y,) = 0,VX, € T,M},Vp € M.

If S(TM) is the complementary distribution of TM* in TM, which
is called the screen distribution, then there exists a unique vector bundle
Itr(TM) of rank 1 over M so that for any non-zero section & of TM~*
on a coordinate neighborhood U C M, there exists a unique section N of
Itr(TM) on U satistying:

gN.&§) =1, g(N,N) =g(W,W) =0, VIV € I(S(T'M) v).-

In a lightlike hypersurface M of an almost hermitian paraquaternionic
manifold (M, o,g) such that £ and N are globally defined on M, there is a
mixed 3-structure (see Ref. 2).

4. Normal semi-invariant submanifolds and mixed
3-structures

The study of submanifolds of a paraquaternionic Kéhler manifold is a very
interesting subject and several types of such submanifolds we can find in
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the recent literature: Kéhler and para-K&hler submanifolds (Refs. 11,12),
normal semi-invariant submanifolds (Ref. 13-15), F-invariant submanifolds
(Ref. 16), paraquaternionic CR-submanifolds (Ref. 17), lightlike submani-
folds (Refs. 2,18). Next we investigate the existence of mixed 3-structures
on a normal semi-invariant submanifold of a paraquaternionic Kéhler mani-
fold.

Let (M,g) be a non-degenerate submanifold of a paraquaternionic
Kihler manifold (M, 0,3), with g = Jar- Then (M, g) is called a normal
semi-invariant submanifold of (M, o, g) if there exists a non-degenerate vec-
tor subbundle @ of the normal bundle TM~+ such that:

(i) Ja(@p) = Qp, VP € M, Va € {1,2,3}

(i) Jo(Qp) C T,M,Vp € M, Yo € {1,2,3}, where Q= is the comple-
mentary orthogonal bundle to Q in TM* (see Ref. 13).

If (M, g) is a normal semi-invariant submanifold of a paraquaternionic
Kéhler manifold (M, 0,7), then we set Doy = Jo(Qy ). We consider Dy, @
Dy, @ D3y, = Df; and 3s-dimensional distribution D+ : p DZJ; globally
defined on M, where s = dz’ij;. We denote by D the complementary
orthogonal distribution to D+ in TM. We remark that D is called the
paraquaternionic distribution because it is invariant with respect to the
action of J,, a € {1,2,3} (see Ref. 13). Let (M,g) be a normal semi-
invariant submanifold of a paraquaternionic Kéhler manifold (M, o, 7).

We recall the following result concerning the integrability of the distri-
bution D+ (see Ref. 13).

Theorem 4.1. Let (M,g) be a normal semi-invariant submanifold of a
paraquaternionic Kdhler manifold (M, 0,g). Then the following assertions
are equivalent:

(i) The distribution D+ is integrable.

(ii) The second fundamental form h of M satisfies

h(X,Y)eT(Q), VX €T(D), Y € T(D™).

Next we show the existence of a mixed 3-structure on a normal semi-
invariant submanifold of a paraquaternionic Kahler manifold under some
conditions. We suppose that (M, g) is a normal semi-invariant submanifold
of a paraquaternionic Kihler manifold (M, o, g) such that dimQ* = 1 and
G+ is positive definite.

For any vector field X on M and « € {1,2,3} we have the decomposi-
tion:

JoX = ¢ X + F. X,
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where ¢, X and F,X are the tangent part and the normal part of J, X,
respectively. We can remark that, in fact, F,X € TI'(Q1), for any vector
field X on M.

Since dimQ+* = 1 and g+ 1s positive definite, we have Qt =< N >,
where N is a unit space-like vector field and we can see that we have the
decomposition:

JoX = ¢pa X + 1o (X)N, (22)
where:
1a(X) = 7g(JoX, N). (23)
We define now the vector field &, by:
§a = —JalV,

for any o € {1,2,3}.
From (22) we have for all a € {1, 2, 3}:

(Z%X = Ja((baX) - na((baX)N

and thus we conclude:

Pa = —€aX + 1a(X)&a- (24)
On the other hand, from (23) we deduce:
Na(éa) = €a, Ya € {1,2,3} (25)
and
1a(§p) = 0, Yoo # 3 (26)

From (24) and (25) we conclude that (¢1,£1,71) is an almost contact
structure on M, while (¢2,&2,m2) and (¢s,&3,7n3) are Lorentzian almost
paracontact structures on M. Moreover, by straightforward computations
we obtain the following result (see Ref. 15).

Theorem 4.2. Let (M,g) be a normal semi-invariant submanifold of a
paraquaternionic Kdihler manifold (M, 0,g) such that dimQ* =1 and [lon
is positive definite. Then M admits a metric mized 3-structure.
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In this short note, we consider topological obstruction of compact Riemannian
manifolds with positive Ricci curvature. We survey the author and Wu’s work
in 2006 about an extension of the classical Myers’ theorem. This work is a
partially generalization of Fukaya and Yamaguchi’s work in 1992.
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1. Introduction

The investigation of the relationships between curvature and topology of a
Riemannian manifold is a fundamental undertaking in Riemannian geome-
try. The classical Myers’ theorem shows that

Myers’ Theorem: Let (M™,g) be a compact Riemannian n-manifold.
If Ricpy > (n — 1)r=2 then the diameter of M, diam(M",g), satisfies
diam(M™,g) < 7r. In particular, the fundamental group w1 (M) of M is
finite provided Ricps > 0.

It is interesting to investigate the problem that ” What can be said about
the fundamental group of a compact positively Ricci curved manifold de-
pending only on the dimension of the manifold, except that it is finite?” In
[2], the author and Wu give an extension of Myers’ theorem by generaliz-
ing Fukaya and Yamaguchi’s work in [3]. Moreover, our investigation gives
a partial answer to Gromov’s conjecture about almost nonnegative Ricci
curved manifolds.

2. An Extension of Myers’ Theorem

We consider compact Riemannian n-manifolds with positive Ricci curva-
ture. When n = 2, it is known that only the projective plan RP? and the
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2-sphere admit metrics with positive curvature. Hamilton showed in [5]
that a compact 3-manifold with positive Ricci curvature also admits a met-
ric with a constant sectional curvature of +1, and is then covered by the
3-sphere. However, one has only Myers’ theorem for the general cases. The
following result is proved in [2].

Theorem 2.1. Given n > 2, there exist constants p, and C,, depending
only on n such that if a compact Riemannian n-manifold M™ has the Ricci
curvature Ricyrn > 0, then

(a) the first betti number by(M™,Z,) with p-cyclic group coefficient Z,, sat-
isfies b1(M™,Zy) <n —1 for all prime p > p,, and

(b) the ratio of diameters satisfies

diam(M™)

diam(M™) < Cu

where M™ denotes the universal covering of M™.

Remark 2.1. Considering the flat n-torus T", b;(T",Z,) = n is obtained
for all prime p, and the canonical Euclidean n-space R™ is its univer-
sal covering space. Fukaya and Yamaguchi showed in [3] that if a com-
pact Riemannian n-manifold M with sectional curvature K; and diameter
diam (M) satisfies Kprdiam(M)? > —e, for some constant ¢, depending
only on n, then bi(M™,Z,) < n for all p > p,, and the maximal case
b1(M",Z,) = n arise only when M™ is diffeomorphic to a torus. They also
found that diam (M) /diam(M) is uniformly bounded by a constant depend-
ing only on n provided the fundamental group 71 (M) is finite. Theorem 2.1
extends their results to manifolds with positive Ricci curvature. Notably
positively Ricci curved n-manifolds with n < 3 are covered by spheres as
discussed above. Hence Theorem 2.1 holds for these manifolds.

Gromov made a conjecture in [4] that a positive number €, exists which
depends only on n such that if a compact Riemannian n-manifold M with
almost nonnegative Ricci curvature Ricysdiam(M)? > —e,,, then the funda-
mental group 71 (M) of M is almost nilpotent. It means that w1 (M) contains
a nilpotent subgroup of finite index. Fukaya and Yamaguchi have shown
that Gromov’s conjecture holds when the condition Kysdiam(M)? > —e,
in [3]. Cheeger and Colding proved in [1] that there exists an €, > 0 such
that if Ricyrdiam(M)? > —e, and the first betti number b;(M,R") = n,
then the manifold M is homeomorphic to the flat n-torus T if n # 3 and
homotopically equivalent to T™ if n = 3. Under the additional assumptions
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on the conjugate radius of M, that is, consider compact Riemannian n-
manifolds with diam(M) < 1 and conjugate radius > ¢y > 0. Then Paeng
shows in [6] that there exists an €, , > 0 such that 71 (M) is almost nilpo-
tent. In this work, we give a partial answer to the conjecture and prove the
fundamental group is almost solvable.

Theorem 2.2. There ezist €,, wy, > 0 depending only on n such that if a
compact Riemannian n-manifold satisfies Richiam(M)2 > —e, then the
fundamental group 71 (M) of M contains a solvable subgroup of finite index
less than w,,.

The main tool in the proof of Theorem 2.1 and Theorem 2.2 are the
equivariant pointed Hausdorff convergence developed by Fukaya and Yam-
aguchi in [3]. Use this notion, Fukaya and Yamaguchi prove the following
solvability theorem. Recall that the length of polycyclicity of a solvable
group G is the smallest integer m for which G admits a filtration

{e} =G CGp1C...CGI CGy=G
such that each G;/G;_1 is cyclic.

Theorem 2.3 (Solvability Theorem (Fukaya & Yamaguchi, 1992)).
For given positive integers n and k, n > k and a positive number puo,
there exist positive numbers € = €, x(Ho), W = wpyk and a function
7(€) = Tn ko (€) with lime_o7(e) = 0 such that if (M™,p) and (N*,q)
are pointed-Riemannian manifolds of dimension n and k respectively such
that

(2.3.1)  the sectional curvatures of M and N satisfy Ky > —1, |Kn| <1
and the injectivity radius of N with inj(N) > po;

(2.3.2) du(M,N) <,

where dg denotes the classical Hausdorff distance, then there exists a map
f: M — N satisfying

(2.3.3) [ is a continuous 7(€)-Hausdorff approzimation which is also a fib-
eration and a 7(¢)-Riemannian submersion (i.e. e~7(€) < % < e for
each & is orthogonal to the fiber.)

(2.3.4) there exists a normal subgroup H of the fundamental group T of the
fiber of f such that

(i) H is solvable with length of polycyclicity < n — k,

(i1) the index [T : H] < w.

By use of Theorem 2.3, Fukaya and Yamaguchi prove the following
Margulis’s lemma.
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Theorem 2.4 (Margulis’s Lemma; Fukaya & Yamaguchi, 1992).
There exists a positive number 6, depending only on n and satisfying the
following: Let (M™,p) be a complete pointed Riemannian n-manifold with
sectional curvature Kpym > —1. Then there exists a point p’ € B,(1/2) such
that the image of the inclusion homomorphism

I’ = Im[7T1(Bp/(5n)) — Wl(Bp(l))]

is almost nilpotent and admits a subgroup A’ C T with
(1) [I7:A] < wy, where w, depends only on n;
(2) N is solvable with length of polycyclicity < n.

The idea in the proof of Theorem 2.1 and 2.2 is to generalize Fukaya
and Yamaguchi’s work, especially the Solvability Theorem and the Mar-
gulis’s Lemma to manifolds with lower Ricci curvature bound. There are
two difficulties to this end.

e There is no fiberation with the property of almost Riemannian submer-
sion as in (2.3.3) for manifolds with lower Ricci curvature bound.

e The Margulis lemma (Theorem 2.4) cannot be extended to manifolds
under a lower Ricci curvature bound only.

The following result is a generalization of Fukaya and Yamaguchi’s solv-
ability theorem and is crucial to the proof of Theorem 2.1 and Theorem
2.2.

Theorem 2.5 (Chen & Wu, 2006). For given positive integers n and k,
n > k and a positive number g, there exist positive numbers € = €, (1),
W = Wy and a function T(€) = T g u, (€) with lime_,o7(e) = 0 such that
if (M™,p) and (N*,q) are pointed-Riemannian manifolds of dimension n
and k respectively such that

(2.5.1) Ricyr > —(n—1), Riey > —(n—1) and inj(N) > po > 0,
(2.5.2) dau((M,p),(N,q)) <e,

where dgp denotes the pointed Gromov-Hausdorff distance, then there ex-
ists a map f: M — N with f(p) = q satisfying the following:

(2.5.3) [ is a continuous 7(e)-Hausdorff approximation such that fi :
m1(M,p) — 71(N,q) is surjective;

(2.5.4) Let V. = By(5) be the ball around q with radius &*. Set U =
f~YV). Then there is a normal subgroup H of the fundamental group
I'=m1(U) of U such that
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(i) H is a solvable subgroup of I' with length of polycyclicity < n — k,
(i1) [P:H]Swn’k.

The following Weak Margulis’s Lemma under a lower Ricci curvature
bound is proved in [2]. It is a weaker version of the Margulis Lemma for
only ”one point”.

Theorem 2.6 (Weak Margulis’s Lemma; Chen & Wu, 2006).
There exists a positive number 6, depending only on n and satisfying the
following: Let (M™,p) be a complete pointed Riemannian n-manifold with
Ricym > —(n — 1). Then there exists a point p' € B,(1/2) such that the
image of the inclusion homomorphism

I = Im[m(By(,)) — m(Bp(1))]

admits a subgroup A’ C T with
(1) [IV:A'] < w,, where wy, depends only on n;
(2) A is solvable with length of polycyclicity < n.

Remark 2.2. Consider a compact Riemannian n-manifold M"™ with
Ricpm > 0. Scaling the metric of M so that diam(M) < %" still leaves
Ricpr > 0, thus showing the fundamental group mq (M) of M admits a sub-
group H such that

(1) [H:m(M)] < wp.

(2) H is solvable with length of polycyclicity < n.

We refer the readers to [2] for the details of the proofs.
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1. Different types of Gray curvature conditions

The Gray curvature conditions, (the so-called Gray identities), were intro-
duced by Alfred Gray! for almost Hermitian manifolds (M, g, J):

R(X,Y,Z,W)=R(X,Y,JZ,JW)
R(X,Y,Z,W) = R(JX,Y,Z,JW)+ R(X,JY, Z,JW) + R(X,Y, J Z, JW)
R(X,Y,Z,W)=R(JX,JY,JZ, JW)

A natural question which arises is to find analogous curvature conditions
in the case of odd dimensional manifolds, namely of almost contact and
contact metric manifolds.

Some Gray-type curvature conditions for almost contact metric mani-
folds were later introduced by A. Bonome, L. Hervella and I. Rozas?

Kly: R(X,Y,Z,W)=R(X,Y,0Z oW)
K2y : R(X,Y,Z,W) = R(pX,Y,Z,oW)

+ R(X, Y, Z,oW) + R(X,Y,0Z, W)
K3p: R(X,Y,Z,W)=R(pX,0Y,pZ,oW)

and other Gray-type conditions by M.I. Munteanu and the author®
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Gl: R(X,Y,Z,W)=R(X,Y,¢Z oW) - g(X,0Z)g(Y, pW)
+9(Y,0Z)g(X, oW) — g(Y, Z)g(X, W) + g(X, Z)g(Y, W)

G2: R(X,Y,Z,W)=R(eX,Y,Z,oW)+ R(X, Y, Z,oW)
+ R(X,Y,0Z, W) + g(X, Z)n(W)n(Y) — g(Z, Y )n(X)n(W)

G3: R(X,Y,Z,W)=R(pX,pY,pZ,oW) + g(X, Z)n(W)n(Y)
= 9(Z, Y )n(X)n(W) + g(Y, W)n(X)n(Z) — g(X, W)n(Y)n(Z)

Remark 1. (3) It is easy to see that every contact metric manifold satis-
fying one of G1, G2, G3 is Sasakian.

2. Gray curvature conditions for the Tanaka-Webster
connection

Then it becomes necessary to establish other curvature conditions for con-
tact metric manifolds, if necessary using special tools, like the Tanaka Web-
ster connection instead of the Levi-Civita connection.

The generalized Tanaka-Webster connection of a contact manifold
(M, p,&,m) is given by the expression:*

VxY = VxY 4+ 5(X)eY +n(Y) (X + ohX) + dp(X + hX,Y)E

where V is the Levi-Civita connection of the manifold (M, ¢, £, n) and the
tensor field h is defined as h = %Lgp (see for example®).

The Tanaka-Webster V connection is the unique connection on
(M, g, p,&,m) which satisfies the following properties:©

) Vg=0 Vn=0 VE=0
(Vxe)Y = (Vxp)Y —g(X +hX,Y){+n(Y)(X + hX)

T(Z,2') =2dn(2,2")¢ NV Z,Z' € Kern

Remark 2. (cf.”) It is easy to see that for strongly pseudoconvex CR-
manifolds (®?), the generalized Tanaka-Webster connection coincides with
the classical Tanaka connection introduced by N. Tanaka.!?

Let R(X,Y, Z,W) denote the curvature tensor of V and R(X,Y, Z, W)
the curvature tensor of V. We study the relation between the curvatures of
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the Tanaka-Webster and Levi-Civita connections.

R(X,Y)Z 4+ oR(X,Y)pZ = R(X,Y)Z + pR(X,Y)pZ
+2n(Y)n(Z)(X + hX) = 20(X)n(Z)(Y + hY) +2n(Y)(Vx¢)Z
= 20(X)(Vyp)Z +20(VyZ)n(X)§ — 2n(VxeZ)n(Y)§
—(VyeZ)(X +hX) +n(VxpZ)(Y +hY) +n(Z)(Vxp)Y

—n(Z2)(Vye)X +n(Z2)(Vxph)Y —n(Z)(Vyph)X

+0(X)g(Y +hY, 2) —n(Y)g(X + hX, Z)¢

—g(eX + ohX, Z) (Y + ohY) + g(©Y + ohY, Z) (0 X + phX)
+9(Y + 1Y, (Vxp)Z)§ — g(X + hX, (Vyp)Z)§

+9((Vxh)Y — (Vyh) X, pZ)§

In the particular case of Sasakian manifolds, as we have (Vxp)Y =
9(X,Y)¢ —n(Y)X, we obtain

R(X,Y,Z,W) = R(X,Y,0Z,oW) — g(X, 0Z)g(¢Y, W)
+9(Y,0Z)g(eX, W) + g(Y, Z)g(X, W) — g(X, Z)g(Y, W)
=R(X,Y,Z,W) — R(X,Y,oZ, W)

As G1 holds on Sasakian manifolds, as particular cases of C(1)-manifolds,!!
we obtain the annulation of the left member. Because of the fact that Vi =
0 (see'?>13) we obtain that

Theorem 2.1. For strongly pseudoconver CR manifolds, the following ex-
pression holds

0=R(X,Y)Z + ¢R(X,Y)pZ — g(Y + hY, Z)(X + hX)
+9(X +hX, Z)(Y + 1Y) +0(Z)(Vxph)Y —n(Z)(Vyph) X
—9(Vx& Z2)VyE+9(VyE Z)VxE+ g((Vxh)Y — (Vyh) X, pZ)E.

In order to study the second condition, we obtain, by similar computations,
that for Sasakian manifolds

R(X,Y)Z + ¢R(¢X.Y)Z + oR(X,¢Y)Z + pR(X,Y)pZ
=R(X,Y)Z+ oR(pX,Y)Z + pR(X,9Y)Z + pR(X,Y)pZ
+n(Y)g(X, 2)§ —n(X)g(Y, Z)¢
finally obtaining G2 in the right member. We obtain the identity G3 by
similar computations; the expression becomes for Sasakian manifolds
R(X,Y,2,W) = R(pX, oY, 0Z,oW) = R(X,Y, Z,W)

Rk o o oy o ZITICE) - o2, VKW
Y. W n(X)n(Z) — g(X, W)n(Y)n(2)
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Then obviously we can adapt the following conditions for every contact
metric manifold (M, g, ¢, &, n):

(K2) R(X,Y,Z,W) = R(pX,Y, Z, pW)
N + R(X, Y, Z,oW) + R(X,Y, pZ, oW)
(K3) R(X,Y,Z, W) = R(eX, Y, 0Z, oW)
The natural question is if there are non-Sasakian manifolds on which

these conditions hold.

Example 2.1. Example of a contact metric manifold satisfying the Ki
curvature conditions without satisfying the Gi curvature conditions, with
i€1,2,3.

Consider on R? the base composed by the following vector fields X =
20y, Y = cosyd, — sinyd, and { = sinyd, + cosy0,. Let n = sinydzr +
cosydz. As n Adnp = —dx A dy A dz, (R®,n) is a contact manifold, we
endow it with an almost contact structure (p, £, n) by defining ¢ by pX =
-Y, Y = X and ¢¢ = 0 and an associated metric ¢ = dx? + dz? +
1dy*. (R3,g,¢,€&,n) now becomes a contact metric manifold of dimension
3. Hence, (R3, g, ¢,&,n) becomes a strongly pseudoconvex CR manifold.®

As hX = X and hY = —Y this manifold is not K-contact. The Levi-
Civita connection is given by VxY = —2¢ and Vx& = 2Y and zero for the
other terms. The Tanaka Webster connection is given by @gX = —Y and
V¢Y = X and zero for the other terms. As the manifold R? endowed with
the upper structure is not Sasakian, it does not satisfy the G¢ conditions
(as we can directly see by computing the curvature R(£, X)X). But all of
the conditions K; introduced for the Tanaka Webster connection hold for
this manifold.
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1. Introduction

Let M f,,, denote the category of m-dimensional manifolds and their embed-
dings (i.e. diffeomorphisms onto open subsets) and F M denote the category
of fibred manifolds and their fibred maps. Manifolds and maps are assumed
to be of class C'*°.

For any m-manifold M we have the r-th order frame bundle P"M =
invJ§(R™, M) of M. This is a principal bundle with the corresponding Lie
group GI = JJ(R™,R™), acting on the right on P"M via compositions of
jets. Every M f,-map 1 : M7 — M> induces a principal bundle embedding
P"y . P"M; — P"Mjy by P™(j5¢) = 35 (¢ o @), where ¢ : R™ — M is a
M f,-map. The correspondence P" : Mf,, — FM is a bundle functor in
the sense of [2].
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For any n-manifold N we have the Riemannian bundle Riem(N) =
Uyen Met(TyN) over N. The correspondence Riem : Mf, — FM is a
bundle functor in the sense of [2].

For any m-manifold M we have the classical linear connection bundle
QM := (idp«p @7t) " Hidrp) C T*M @ JYTM of M, where 7t : JITM —
T M 1is the projection of the first jet prolongation of T'M. The correspon-
dence Q : M f,, — FM is a bundle functor in the sense of [2].

In the present short note we study the problem how a classical linear
connection V on an m-dimensional manifold M can induce (canonically)
a Riemannian structure A(V) on P"M. This problem is reflected in the
concept of M f,,,-natural operators A : Q~~RiemP". In the note we describe
explicitly all M f,,,-natural operators A in question.

2. Natural operators

Definition 2.1. ([2]) An M f,,-natural operator A : Q~>RiemP" is a fam-
ily of M f,,-invariant regular operators (functions)

A=Ay : QM) — Riem(P"M)

for any M fy,-object M, where Q(M) is the set of all classical linear con-
nections on M (sections of Q(M) — M) and Riem(N) is the set of all
Riemannian structures on N (sections of Riem(N) — N) for any manifold
N. The invariance means that if Vi € Q(M;) and Vy € Q(M>) are related
by an M f,,-map v : M7 — My (i.e. Q(¢)) o Vi = Va0 1) then A(V7)
and A(Vg) are P"i)-related (i.e. Riem(P ) o A(Vy1) = A(V2)o P"). The
regularity means that A transforms smoothly parametrized families of clas-
sical linear connections into smoothly parametrized families of Riemannian
structures.

For r = 1, P'M is equivalent with the bundle LM of linear frames
over M (we identify ji¢ € P1M with (Tmp(azi ‘0))1.:1 € LM). In this case
we have the following very important classical example of M f,,-natural
operator Q~~RiemP' presented in the proof of Theorem 1.5 in [1].

Example 2.1. Let V be a classical linear connection on an m-manifold M
and let w = (w]) : TP*M — gl(m) be its connection form. Let § = (¢7) :
TP'M — R™ be the canonical form on P'M. We put

= 0H(XT)ei(Y —l—Zwk Y*), X*,Y* € T,P'M.
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Then ¢V is a Riemannian structure on P! M, see the proof of Theorem 1.5
n [1]. Clearly, the correspondence A! : Q~RiemP* given by AY(V) = gV
for all V € Q(M) is an M f,,,-natural operator.

Example 2.2. Let V be a classical linear connection on M. Let (Gi,wi)
be the basis of 1-forms on P'M, where § = (6%) and w = (w}) is as in
Example 1 for V. Let X!(V),..., X' (V), where L, = dim(P'R™) = m +
m?, be the dual (to (8%,w])) basis of vector fields on P'M. Then §V
ZS: (X5(V))* ® (X*(V))* is a Riemannian structure on P*M (the same
as in Example 2.1).

From now on let Ay, ..., Agim(gr ) be the standard basis in g, = Lie(G},)
(i.e. the basis j§(z%5%) € (JETR™)g = g, for i = 1,....,m, 1 < o] < 7).

Example 2.3. Construction of an absolute parallelism on P"M from a
classical linear connection V on M. Let V be a classical linear connection
on an m-manifold M. Let i = 1, ..., m. We have a vector ﬁeld Yi{(V)on P"M
defined as follows. Let o = jl¢ € (P M), x € M Let ¢v* = T‘P(amt IO) €
T, M. We extend v* to the constant vector field #° on T, M. Then on some
neighborhood of = we have the vector field V¢(V) = (Expy ).9', where
ExpY : T,M D Uy, — U, C M is the exponent of V. We define Y#(V), :=
PT(Vi(V)),, where PTV is the flow lifting of a vector field V on M to P"M
(if {¢¢} is the flow of V' then {P"¢,} is the flow of P"V). It is easy to see
that Y*(V), projects onto v* by the bundle projection P"M — M. So, it
is a simple observation that Y*(V), A% for i = 1,...,m, j = 1,...,dim(g},,)
is an absolute parallelism on P"M (canonically depending on V), where
given A € Lie(Gl)) we denote the fundamental vector field on the principal
bundle P"M by A*.

Example 2.4. Let V be a classical linear connection on an m-manifold
M. Let (Y*(V), A}) be the parallelism from Example 2.3. Let w*(V) for
s=1,.. dzm(PT]Rm) be the dual basis of 1-form on P"M. We put

~TV Zw )

Clearly, g™V is a Riemannian structure on P"M. Clearly, the correspon-
dence Al"l : Q~RiemP" given by Al'l(V) = g™V for all V in question is
an M f,,-natural operator. One can observe easily that A* = Alll

According to the global basis of vector fields (Y(V), A7) on P"M from
Example 3, given V € Q(M) we have a canonical (in V) fibred diffeomor-



299

phism
(%) Iy : P"M x Met(RE) — Riem(P™M)

covering idpr s defined by the condition that the matrix of Iy (o, G) in the
basis (Y*(V)(0), A5 (0)) is the same as the one of G in the usual canonical
basis of REr.

From now on we denote
Q" = (])7(1°) C (P"R™)q,
where [° is the usual canonical basis in R™ = ToR™ and 7} : P"M — P'M
is the jet projection. Of course, Q" is a submanifold in (P"R™)y.

For s =0,1,...,00, let Z° = J§(Q(R™)) be the set of s-jets j§V of all
classical linear connections V on R" with

m
(k) Z V;k(m)x]xk =0fori=1,..,m.
Jk=1

We inform that the condition (**) means (it is equivalent to) that the usual
coordinates z?, ..., 2™ on R™ are V-normal with centre 0. If s is finite, then
(from (**)) Z* is a finite dimensional manifold (diffeomorphic to a finite
dimensional vector space). Z°° is a topological space with respect to the
inverse limit topology given by the inverse system ... — Z°t1 — 75 —
.. — Z° of jet projections.

Example 2.5. General construction. Let pu: Z>° x Q" — Met(RE), where
L, = dim(P"R™), be a map satisfying the following local finite determina-
tion property (a,):

(a,) For any p € Z* and o € Q" we can find an open neighborhood
U C Z*° of p , an open neighborhood V' C Q" of ¢, a natural number s and
a smooth map f : 7w,(U) x V. — Met(RE") such that u = f o (75 x idy) on
U x V, where s : Z°° — Z° is the jet projection.

(A simple example of such p is p = f o (ms X idgr) for smooth f :
75 x Q" — Met(RL) for finite s.) Given a classical linear connection V on
an m-manifold M we define a Riemannian structure A<+~ (V) on P"M as
follows. Let o € (P"M),, x € M. Choose a V-normal coordinate system
on M with center x such that P"i(c) € Q". Of course, such ¢ exists. Then
germ, (1) is uniquely determined. We put

ASIZ(V)o = Riem(P" (¢~ 1)) (Iy. v (P"9(0), u(j§° (¥ V), P (0)))).-

Since germg (1)) is uniquely determined the definition A<#>(V), is correct.
The family A<HF> : Q~~RiemP" is an M f,,-natural operator.
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3. The main result

Theorem 3.1. Any M f,,-natural operator A : Q~RiemP" is A<H> for
some uniquely determined (by A) function p : Z* x Q" — Met(RLv)
satisfying the property (a,).

Proof. Let A: Q~RiemP" be an M f,,-natural operator. We must define
p:Z® x Q" — Met(RE) by

(0, 1(j5°V, ) = I (A(V)(0)).

Then by the non-linear Peetre theorem [2], 1 satisfies the property (a,).
Then by the definition of y and A<~ we see that A(V)(c) = A<*>(V)(0)
for any classical linear connection V on R™ such that the identity map
tdrm is a V-normal coordinate system with center 0 and any o € Q. Then
by the invariance of A and A<F> with respect to normal coordinates we
deduce that A = A<H>. O

Remark 3.1. Similar problems as the one of the present note have been
studied in many papers, [3]-[7]. The method used in the present note is the
same as in [5] and [6].
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We describe all M f,-natural operators A : Q° ~» GryT™* lifting torsion free
classical linear connections V on m-manifolds M into g-dimensional distribu-
tions A(V) C TT*M on the cotangent bundle T*M.
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bundle, natural operator

1. Introduction

Let m and ¢ be arbitrary integers such that m > 1 and 0 < q¢ < 2m.
We study the problem how a torsion-free classical linear connection V on
an m-dimensional manifold M induces canonically a smooth (C°°) dis-
tribution A(V) C TT*M on the cotangent bundle T*M of M such that
dim(A(V),) = q for any w € T*M. This problem is reflected in the concept
of natural operators A : Q° ~» Gr T transforming torsion free classical lin-
ear connections V on m-manifolds M (sections of the bundle Q°M — M
of torsion-free connections) into ¢-dimensional distributions A(V) on T*M
(sections of the Grassmann bundle Gry(T*M) — T*M of ¢-dimensional
subspaces tangent to T*M). The main result constitutes Theorem 2.1,
where we describe all natural operators A : Q° ~» GryT™ in question.
The proof of Theorem 2.1 is based on a modification of the method from
[2].

All manifolds and maps are assumed to be smooth (of class C*°). Mani-
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folds are assumed to be finite dimensional and without boundary.

2. The main result

Given an m-dimensional manifold M, let TM be the tangent bundle of M.
Every embedding f : M — M; of m-dimensional manifolds induces the
corresponding tangent map T'f : TM — T M; of f.

Given an m-dimensional manifold M, let T*M = (T'M)* be the cotan-
gent bundle of M. Every embedding f : M — M; of m-manifolds induces
a vector bundle embedding T* f := (T'(f~1))* : T*M — T*M; covering f,
where T'f denotes the tangent map of f.

Given an n-dimensional manifold IV, let Grp, N be the Grassmann bun-
dle of p-dimensional vector subspaces tangent to N. Every embedding
f + N — N of n-manifolds induces a fibred map Gr,f : Grp, N — Gr,N;
covering f given by Gr,f(V) = T f(V) for any V € (GrpN), (i.e. for any
p-dimensional subspace V C T, N), x € N.

A p-dimensional distribution on an n-dimensional manifold N is a
smooth (C*°) vector sub-bundle D C T'N of the tangent bundle of N such
that dim(D,) = p for any point € N. Thus a p-dimensional distribution
D is a smooth (C*°) section of the Grassmann bundle Gr, N of N.

Given an m-manifold M, let QM := (idp-p @ 7)1 (idry) C T*M @
JYTM be the connection bundle of M, where 7! : JI'TM — TM is the
projection of the first jet prolongation J'TM = {j1X|X € X(M),z € M}
of the tangent bundle TM of M. Every embedding f : M — M; induces
(in obvious way) a fibred map Qf : QM — QM; covering f.

There exists a sub-bundle Q°M of QM such that the sections of Q°M
are the torsion free classical linear connections on M."3 More precisely,
if A2 : R™ — QR™ is the usual flat classical linear connection on R™
then Q°M = {Qf(A3) | f: R™ — M is an embedding}. Every embedding
f: M — M; of m-manifolds induces (by restriction of Qf) a fibred map
Q°f: Q°M — Q°M; covering f.

We denote the set of all classical linear connections on M by Q(M) and
the set of all torsion free classical linear connections on M by Q°(M).

Definition 2.1. ([1]) Let m and ¢ be integers such that m > 1and 0 < ¢ <
2m. An M f,-natural operator A : Q° ~» Gr,T* lifting torsion free classical
linear connections V on m-manifolds M into ¢-dimensional distributions
A(V) on the cotangent bundle T*M is a family of M f,,-invariant regular
operators (functions)

A= Q(M) — Gry(T*M)
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from the set Q°(M) C Q(M) of all torsion free classical linear connections
on M (sections of Q°M — M) into the set Grqy(T*M) of all g-dimensional
distributions on T*M (sections of Gr,(T* M) — T*M) for any M f,,-object
M, where M f,, is the category of m-dimensional manifolds and their em-
beddings. The invariance means that if Vi € Q°(M) and V, € Q°(N) are
f-related (i.e. Q°f o Vi = Va0 f) for some M f,,-map f : M — N then
A(V1) and A(Vz) are T* f-related (i.e. Gry(T*f) o A(V1) = A(V2) o T*f).
The regularity means that A transforms smoothly parametrized families of
torsion free classical linear connections into smoothly parametrized families
of distributions.

We have the following M f,,,-natural operators A : Q° ~» Gr,T™*.
Example 2.1. AN(V),, = {0} for all w € (T*M),, x € M, V € Q°(M).

Example 2.2. AP(V), = ker(T,my) = V,T*M for all w € (T*M),,
r e M,V € Q°(M), where mpr : T*M — M is the cotangent bundle
projection.

Example 2.3. ABI(D), = T,7*M for all w € (T*M),, x € M, V €
Q°(M).

To present more complicated examples of M f,,-natural operators A :
Q° ~ GryT™* we need a preparation.

Definition 2.2. An M f,,-natural operator B : Q° ~ (T*,T* ® T*) is an
M frm-invariant family of regular operators B : Q°(M) ~ CR7(T* M, T*M ®
T*M) for any m-manifold M, where C{3(T*M,T*M ® T*M) is the space
of all (not necessarily vector) fibred maps T*M — T*M ® T*M covering
the identity map idys.

Remark 2.1. We have the following M f,,-natural operators Bl : Q° ~»
(T*,T* @ T*) for i = 1,2,3 given by BH(V)(w) = w@w , BR(V)(w) =
sym((Ricy),) and BB(V)(w) = alt((Ricy),) for V € Q°(M), w €
(T*M)z, x € M, where sym((Ricv),) is the symmetrization of the Ricci
tensor field Ricy of V at z and alt((Ricy),) is the alternation of (Ricy ).
(We remark that Rv(X,KZ) = Rv(X, Y)Z = VX(VyZ) — VY(V)(Z) —
Vix,y)Z and Ricy(X,Y) = tr{Z — Ry(Z,X)Y}.) Using methods from'
(in particular Example 28.7) one can standardly show that any M f,,-
natural operator B : Q° ~ (T, T* ® T*) is a linear combination of the
natural operators Bl for i = 1,2, 3 with real coefficients.
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Let B: Q° ~ (T*,T*®T™*) be an M f,,-natural operator. Then we have
the corresponding M f,,-natural operator AB! : Q° ~ Gr,, T* defined as
follows.

Example 2.4. AFI(V), = {vY + %\t:o(“’ +t < B(V)(w),v >) | v €
T,M}, V € Q°(M), w € (T*M),, x € M, where vy € HY C T,T*M
is the unique_ V*-horizontal vector over v with respect to the cotangent
bundle projection (i.e. vY is the V*-horizontal lift of v at w) and where
T,T*M = V,T*M & HY " is the decomposition corresponding to linear
connection V* on T*M — M dual to V (i.e. HY is the V*-horizontal
distribution on T*M). (The pairing < . ,. > is the contraction C] as in
Section 1.)

The main result in this paper is the following theorem.

Theorem 2.1. All M fy,-natural operators A : Q° ~» GryT™ are described
in FExamples 2.1-2.4.

3. Proof of the main result

Lemma 3.1. Let A: Q° ~ Gr,T™ be an M fp,-natural operator such that
A(V) CcVT*M = ker(T'myr) for any V € Q°(M). Then either A = Al or
A= AP,

Proof. From now on let V° € Q°(R™) be the usual flat classical linear
connection on R™. We may assume that A(V°)g # {0} (as if A(V°)s = {0}
then ¢ = 0 and then A = Al). Consider a non-zero vector v € A(V°),.
Then using the invariance of A with respect to linear isomorphisms (preserv-
ing V°) we see that VpT*R™ C A(V?)y (if w € VyT*R™, w # 0, then there
exists a linear isomorphism v (preserving V°) such that w = TT*y(v),
and then w € A(V°)y because of the invariance of A with respect to ).
Then A(V°)y = VyT*R™ (as by the assumption A(V?®)g C VyT*R™). Then
g = m. Consequently A(V), = V,T*M as A(V), C V,T*M (because of
the assumption of the lemma) and dim(A(V),) = ¢ = m = dim(V,T*M).
Hence A = AP O

Proof of Theorem 2.1. Let A : Q° ~» GryI™* be an M f,,-natural oper-
ator. By the M f,-invariance of A and by Lemma 3.1 we may assume that
A(V), \VLT*R™ # () for some V € Q°(R™) and some w € (T*R™)o, w # 0.
Then using the invariance of A we may additionally assume that w = dgz?
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and Vo = V§, where z!,....,2™ are the usual coordinates on R™. Let
v € A(V)ayar \Vagzr T*R™. Then standardly one can show that there exist a
constant vector field Y # 0 and a vector field Y'! with Y'1(0) = 0 such that
T*(Y) gzt = v, where Y = Y°+ Y1, (Here 7*(X) means the flow lifting of
a vector field X € X(M) to T*M.) Then there exist a local diffeomorphism
1 such that ji¢ = id and .Y = Y near 0. Then using the invariance
of A with respect to 1 we may additionally assume v = 7*(Y°)4,,:. Then
using the invariance of A with respect to the homotheties a; = %idRm for
t > 0 and putting t — 0 we have 7*(Y°)g € A(V°)g \ VoT*R™. Then using
the invariance of A with respect to linear isomorphisms we deduce that
T*(Z)g € A(V°)g for any constant vector field Z € X'(R™). Consequently
HY c A(VO),.

If ¢ > m, then (from Hévo)* C A(V?)g) it follows that there exists
u € VoyT*R™ (M A(V?)p, u # 0. Then VyT*R™ C A(V°)p (asif v € VT*R™,
v # 0, then there is a linear isomorphism 1 such that v = TT*¢(u), and
then v € A(V?°)y because of the invariance of A with respect to +). Then
A(V°)g = TyT*R™, and then ¢ = 2m. Consequently A = AP,

If ¢ = m and V,T*R™ N A(V), # {0} for some V € Q°(R™) with
Vo = V§ and some w € (T*R™)g, then using the invariance of A with
respect to the homotheties %idRm for t > 0 and then putting ¢t — 0 we
deduce (because of the regularity of A) that VpT*R™ (M A(V®)e # {0}.
Then (since Hévo)* C A(V?)g) we have ¢ > m. Contradiction.

So, we may the assumption ¢ = m and V,,T*M (N A(V), = {0} for any
VeQ°(M)andany w € (T*M),, x € M. Then we have the decomposition
TwTﬁW =V,T*M & A(V),, for any V and w as above. Then we can define
an M f,,-natural operator B = B : Q° ~ (T*,T* ® T*) postulating
that < —B(V)(w),v >€ (T*M), = V,T*M is the V,,T*M-component of
the V*-horizontal lift v¥ of v € T, M at w € (T*M), with respect to the
decomposition T,7*M = V,T*M & A(V),,, where V € Q°(M), v € T, M,
w € (T*M),, x € M. Clearly, A = AlP! (where APl is described in Example
2.4). m|
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1. Introduction

We consider a two-parameter family of three-dimensional Riemannian
manifolds (M, ds%ym) , where the metrics have the expression

9 dz? + dy? ¢ ydr —xdy >
o= e (e st ) O
with £,m € R. The underlying differentiable manifolds M are R? if m > 0,
and M = {(z,y,2) € R* : 22+ y?> < —L1} otherwise. These metrics
(B-C-V metrics) have been known for a long time. They can be found
in the classification of three-dimensional homogeneous metrics given by L.
Bianchi in 1897 (see!); later, they appeared, in form (1), in E. Cartan (see?)
and in G. Vranceanu (see®). Their geometric interest lies in the following
fact: the family of metrics (1) includes all three-dimensional homogeneous

metrics whose group of isometries has dimension 4 or 6, except for those
of constant negative sectional curvature. The group of isometries of these
spaces contains a subgroup isomorphic to the group SO(2), and the surfaces
invariant by the action of SO(2) are called rotational surfaces. In,3* and,”
R Caddeo, P. Piu, A. Ratto, and P. Tomter have studied rotational surfaces
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of the Heisenberg group Hs with constant (mean or Gauss) curvature. The
geodesics of the B-C-V spaces were studied by A. Serra and P. Sitzia in their
degree thesis (see,?®). In this note we write down the differential equations
of the geodesics and we find the conditions that meridians and parallels
must satisfy in order to be geodesics. Then we determine the geodesics of
the rotational cylinders and find a Clairaut-like relation. It is maybe usufull
to recall the spaces that correspond to the different values of £ and m.

e If /=0, then M is the product of a surface S with constant Gaussian
curvature 4m and the real line R.

If 4m — £? = 0, then M has non negative constant sectional curvature.
If £ # 0 and m > 0, then M is locally SU(2).

If £ # 0 and m < 0, then M is locally ﬁ(?,R),

If £ #£ 0 and m = 0 we get a left invariant metric on the Heisenberg Lie
group Hs.

2. Geodesics on surfaces of revolution

First of all, we want to obtain the differential equations of the geodesics
for the SO(2)-invariant surfaces of the B-C-V spaces and point out the
analogies with the Euclidean case. The metrics (1) are invariant with respect
to the rotations around the z-axis and this fact leads to the study of the
rotational surfaces, locally parametrized by

X(u,v) = (f(u) cosv, f(u)sinv, g(u))
where 0 < v < 27 and f,g are real functions with f > 0. The metric
induced by (1) on the surface X is
i S 2
PO (1 T L

T mpmz W e e @)
Therefore the coefficients of the first fundamental form of the surface are

PP e po WP AR )
[L+mf(u)?]? ’ 2(1+mf(u)?)’ AL +mf(u)?]?
In order to obtain the geodesics of the rotational surfaces we use the Euler-
Lagrange equations. The Lagrangian associated to the metric (2) is

i 0 f(pdv

1
L= 5(Eiﬂ + 2F 00 + Gi?)
and the corresponding Euler-Lagrange equations are

"(w)? . F(w)24 (w) - . .. .
42 (st o (w)?)i— SR ] — B ()i +2F ()i + G ()
d o df ()2 f(w)?* - Lf(w)?g (w) -] _

R e — L] 0.
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Suppose that the generating curve a(u) = (f(u), 0, g(u)) of X is parametri-
zed by arc length, in which case E = 1. Then the equations of the geodesics

become
. f(u 24 u) - .. .
|20 — L0 0| = 2F ()i + G ()i 5
d 4f(U)2+f2f(U)4@ Lf (w39 (u) - ] 0.
dt | 2[14+mf(u)?]? 14+mf(u)?

A parallel u = ug, will be a geodesic if ug is a solution of

- ] = 6w
Af (46 f (w)* } —0
dt | 2[1+mf(u)2]?

|~ &l

that is

1+mf(uo
4f (u0)+02 f (uo)*

M fuo)?2 0=

£f(u0)?g (uo)v = —G'(uo)p?
G(ug)0 = const.

and then v = const. If we substitute @ = ¥ = 0 in the first equation we
have

G’ (up)? =0
and therefore (0 # 0)

f(uo) f'(uo)[2 + €2 f (uo)* — 2m f (uo)?]
[1+mf(uo)?]?
It follows that the parallels are geodesics if

J'(uo)[2 + £2f (ug)® — 2m f (uo)?]
(14 mf(uo)?]?

G/(UO) = =0.

=0. (4)

Thus we have:

e the only parallels which are geodesics of the rotational surfaces in Hs,
SL(2 R), H? x R are, just like in the Euclidean case, those generated
by the rotation of a point of the generating curve where the tangent is
parallel to the axis of revolution (f’ = 0). [For these spaces we have
2 >2m] ;

e for the rotational surfaces of the product manifold S? x R the parallels

which are geodesics have f/ = 0 or f(ug) = ”W In this case we

have 2 < 2m,
e for the rotational surfaces of SU(2), besides the parallels with f/ = 0,

there are the parallels for which f(ug) = /527
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A meridian v = vg is a geodesic if it satisfies the equations

uU=a

As E =1, we obtain for g’(u) the expression

o
g(“)‘\/l [T+ m 7P

and we conclude that a meridian is a geodesic if

Cf (u)? /1 + mf (w)?]? — f(u)?
[1+mf(u)?]?

= const.

It follows that

e for the rotational surfaces of the product manifold S? x R and H? x R,
(£ = 0), like in the Euclidean case, all the meridians are geodesics;

e all the meridians of the cylinders f(u) = const. are geodesics;

e if ¢ # 0 the meridians are geodesics for m E 0 if the function f is

_ tan(y/mu + ¢) 0 = o) = tanh(y/—mu + c)

respectively, or if f is a solution of the equation

(2f"(u) + 4mf (u) f'(u) +2m* f (w)* f'(u) — 2f"(u)®
+2mf (u)f (W)’ — flu) ' (u)f" (u) = mf (u)*f' () f (u) = 0.

3. The Clairaut’s relation

If we consider a geodesic v parametrized by arc length and w is the angle
between v and a parallel, by using ¥ = uX, + vX,, we have:
X _ 11 ) 00 Bl
Xl VGL 21+ mf(u)?) AL+ mf(u)?]?

The Clairaut’s relation will be:

\/4f(U)2 + 02 ()t

COSwW =

cosw = const.

AL+ mf(u)?]?

As in the case of the surfaces of the Euclidean space, we can consider f(u)
as the distance from the z-axis, f(u) = /22 +y2 =r.
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4.

Geodesics on the cylinder

If we consider the “cylinder” parametrized by

S(u,v) = (acosv,asinv,u), a€R, (5)

the Euler-Lagrange equations of the geodesics become

_ la . 4a2+£2a4 OO
T rma?) U + 10tmarzl = const.

. la? .
U — 547 —=50 = const.
{ 2(12+ma2) (6)

and thus we have

4q2 .

mv = const.

This implies that @ = const., © = const. and we have

Proposition 4.1. The geodesics of the cylinder are the curves of equation

v(s) = (acos(As + B),asin(4s + B),Cs + D),

that includes:

the meridians,

the parallels,

the helices, that is the curves with constant geodesic curvature and
geodesic torsion, analogous of the helices of R3.
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1. Introduction

The similitude between the geometry of the tangent and cotangent bun-
dles of a Riemannian manifold (M, g), may be explained by their duality.
Anyway, there are some fundamental differences between them, due to the
different construction of lifts to T* M, particularly of the natural ones (see
Refs. 5, 7, 8), which cannot be defined just like in the case of T'M (see
Ref. 15). The possibility to consider vertical, complete and horizontal lifts
on T*M leads to interesting geometric structures, studied in some recent
papers like Refs. 10, 12, 13, 14.

In the present paper we study the conditions under which the general
natural Kahlerian structures on T*M, determined in Ref. 3, have quasi-
constant holomorphic sectional curvatures. We prove that the general na-
tural Kahlerian cotangent bundles of quasi-constant holomorphic sectional
curvatures are only those of constant holomorphic sectional curvature. In
Ref. 2 it was proved a similar result for the natural Kahlerian structures of
diagonal type on T M.

Let (M, g) be a smooth Riemannian manifold of the dimension n. We
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denote its cotangent bundle by « : T*M — M, and recall the splitting of
the tangent bundle to T*M into the vertical distribution VT* M = Ker .,
and the horizontal one, determined by the Levi Civita connection V of g:

TI*M =VT*M & HT*M.

If (x=Y(U),q',...,q¢",p1,...,pn) is a local chart on T*M, induced from
the local chart (U, 2%, ...,2") on M, the local vector fields {aipi}i:lwn on
771(U) define a local frame for VI*M over m—(U) and the local vector
fields {%}jzlmn define a local frame for HT*M over 7~ 1(U), where
i = 8, + F?hi,
0" Oq' Opn
and I'¥, (7(p)) are the Christoffel symbols of g.
The set of vector fields {5(11 , 8p Yij=1,...n, denoted by {6;,07}; i=1, .,
defines a local frame on T* M, adapted to the direct sum decomposition.
The M-tensor fields on the cotangent bundle may be introduced in the
same manner as the M-tensor fields were introduced Ref. 9 on the tangent
bundle of a Riemannian manifold.
Roughly speaking, the natural lifts have coefficients as functions of the
density energy (see Ref. 5 by Janyska, and Ref. 11 by Oproiu), given as
t= 510l = 3070 (0.0) = 56 @pime, p T O).
We have t € [0,00) for all p € T*M.
In Ref. 3, the present author considered the real valued smooth functions
ai, ag, as, ag, by, b, bz, by on [0,00) C R and studied a general natural
tensor of type (1,1) on T*M, defined by the relations

JXJ = ai(t)(gx), +bi(®)p(X)py + asa(t) X, +ba(O)p(X)(p");],

J6Y = as(®)8Y + ba(g ) (0, O)pY — ax(t) (O — ba(t)g L (0, 0)pH)1,
in every point p of the induced local card (7=}(U),®) on T*M,V X €
X(M),¥Y 6 € AY(M), where gx is the 1-form on M defined by gx(Y) =
g(X,Y), VY € X(M), 6* = g, " is a vector field on M defined by g(6*,Y) =
0(Y), VY € X(M), the vector p is tangent to M in 7(p), p¥ is the Liouville
vector field on T*M , and (p*)¥ is the geodesic spray on T*M.

In the same paper, Ref. 3, the author defined a Riemannian metric G
of general natural lift type, given by the relations

Gp(XT Y M) = c1(t)gm(p) (X, Y) + du(t)p ( )p(Y),
Gp(avawv) = 02@)9;&,) (eaw) + d2(t) ( )977( )( ) (1)
Gp(XHT,0V) = Gp(0Y, X)) = c3()0(X ) + ds()p(X) g, (0, 6),

F?h = pkr‘i’cha
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V X,Y € X(M), V¥V 0w € AY(M),V p € T*M, and she proved that
(T*M, G, J) is an almost Hermitian manifold, if and only if the coefficients
c1, c2, cs3, are proportional to ay, as, as, with the proportionality factor
A > 0, and ¢ + 2tdy, co + 2tds, c3 + 2tds are related to the coefficients
a1 + 2tby, as + 2tbs, as + 2tbs, by another proportionality relations, the
new proportionality factor being A + 2ty > 0. Then, the almost Hermitian
structure (T*M, G, J) is Kéhlerian if and only if g = )\, and the almost
complex structure J is integrable.

2. The quasi-constant holomorphic sectional curvatures of
the cotangent bundles with general natural lifted metrics

A Kaéhlerian manifold (M, g, J), endowed with a unit vector field &, is said
to be of quasi-constant holomorphic sectional curvatures (see Refs. 1 and
6), if for any holomorphic plane span{X, JX }, generated by the unit vector
X € T,M, p € M, the sectional curvature R(X, JX, JX, X) depends only
on the point p and on the angle between the holomorphic plane and the
unit vector field €. In Refs. 1 and 6 it was shown that a Kahlerian manifold
(M, g, J, &) is of quasi-constant holomorphic sectional curvature if and only
if the curvature tensor field R of the Levi-Civita connection V, satisfy

R—koRy — k1R1 — ke Ro = 0, (2)
where kg, k1, ko are smooth functions on M and Rg, Ry, Ro are certain
tensor fields of curvature type on M, given by

Ry(X,Y)Z = 1{9(Y, 2)X — g(X, 2)Y 3)
+9(JY, 2)JX — g(JX, 2)JY +29(X,JY)JZ},

Rl(X,Y)Z:U(X,YY,Z)—U(Y,X,Z) (4)
YU(JX,JY,Z) — U(JY,JX, Z),

Ry (X,Y)Z = {n(X)n(JY) = n(JX)In(Y)Hn(JZ2) +n(Z) ]}, (5)
where 7 is a 1-form defined by n(X) = ¢(X, &), and U is an auxiliar (1,3)-
tensor field, defined by

U(X.Y,Z) = {n(Y)n(Z2)X +n(X)n(J2)JY +n(X)n(JY)JIZ+

+9(Y, Z)n(X)¢§ + 9(X, JZ)n(Y)JE+
+39(X, JY)n(JZ2)E + 59(X, JY )n(Z) JE}.
Let us consider on the cotangent bundle T*M, the general natural
Kihlerian structure (G,.J), and the Liouville vector field C' = p;0'. We
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mention that on the bundle T* My, of non-zero vector fields, we may work
with C instead of the unitary vector field &, since C' is non-null on T* My,
H—éHC is unitary, and the scalar factors may be incorporated into k1, ko.
Hence we may study the property of (7" My, G, J, C) to have quasi-constant
holomorphic sectional curvatures (i.e we find the condition under which the
curvature tensor field of (T My, G, J,C') may be written in the form (2)).
By using the local adapted frame {d;,07}; j=1,.., on T*M, we obtain,
after a standard straightforward computation, the horizontal and vertical
components of the curvature tensor field R of (T M, G). For example:

R(9",6;)0r = PQQQ" ;" 61 + PQQP* ., 0",

where the M-tensor fields which appear as coefficients, have quite long
expressions, presented in Ref. 4. We mention that we use the character @
on a certain position to indicate that the argument on that position was a
horizontal vector field and, similarly, we used the character P for vertical
vector fields.

Analogously, from (3), (4), and (5) we obtain after standard straight-
forward computations, the components of Ry, R1, Rs.

The next lemma will be useful in the study of the conditions under which
(T* My, G, J,C) has quasi-constant holomorphic sectional curvatures.

Lemma 2.1. If ay,...,a19 are smooth functions on T*M such that

16 gjx + @20l gix + a30p gij + audppip; + 50l pipr + a60) i prt (©)
a79ikpig™" + asgikp; g™ + a9gipkg® + ar0pipjprg™ =0,

then ap = -+ = a9 = 0.

We may prove that all the components in (2) are of the form (6). Using
lema 2.1, we get for the proportionality factor A the expression obtained in
Ref. 4, and then we may prove that k; and ke vanish. Thus we may state:

Theorem 2.1. The bundle T* My of non-zero cotangent vectors to M, en-
dowed with a general natural Kdhler structure (G, J), and with the Liouville
vector field C, has quasi-constant holomorphic sectional curvatures, if and
only if (T*M,G,J) is of constant holomorphic sectional curvature.

Remark. The theorem 2.1 may be reformulated as a generalisation of
Shur’s theorem: if the sectional curvature of any holomorphic plane gene-
rated by the unit nonzero cotangent vector P € Ty M depends only on the
angle with the Liouville vector field and on the point p € M, then T*M
has constant holomorphic sectional curvature.
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1. Preliminaries

The surfaces of constant mean curvature, H-surfaces and those of constant
Gaussian curvature, K-surfaces in the Euclidean 3-dimensional space, E3,
have been studied extensively. One interesting class of surfaces in E? is
that of translation surfaces, which can be parametrized, locally, as r(u,v) =
(u,v, f(u)+g(v)), where f and g are smooth functions. This type of surfaces
are important either because they are interesting themselves or because
they furnish counterexamples for some problems (e.g. it is a known fact
that a minimal surface has vanishing second Gaussian curvature but not
conversely — see for details Ref. 1). We call polynomial translation surfaces
(in short, PT surfaces) those translation surfaces for which f and g are
polynomials. For technological applications in which different surfaces are
needed (such as Computed Aided Manufacturing) polynomial forms are
preferred since they may be incorporated into the CAD software in order
to be easily processed by numerical computations.

Scherk’s surface, obtained in 1834 by H. Scherk?, is the only non flat
minimal surface, that can be represented as a translation surface. More
precisely, we have
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Theorem A. Let S be a translation minimal surface in 3-dimensional
Buclidean space. Then S is an open part of E3 or it is congruent to the
following surface
1
z=—1
a

cos(ax)
g )
cos(ay)

a # 0.

Other interesting results concerning translation surfaces having either
constant mean curvature or constant Gaussian curvature are the following:
Theorem B. Let S be a translation surface with constant Gauss curvature
K in 3-dimensional Euclidean space. Then S is congruent to a cylinder, so
it s flat (K = 0) (Theorem 1 in Ref. 3).

Theorem C. Let S be a translation surface with constant mean curvature
H # 0 in 3-dimensional Euclidean space E3. Then S is congruent to the
following surface

T+ a2
z:% V1—4H222 +ay, a€R.

(Theorem 2, statement (1) in Ref. 3). Cf. also References in op. cit.

A surface S is called a Weingarten surface (cf. Ref. 4) if there is some
(smooth) relation W (k1,k2) = 0 between its two principal curvatures x;
and kg, or equivalently, if there is a (smooth) relation U (K, H) = 0 between
its mean curvature H and its Gaussian curvature K.

In this paper we study those PT surfaces that are Weingarten surfaces.
We abbreviate by a WPT surfaces. We give the following classification
theorem:

Theorem 1.1. Let S be a WPT surface in 3-dimensional Euclidean space.
Then

(i) S is a cylinder, case in which K =0;

(i) S is a paraboloid of revolution, case in which the mean curvature H
and the Gaussian curvature K are positive everywhere and related by
the formula

8aH? = VK (20 + VK)? (1)

where a 1s a positive constant.

2. Weingarten translation surfaces

Let 7 : S — R? be an isometrical immersion of a translation surface of type

r(u,v) = (u,v, f(u) + g(v)) (2)
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where f and g are smooth functions. The first fundamental form I and the
second fundamental form IT have particular expressions, namely

I= (14 f(u)?) du®+2f (u)g (v)du dv+ (1 + ¢'(v)?) dv?

I1 = (f"(u) du® + g"(v) dv?)

5-

where A =1+ f/(u)? + ¢’(v)?. Let us denote f’ by a and ¢’ by 3. Hence,
the mean curvature H and the Gaussian curvature K can be written as

(14 B)) o/ (1) + (1 + a(u)?) §(0)
2 [1 + a(u)? + ﬂ(v)ﬂ 2

—~

H =

(3)

PO
[1+a(u)? + 8(v)?]?

The existence of a Weingarten relation U(H, K) = 0 means that curva-
tures H and K are functionally related, and since H and K are differen-
tiable functions depending on u and v, this implies the Jacobian condition
O(H,K)/9(u,v) = 0. (See e.g. Ref. 5.) More precisely the following condi-
tion

(4)

OHOK OHOK 5
Bu v B Ou )
needs to be satisfied. Conversely, if the above condition is satisfied, then the
curvatures must be functionally related and thus, by definition, the surface
is Weingarten. The Jacobian condition characterizes W-surfaces and it is
used to identify them when an explicit Weingarten relation cannot be found.
In our case, the Jacobian condition yields the following relation

0 = 8a(u)B(v)e (u)*A'(v)* — 8a(u)B(v)a’ (u)*F' (v)?

=3p(v)a’ (u)F' (v)*a” (u) + 3a(u)a’ (u)*B' ()" (v)
—2a(u)*f(v)a’ (u) B’ (v)*a” (u) + 20(u) B(v)*a’ (u)* 3 (v) 3" (v)
=3p(v)*e/ (B’ (v)*a” (u) + 3e(u)’e (u)5' (v) 3" (v)
—3a(u)a/ (u)*8" (v) + 35(v ) "(v)%a” (u
+3a(u)’B(v)B' (v)*a ”( ) = 3a(u)B(v)?
f'(v)a” (u) " (v)
)ﬂ”( v) = ( )23 (v)

1 )
o (u)*8" (v) (6)

1

+a/(w)a (u) 8" (v) —
a’(u)

+a(u)?a/ (u U v)a ()3 (v)
+26(v)*a (u)a (u) 8" (v) — 2a(u)*f' (v)a (w)B" (v
+a(u)?B(v)?d (w)a (u) 3" (v) — a(u)?B(v)?* B (v)e (u) 3" (v)
—a(u)* B (v)a” (u) 8" (v) + Bv)*e (w)a’ (u) 5" (v).
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At this point we will consider a and § to be polynomials of degree m
and n respectively. More precisely we shall consider

O = anu™ + ap_u™ .. and B =bpv" + by 10" ..

where a,,, and b,, are different from 0. Replacing a and [ in Eq. (6) we obtain
a polynomial expression in u and v vanishing identically. This means that
all the coefficients are 0.

Let us distinguish several cases:

Case 1: m,n > 2, i.e. o’ # 0 and 5" # 0.

a. Suppose m > n(> 2).

The dominant term corresponds to u

3a(u)’a/ (u)*f'(v) 8" (v) — a(u)' B’ (v)a (u) 8" (v)
having the coefficient

abb? (3m*n?*(n — 1) — mn®*(m — 1)(n — 1)) .

5m=242n=3 and it comes from

This cannot vanish since a,, b, # 0 and m > n > 2.

The subcase n > m > 2 can be treated in similar way.

b. Suppose m =n > 2.

In the same manner, this case cannot occur.

Case 2: m>n=1.

In this case § can be expressed as f(v) = av + b, with a and b real
constants, a # 0. We rewrite the Jacobian condition in the following way

0 = 8a?a(u)B(v)e (u)? — 8ala(u)B(v) (u)? — 3a?B(v)a (u)a (u)

—2aa(u)?B(v)d’ (u)a” (u) — 3a’B(v)* o (u)a" (u) (7)
+3a®B(v)a’ (u) + 3a3a(u)?B(v)a” (u).

Let us analyze the terms in wu having maximum degree, namely
u*™ =3y, This comes from —2aa(u)?B(v)a’ (u)a”(u) and yields the relation
2a2a}, m?(m — 1) = 0 which cannot hold in this case.

The case n > m =1 can be treated in similar way.

Case 3:m=n=1

In this case a and 8 can be expressed as a(u) = Au + B and B(v) =
av+ b, with A, B, a and b real constants, A, a # 0. The Jacobian condition
becomes

8a(u)B(v)a’ ()8 (v)? — Sa(w)B)a (w)8 (v)® = 0. (8)

Using the same technique as above one gets A = a. So, the parametrization
of the surface can be written (after a possible translation in E?) in the form

r(u,v) = (u,v,a(u — up)? + a(v — v9)?) 9)
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where ug, vy € R. This is a paraboloid of revolution, and its curvatures H
and K are both everywhere positive and they are related by the relation
Eq. (1).

Case 4: m =0 (or n =0).

In this case a (or () is constant and the Jacobian condition is automat-
ically satisfied. So, the parametrization of the surface can be written in the
form

r(u,v) = (u,v, au + g(v)) (10)
r(u,v) = (u,v, flu) + av) (11)

where f and g are arbitrary polynomials, a € R (it can also vanishes).
These two surfaces are cylinders and they are obviously flat.

It is interesting to remark that in the case when f(u) = au + b (or
g(v) = av + b) (with a and b real constants) and the other function is not
polynomial we still obtain a cylinder, hence a flat surface.
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1. Introduction and motivation

A differential structure of a manifold M is a C*° maximal atlas and, indeed,
the charts of the atlas make up the primordial structure. The idea of a
geometrical structure can be realized by the concept of G-structure when
choosing the allowable meaningful classes of charts.

General relativity is a physical theory, which is heavily based on differ-
ential geometry. The fundamental mathematical tools used by this theory
to explain and to handle gravity are the geometrical structures. The space-
time is described by a 4-dimensional manifold with a Lorentzian metric field,
and the theory put the matter on space-time, being mainly represented by
curves in the manifold or by the overall stress-energy tensor.

The law of inertia in the space-time is translated into a projective struc-
ture on the manifold, which is provided by the geodesics of the metric
in keeping with the equivalence principle. Furthermore, the space-time in
general relativity is a dynamical entity because the metric field is subject
to the Einstein field equations, which almost equate Ricci curvature with
stress-energy of matter.
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Other main structures are the volume form, that is used to get action
functionals by integration over the manifold, and the Lorentzian confor-
mal structure, that gives an account of light speed invariance. Different
approaches to gravity try to separate the geometry into independent com-
pounds to promote the understanding about physical interpretation of ge-
ometric variables.

The theory of G-structures of higher order is possibly the more natu-
ral framework for studying the interrelations involved among the relevant
structures. In a pseudo-Riemannian manifold there are defined unambigu-
ously the following structures: volume form, conformal structure, pseudo-
Riemannian metric, symmetric linear connection and projective structure.
Volume, conformal and metric structures are G-structures of first order, but
each of them lead to a prolonged second order structure. Symmetric linear
connection and projective structure are inherently G-structures of second
order. We will try to clarify this unified description.

2. The bundle of r-frames

A differentiable manifold M is a set of points with the property that we
can cover it with the charts of a C*° n-dimensional maximal atlas .A. The
bundle of r-frames F"M is a quotient set over A. Every class-point, an
r-frame, collect the charts with equal origin of coordinates which produce
identical r-th order Taylor series expansion of functions (see Refs. 1,2).

An r-frame is an r-jet at 0 of inverses of charts of M; two charts are
in the same r-jet if they have the same partial derivatives up to r-th order
at the same origin of coordinates. Every F"M is naturally equipped with
a principal bundle structure with respect to the group GJ, of r-jets at 0 of
diffeomorphisms of R™, ji¢, with ¢(0) = 0.

The group of the bundle of 1-frames is GL(n,R) = GL. Its natural
representation on R™ gives an associated bundle coinciding with the tangent
bundle 7M. In the end, we identify 1M with the linear frame bundle LM .
Other representations of G on subspaces of the tensorial algebra over R"
give associated bundles whose sections are the well-known tensor fields.

The bundle of 2-frames F2M is somehow more complicated. Every 2-
frame is characterized by a torsion-free transversal n-subspace H; C Ty LM.
It happens that the chart’s first partial derivatives fix [ € LM and the sec-
ond partial derivatives give the ’inclination’ of that n-subspace. The group
G2 is isomorphic to G} x S2, a semidirect product, with S2 the additive
group of symmetric bilinear maps of R” x R™ into R™; the multiplication
rule is (a, s)(b,t) := (ab,b"1s(b,b) + 1), for a,b € GL, s,t € S2.
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Let g denote the Lie algebra of G C G}, then the named first prolon-
gation of g is defined by g; := S2 N L(R", g). We obtain that G' x g; is a
subgroup of GL x S2 =2 G2. This will be used in Sec. 4.

3. First order G-structures

An r-th order G-structure of M is a reduction (see [3, p. 53]) of F"M to
a subgroup G C GJ,. First order G-structures are just called G-structures.
Let us see some of them.

Let’s define a volume on M as a first order G-structure, with G =
SLE := {a € GL: |det(a)| = 1}. If M is orientable, a volume on M has two
components: two SL(n, R)-structures for two equal, except sign, volume n-
forms. For a general M, a volume corresponds to an odd type n-form.

From bundle theory,3 SL,jf—structures are sections of VM, the associated
bundle to LM and the action of GL on Gl /SLE, and they correspond to G-
equivariant functions f of LM to GL/SLZ. The isomorphisms G} /SLE ~
H,:={kI, : k>0} ~R" allow to write f: LM — R™; the equivariance
condition is f(la) = |deta| = f(1), for | € LM, a € GL.

Theorem 3.1. We have the bijections:
Volumes on M +— SecVM +— C° .(LM,R")

equi

Analogous bijective diagram can be obtained for every reduction of a prin-
cipal bundle. The Lie algebra of SL,iL is sl(n,R) and its first prolongation
is sl(n,R); = {s € S2: Y, sk = 0}; it’s a Lie algebra of infinite type.

We define a pseudo-Riemannian metric as an Og y_q-structure, with
Ognq = {a eGl:ana=n:= (701“ qu)}. As in Th.3.1, we obtain bi-
jections between the metrics and the sections of the associated bundle with
typical fiber G} /Og ¢, and also with the equivariant functions of LM in
Gl /Og.n-g- The first prolongation of 04,4 is 04,n-q 1 = 0; a consequence of
this fact is the uniqueness of the Levi-Civita connection.

A (pseudo-Riemannian) conformal structure is a COgy p.q-structure, with
COgn-q = Ognq - Hy (direct product); this definition is equivalent to
consider a class of metrics related by a positive factor, and in the Lorentzian
case, ¢ = 1, a conformal structure is characterized by the field of null cones.
The first prolongation of co, ¢ iS €040 1 = {5 € S2: 33‘1@ = 5;-,uk + 68—
S nkps, o= (u;) € R"*} ~ R"*. The named second prolongation
COgn-q 2 1s equal to 0 (i. e., €04 n4 is of finite type 2); this deals with the
existence and uniqueness of the normal Cartan connection but we do not
deal with this here (see [2, §§VI.4.2, VIL3]).
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Volumes on M and conformal structures are extensions (see [4, p. 202])
of pseudo-Riemannian metrics because of the inclusion of Oy, ,,_, in SL and
COy,n-q- Reciprocally:

Theorem 3.2. A pseudo-Riemannian metric field on M is given by a
pseudo-Riemannian conformal structure and a volume on M.

This statement is proved in Ref. 5 by the fact that G} = SLE - CO, g
and O, 4 = SLENCO, ., imply that volume and conformal G-structures
intersect in Oy ,-q-structures.

4. Second order G-structures

A symmetric linear connection (SLC) on M is a distribution on LM of
torsion-free transversal n-subspaces, which is invariant by the action of
Gl. Identifying GL ~ GL x 0 C G2, we can define an SLC on M as a
second order Gl-structure. From bundle theory, as in Th.3.1, every SLC
V is a section of the associated bundle to F2M and the action of G2 on
G2 /Gl ~ S2 and corresponds to an equivariant function fV: F2M — S2,
verifying fV(z(a,s)) = a~1fV(z)(a,a) + s, for z € F2M,a € GL, s € S2.

Let P be a first order G-structure on M; a symmetric connection on P is
a distribution on P of torsion-free transversal n-subspaces, which is invari-
ant by the action of G, thereby producing a second order G-structure, whose
G -extension is an SLC on M. Reciprocally, a second order G-structure de-
termines a first order G-structure and a symmetric connection on it.

Noteworthy examples of this are: i) A pseudo-Riemannian metric and
its Levi-Civita connection are given by a second order O ,g-structure. ii)
An equiaffine structure on M is a SLC with a parallel volume; it is given by
a second order SL,jf—structure. iii) A Weyl structure is a conformal structure
with a SLC compatible; it is given by a second order COg ,_4-structure.

The following result is an important theorem, arisen from the Weyl’s
‘Raumproblem’, studied by Cartan and others. The theorem is proved in
Ref. 6, with a correction revealed in Ref. 7.

Theorem 4.1. Let G be a subgroup of G, with n > 3. Any first order
G-structure admits a symmetric connection if and only if g is one of these:
sl(n,R), 0gn-q, €0gn-q, 8L, w (algebra of endomorphisms with an invariant
1-dimensional subspace W), gl,, vy . (certain subalgebra of the last one, for
each ¢ € R) or, for n =4, csp(2,R).

A G-structure P can admit many torsion-free transversal n-subspaces
in T} P, for every [ € P. We have the following result (see [2, p.150-155]):



325

Theorem 4.2. If a first order G-structure P admits a symmetric con-
nection, the set P% of 2-frames corresponding with torsion-free transversal
n-subspaces included in TP is a second order G X g1 -structure.

We name P? the (first holonomic) prolongation of P. Necessarily, a
second order G X gi-structure is the prolongation of a G-structure.

A (differential) projective structure is a set of SLCs which have the
same geodesics up to reparametrizations; we can define it as a second order
Gy, X p-structure with p := {s € S, 5, = &g + 0}, p = (i) € R} =~
R™*. Considering geometrical structures on second order, with the same
techniques than in the Th.3.2 for the first order (see Ref. 5), we obtain:

Theorem 4.3. A projective structure and a volume on M give an SLC
belonging to the former and making the volume parallel.

Hence, a volume select a class of affine parametrizations for the paths of
a projective structure. Contrarily, a projective structure and the prolonga-
tion of a conformal structure not always intersect; if they intersect we get
a Weyl structure.

5. Concluding remarks

The study of integrability conditions of higher order, like curvatures, with
respect to the interrelations of these G-structures is probably the natural
next step following this work.

The geometrical structures described herein can be considered compo-
nents of the space-time geometry.® In this context, the named causal set
theory make a conceptual separation between volume and conformal struc-
tures, and Stachel? proposes an approach, similar to the metric-affine vari-
ational principle, using conformal and projective structures as independent
variables. In this line of thought, and from the above results, I suggest
considering the volume on space-time as a set of independent dynamical
variables to make a variational analysis.
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