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PREFACE

This volume contains the papers contributed by the speakers of the VIII

International Colloquium on Differential Geometry, which was held in San-

tiago de Compostela (Spain) during July 7–11, 2008.

The Colloquium was organized by all members of the Department of

Geometry and Topology of the University of Santiago de Compostela, and

M. Ángeles de Prada of the University of Páıs Vasco (Spain). The chairman

was Luis Á. Cordero Rego. There were about 135 participants from many

countries.

We are most thankful to the following institutions that have cospon-

sored the Colloquium: the Department of Geometry and Topology, the

Institute of Mathematics and the Faculty of Mathematics of the Univer-

sity of Santiago de Compostela, the “Ministerio de Educación y Cien-

cia” (projects MTM2006-01432 and MTM2007-30162-E), the “Ministe-

rio de Ciencia y Tecnoloǵıa” (project MTM2008-02640), the “Conselleŕıa

de Educación e Ordenación Universitaria da Xunta de Galicia”, the

“Conselleŕıa de Innovación e Industria da Xunta de Galicia” (project

PGIDIT06PXIB207054PR), and the “Consejo Superior de Investigaciones

Cient́ıficas” of Spain. Their support was essential to carry out our program.

The papers of this volume were mostly from the lectures presented at

the Colloquium, which was designed with two main parts: Foliation Theory

and Riemannian Geometry. All contributed papers were refereed, and we

believe that they are of high quality, and make a significant progress on

these subjects.

Finally, we express our deep gratitude to all participants, and particu-

larly to the contributors of the papers of this volume.

Editors

J. A. Álvarez López

Eduardo Garćıa-Rı́o
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February 17, 2009 16:46 WSPC - Proceedings Trim Size: 9in x 6in viii-icdg

Contents xi

Conformally Osserman multiply warped product structures

in the Riemannian setting 185

M. Brozos-Vázquez, M. E. Vázquez-Abal and

R. Vázquez-Lorenzo

Riemannian Γ-symmetric spaces 195

M. Goze and E. Remm

Methods for solving the Jacobi equation. Constant osculating

rank vs. constant Jacobi osculating rank 207

T. Arias-Marco

On the reparametrization of affine homogeneous geodesics 217

Z. Dušek
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A BRIEF PORTRAIT OF THE LIFE AND WORK OF

PROFESSOR ENRIQUE VIDAL ABASCAL

Luis A. Cordero

Department of Geometry and Topology, University of Santiago de Compostela
15782 Santiago de Compostela, Spain

E-mail: luisangel.cordero@usc.es

The “VIIIth International Colloquium

on Differential Geometry (E. Vidal

Abascal Centennial Congress)” held in

Santiago de Compostela (Spain), 7-11

July 2008, has been a part of the cel-

ebration of the one hundreth anniver-

sary of the birth of Prof. Enrique Vidal

Abascal. In what follows you will find

a brief summary of his life and work;

if you are interested in knowing more

about this Spanish mathematician, you

can find more details about him at the

webpage

http://xtsunxet.usc.es/icdg2008/evidala.htm.

Some Biographical Data

Enrique Vidal Abascal was born in Oviedo (Spain) in October 12, 1908,

and died in Santiago de Compostela (Spain) in October 31, 1994.

Graduated in Mathematics at the Complutense University of Madrid in

1931, Vidal became immediately involved in the teaching of mathematics at

the college level from 1932 until 1955, although his work at the university

started in 1941 at the University of Santiago, sharing his position at a col-

lege in Santiago with a nomination as Assistant Professor at the university.

In 1955 he was nominated full professor to occupy a chair on Differential
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Geometry at the University of Santiago, staying in this position until his

academic retirement in 1978.

In 1944 he obtained the Title of Doctor in Exact Sciences by the Com-

plutense University of Madrid; his doctoral thesis was written under the

guidance of Ramón Maŕıa Aller Ulloa, being his advisor Esteban Terradas

(Complutense University), and it was devoted to the geometric study of the

calculation of the orbits of double stars.

During his academic life at the university he has been engaged at the

following positions: Vice Dean of the Faculty of Sciences of the University

of Santiago during the periods 1960-61, 1966-69 and 1976-78; Dean of the

Faculty of Mathematics of the same University from January to October of

1978, date of his retirement; Vice President of the Royal Spanish Mathemat-

ical Society in the periods 1963-66 and 1973-78; Head of the Mathematical

Section of the Astronomical Observatory of the University of Santiago, as-

sociated to the “Consejo Superior de Investigaciones Cient́ıficas” (Spain),

from 1942; and Director of the Seminary of Mathematics of the Univer-

sity of Santiago, center co-ordinated with the Institute “Jorge Juan” of the

“Consejo Superior de Investigaciones Cient́ıficas”, between 1967 and 1978.

Vidal was also Member of the Royal Academy of Galicia from 1971,

and the creation of the Royal Academy of Sciences of Galicia, in 1978, is

owed to his personal initiative and management. He was the first Presi-

dent of this Academy between 1978 and 1982, when he resigned and then

being nominated as Honorary President of the Academy. Member of the

“American Mathematical Society”, the “Ćırcolo Matemático di Palermo”

and the “Royal Spanish Mathematical Society”, he was also reviewer of

“Mathematical Reviews” and of “Zentralblatt für Mathematik”.

In 1952 he was granted for one stay at the “Bureau International

d’Education” in Geneva (Switzerland), for visiting training centers in

Switzerland in order to know the problematic of the teaching of Mathe-

matics at the secondary level in that country; in 1953 he traveled again to

Switzerland, staying for three months in Lausanne working with Georges

de Rham on the foundations of Integral Geometry, and being invited to

give a conference in the Polytechnical School of this city.

In 1963, 1966, 1973 and 1977 he was invited to pronounce conferences

and to lecture courses on the subjects of his research at the University of

Paris VI and at the “College de France”. Also, he was invited to participate

in numerous seminaries and scientific meetings at the Universities of Paris

and Strasbourg, and in the research centers of Oberwolfach and Brussels.

He also participated in the International Congresses of Mathematicians cel-
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ebrated in Edinburg (1958), Moscow (1966) and Nize (1970), in numerous

“Annual Meetings of Spanish Mathematicians”, and he was one of the in-

vited lecturers in the “Reunión de Matemáticos de Expresión Latina” held

in Palma de Mallorca (Spain) in 1977.

The Scientific Work of E. Vidal Abascal

The scientific interests of the Prof. Vidal were centered in three great areas:

Astronomy, in particular in the calculation of orbits of double stars; Clas-

sical Differential Geometry (curves and surfaces) and Integral Geometry;

and Differential Geometry of Manifolds, and in this particular context in

Foliation Theory, Almost-Product Structures and Hermitian Geometries.

An objective proof of the interest and importance of his research and

results is the fact that many of their articles were published in important

world-wide distributed journals of recognized prestige; among them: As-

tronomical Journal (Yale, USA), Journal of Differential Geometry (Leigh

Univ., USA), Proceedings of the American Mathematical Society (USA),

Bulletin of the American Mathematical Society (USA), Annals de l’Institut

Fourier (Grenoble, France), Comptes Rendu de l’Académie des Sciences

(Paris, France), Rendiconti dei Cı́rcolo Matemático di Palermo (Palermo,

Italy), or Tensor N.S. (Japan)

He was a very prolific author, and in the list of his publications, probably

incomplete, there are a total of 112 publications that can be grouped in

the following form: 3 monographs and 13 articles on Astronomy; 1 book,

5 monographs and 43 articles on Differential and Integral Geometry, and

47 publications more: books on general Mathematics, discourses, books of

essay, and articles of divulgation in prestigious magazines, like “Revista de

Occidente” (Spain) for example.

Vidal was awarded with several prizes for his scientific work: by the

“Consejo Superior de Investigaciones Cient́ıficas”, Madrid (Spain) in 1949;

by the “Royal Academy of Exact, Physical and Natural Sciences of Spain”

in 1953 and 1959; and by the Galician Government in 1989, by the whole

of his scientific work. He also received the following medals: “Officier dans

l’Ordre des Palmes Académiques”, granted by the French Government, in

1974, and the “Medalla Castelao”, granted by the Galician Government in

1986, as a recognition of a whole life dedicated to Galicia.

The interest of Vidal in his studies of Astronomy was mainly centered

in the calculation of orbits of double stars, the subject of his Ph.D. thesis.

When commenting his works on this subject, Prof. Baize, of the Astronom-

ical Observatory of Paris (France), one of the maximum authorities of the
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world on this topic at that time, wrote in 1980 the following:

“Prof. Vidal is first of all a mathematician, his works on Differential Geom-

etry universally well-known and appreciated are an evidence of that. He has not

observed personally double stars, but he has been interested in the problems

that arise in the calculation of its orbits, calculation for which there exist nu-

merous methods, of an unequal practical value, and that can be classified in two

groups; graphical methods and analytical methods. The method imagined by

Vidal belongs to the second group, but it solves the problem by completely new

routes, giving an elegant proof and applying it to the star calculations . . . The

whole of his research, as much on the non-elliptic orbits as on the elliptic ones,

has been condensed by Vidal in a very important work, published in 1953, en-

titled “Calculation of Apparent Orbits of Double Stars”, book that constitutes

without a doubt, as I already wrote in the moment of its appearance, the most

remarkable contribution in our time to the study of the orbits of double stars.

On the other hand, Vidal did not limit himself only to the theory, he was also

interested in the practical application of his methods, inventing and making

construct by the prestigious Swiss company Coradi his ingenious “Orb́ıgrafo”,

a device that allows to directly draw up on the paper the curve that represents

the angles of position as a function of the distances, respecting rigorously the

law of areas. This instrument is still used by numerous researchers, mainly in

the Astronomical Observatory of the University of Santiago.”

The first works of Vidal on Differential Geometry go back to 1943-47.

His studies on parallel curves on surfaces of constant curvature are specially

outstanding, because they lead to a generalization of the classical formulas

of Steiner for parallel connected curves in the plane; the methods used by

Vidal in this study were used later by the C.B. Allendoerfer on the spheres.

His works on these subjects, that belong to what at that time was known as

Differential Geometry “in the large”, led him in a natural way to consider

the study of some problems of Integral Geometry on surfaces. His numerous

contributions in this area have not been out of phase with the passage of

time, and it is not difficult to find references to them in recent articles

dedicated, for example, to the study of the volume of geodesic tubes in

Riemannian manifolds of arbitrary curvature.

The study of the integral invariants of geodesics led Vidal to consider

its generalization and, in the last term, to the study of the measures in

foliated manifolds, via by which Vidal introduces himself in a new subject

of research, very novel at that time, subject of which he has been the pioneer

in Spain. Once again, the results obtained by Vidal between 1964 and 1967

continue being mentioned in recent publications on the topic.
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From 1966, the year in which the first doctoral thesis directed by him ap-

pears, Vidal stops being an isolated researcher and begins to form a compact

team of researchers constituted by young people graduated in the Section

of Mathematics of the Faculty of Sciences of the University of Santiago.

The numerous subjects of thesis that Vidal proposes to his students extend

his personal interests in research to other subjects, such as almost-product

or almost-hermitian structures. Between 1966 and 1978 Vidal directed a

total of fifteen doctoral theses and, to an age in which a certain diminu-

tion in his research activity would be logical, he published five articles on

Differential Geometry, gave four communications in Congresses and wrote

three monographs. In his articles of these last years there are again very

remarkable contributions, such as the notion of almost foliated metric for

almost-product structures, or the definition and characterization of two new

families of almost-hermitian structures, whose scientific name universally

accepted and adopted is the one of “geometries G1 and G2”, being the

“G” by the adjective “Gallegas” as it was indicated specifically in the note

published in the “Comptes Rendus” of the Academy of Sciences of Paris in

which they appeared in 1976.

The Creative Restlessness of E. Vidal Abascal

When Vidal arrives at the university, first as student and years later as

professor, mathematics in Spanish was totally out of phase and almost iso-

lated with respect to the currents of study followed in the most important

research centers of abroad. The first trips that he made abroad (to Switzer-

land in 1952 and 1953, and to the ICM in Edinburg in 1958) allowed him

to state this reality, and he became aware of the urgent and inexcusable

necessity of putting a remedy to this situation. Vidal did not content him-

self with speaking or writing about what was precise to do, like many of his

contemporaries in Spain did, instead, he acted, and as a result of his actions

Vidal became a pioneer in opening the mathematical research in Galician

universities, or even more, it should be said, in the Spanish universities, to

the international mathematical community, in particular to Europe.

Once his academic situation at the university became steady, and in

spite of the difficulties and obstacles that existed in Spain at that time,

Vidal manages the first visits of prestigious foreign mathematicians to San-

tiago de Compostela. Between 1960 and 1978 more than forty foreign pro-

fessors visited Vidal’s department, coming from Brazil, Belgium, England,

France, Germany, Israel, Portugal, Romania, Switzerland and the USA;

here, they lectured graduate courses, gave conferences, or participated in
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the International Colloquia organized by Vidal. Among those mathemati-

cians one can find the names of some of the most prestigious geometers of

those decades. A fact to be specially remarked is that Prof. René Deheuvels,

from the University of Paris VII (France), was nominated as Visiting Pro-

fessor of the University of Santiago to lecture, during two consecutive aca-

demic years, courses of doctorate with full academic validity, a singular case

in the Spanish mathematics of that time.

Moreover, Vidal organized three International Colloquia on Differential

Geometry, held at the University of Santiago in 1963, 1967 and 1972, the

first of them being, in fact, the first international congress of mathematics

celebrated in Spain. In 1978 a fourth International Colloquium specially

dedicated to Vidal was held as a tribute in the occasion of his academic

retirement. Later four new Colloquia, celebrated in 1984, 1988, 1994 and

2008, gave a continuity to the series initiated under the direction of Vidal.

With these two actions, the visits of foreign mathematicians, and the

organization of international meetings, Vidal reached the first of his objec-

tives: for his students to know some of the most actual lines of research on

differential geometry of that time.

But Vidal had a second objective in mind: to get his students traveling

abroad to improve his training as researchers. And he also accomplished

this objective. Some of his students went, for long stays, to France (in Paris

and Strasbourg), to England (in Durhan) and to the USA (in Harvard and

Maryland).

The profits of these two actions for the Spanish mathematics were clear:

between 1965 and 1978 Vidal directed 15 doctoral thesis, and one can find,

even today, the traces of his work through the work of his students, and

not only in the University of Santiago but also in the Universities of Sevilla,

Granada, Valencia, Bilbao, or La Laguna (Canary Islands), for example.

Prof. Luis A. Santaló (University of Buenos Aires, Argentine), when

commenting the set of the work of Vidal Abascal, wrote in 1980:

“It is fundamental to remark that the importance of his works is even, if not

surpassed, by the fact of having created in Santiago de Compostela a School

of Geometry from where some brilliant students have already went to another

Spanish universities and there they are having an outstanding behavior. He

knew the way to form a School. He knew how to create and to direct, for long

years, a center with its own publications, a place for important national and

international congresses and meetings, obliged visit for the most outstanding

figures of the time, who came there to lecture courses and conferences with

the certainty that their teachings will felt in a land that has been diligently
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prepared by Vidal Abascal, who knew how to made of his Institute a warm and

welcoming complement for the own beauties of Santiago. His work has been

persistent and always directed with tenacity, intelligence and love. Students

and colleagues know well of his extraordinary charming, the smoothness in his

behavior, the nobility in his relationship, and his cleverness in the direction.”

These efforts and initiatives of Vidal Abascal were not recognized at

Spanish level, as it had been of justice. Nevertheless, the French Govern-

ment compensated his efforts granting to him the medal of “Officier dans

l’Ordre des Palmes Académiques” in 1974. This medal was, at that time,

rarely granted outside France, and with it the exceptional personality of

Prof. Vidal Abascal was recognized. Prof. Deheuvels in the act of imposi-

tion of this medal said:

“. . . He knew how to stimulate in fifteen years the mathematical activity in

the Spanish Universities. . . He got, in few years, to make Santiago well known

in the scientific world, not only by the outstanding Colloquia that he organized

but also by his own scientific works or by the works of his students. . . the

concession by the French Government of this medal shows that his reputation

has exceeded widely the frontiers.”

Vidal Abascal essayist, painter, etc.

As much in his speech of entrance as Member of the Royal Academy of

Galicia (“The Crisis of the European University”, A Coruña, 1971), like

in his essay “Science and the Socialized University” (Ed. Dossat, Madrid

1972), or in his numerous journalistic collaborations, Vidal showed clearly

his restlessness before the crisis by which the Spanish university was passing

through, and in particular the crisis of the Galician university, that at that

time was reduced to the University of Santiago. Through his writings his will

of a liberal and progressive man is clear, deeply worried about a university

unable to give a suitable answer to the social demands of that time.

Also in Vidal’s writings the poverty of the resources destined to promote

research, basic or applied, were an object of reflection as well as the neces-

sity of making a suitable and long-term planning that allowed to obtain

a greater profitability of the limited existing resources, or the deficiencies

in the system of access to the university, or in the systems of training and

promotion of its teaching staffs.

Vidal was also a painter. His taste for painting came from his youth, al-

though he confessed that painting always had been for him only a “hobby”.

He made a first showing of his paintings in A Coruña, 1947; this was followed

by others in Santiago de Compostela (1948, 1975 and 1978), Vigo (1950 and
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1976), Pontevedra (1974, 1975 and 1980), Ourense (1977), Madrid (1979)

and Barcelona (1983). Vidal also published a few articles about painting

and was a critic of art; in 1972 he pronounced a conference in the Galician

Center of Buenos Aires (Argentine) about “The Galician Painting School”,

and in 1979 he published a book entitled “On the University and the Gali-

cian Painting” (Univ. of Santiago, 1979). Many of his pictorial works appear

at the present in museums and particular collections.
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CHARACTERISTIC CLASSES FOR RIEMANNIAN

FOLIATIONS

Steven Hurder

Department of Mathematics (m/c 249), University of Illinois at Chicago
Chicago, IL 60607-7045, USA

E-mail: hurder@uic.edu

The purpose of this paper is to both survey and offer some new results on the
non-triviality of the characteristic classes of Riemannian foliations. We give
examples where the primary Pontrjagin classes are all linearly independent.
The independence of the secondary classes is also discussed, along with their
total variation. Finally, we give a negative solution of a conjecture that the
map of classifying spaces FRΓq → FΓq is trivial for codimension q > 1.

Keywords: Riemannian foliation, characteristic classes, secondary classes,
Chern-Simons classes

1. Introduction

The Chern-Simons class9 of a closed 3-manifold M , considered as foliated

by its points, is the most well-known of the secondary classes for Rieman-

nian foliations. Foliations with leaves of positive dimension offer a much

richer class to study, and the values of their secondary classes reflect both

geometric (metric) and dynamical properties of the foliations. It is known

that all of these classes can be realized independently for explicit examples

(Theorem 4.3), but there remain a number of open problems to study. In

this note, we survey the known results, highlight some of the open problems,

and provide a negative answer to an outstanding conjecture.

Let M be a smooth manifold of dimension n, and let F be a smooth

foliation of codimension q. We say that F is a Riemannian foliation if

there is a smooth Riemannian metric g on TM which is projectable with

respect to F . Identify the normal bundle Q with the orthogonal space TF⊥,

and let Q have the restricted Riemannian metric gQ = g|Q. For a vector

X ∈ TxM let X⊥ ∈ Qx denote its orthogonal projection. Given a leafwise

path γ between points x, y on a leaf L, the transverse holonomy hγ along
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γ induces a linear transformation dhx[γ] : Qx → Qy. The fact that the

Riemannian metric g on TM is projectable is equivalent to the fact that

the transverse linear holonomy transformation dhx[γ] is an isometry for all

such paths.16,17,39–41,49

There are a large variety of examples of Riemannian foliations which

arise naturally in geometry. Given a smooth fibration π : M → B, the

connected components of the fibers of π define the leaves of a foliation F of

M . A Riemannian metric g on TM is projectable if there is a Riemannian

metric gB on TB such that the restriction of g to the normal bundle Q ≡
TF⊥ is the lift of the metric gB . The pair (π : M → B, g) is said to be a

Riemannian submersion. Such foliations provide the most basic examples

of Riemannian foliations.

Suspensions of isometric actions of finitely generated groups provide an-

other canonical class of examples of Riemannian foliations. The celebrated

Molino Structure Theory for Riemannian foliations of compact manifolds

reduces, in a broad sense, the study of the geometry of Riemannian fo-

liations to a mélange of these two types of examples – a combination of

fibrations and group actions; see Theorems 6.2 and 6.3 below. When the

dimension of M is at most 4, the Molino approach yields a “classification”

of all Riemannian foliations. However, in general the structure theory is

too rich and subtle to effect a classification for codimension q ≥ 3 and leaf

dimensions p ≥ 2. The survey by Ghys, Appendix E of41 gives an overview

of the classification problem circa 1988.

The secondary characteristic classes of Riemannian foliations give an-

other approach to a broad classification scheme. Their study focuses at-

tention on various classes of Riemannian foliations, which are investigated

in terms of known examples and their Molino Structure Theory, and the

values of their characteristic classes, often leading to new insights.

The characteristic classes of a Riemannian foliation are divided into

three types: the primary classes, given by the ring generated by the Euler

and Pontrjagin classes; the secondary classes; and the blend of these two as

defined by the Cheeger-Simons differential characters. Each of these types

of invariants have been more or less extensively studied, as discussed below.

The paper also includes various new results and unpublished observations,

some of which were presented in the author’s talk.22

The main new result of this paper uses characteristic classes to give a

negative answer to Conjecture 3 of the Ghys survey [op. cit.]. The proof of

the following is given in §3.

Theorem 1.1. For q ≥ 2, the map H4k−1(FRΓq ; Z)→ H4k−1(FΓq ; Z) has
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infinite-dimensional image for all degrees 4k − 1 ≥ 2q.

This paper is an expanded version of a talk given at the joint AMS-

RSME Meeting in Seville, Spain in June 2003. The talk was dedicated to

the memory of Connor Lazarov, who passed away on February 27, 2003. We

dedicate this work to his memory, and especially his fun-loving approach

to all things, including his mathematics, which contributed so much to the

field of Riemannian foliations.

This work was supported in part by NSF grant DMS-0406254.

2. Classifying spaces

The universal Riemannian groupoid RΓq is generated by the collection of

all local isometries γ : (Uγ , g
′
γ) → (Vγ , g

′′
γ ) where g′γ and g′′γ are complete

Riemannian metrics on Rq , and Uγ , Vγ ⊂ Rq are open subsets. Let BRΓq
denote the classifying space of the groupoid RΓq. The Hausdorff topological

space BRΓq is well-defined up to weak-homotopy equivalence.14,15 If we

restrict to orientation-preserving maps of Rq, then we obtain the groupoid

denoted by RΓ+
q with classifying space BRΓ+

q .

The universal groupoid Γq of Rq is that generated by the collection of

all local diffeomorphisms γ : Uγ → Vγ where Uγ , Vγ ⊂ Rq are open subsets.

The realization of the groupoid Γq is a non-Hausdorff topological space

BΓq , which is well-defined up to weak-homotopy equivalence.

An RΓq–structure on M is an open covering U = {Uα | α ∈ A} of M

and for each α ∈ A, there is given

• a smooth map fα : Uα → Vα ⊂ Rq

• a Riemannian metric g′α on Rq

such that the pull-backs f−1
α (TRq) → Uα define a smooth vector bundle

Q → M with Riemannian metric g|Q = gα = f∗
αg

′
α. An RΓq–structure on

M determines a continuous map M → |U| → BRΓq.

Foliations F0 and F1 of codimension q of M are integrably homotopic if

there is a foliation F of M ×R of codimension q such that F is everywhere

transverse to the slices M×{t}, so defines a foliation Ft of codimension-q of

M×{t}, and Ft of Mt agrees with Ft of M for t = 0, 1. This notion extends

to Riemannian foliations, where we require that F defines a Riemannian

foliation of codimension-q of M × R.

Theorem 2.1 (Haefliger14,15). A Riemannian foliation (F , g) of M

with oriented normal bundle defines an RΓ+
q –structure on M . The
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homotopy class of the composition hF ,g : M → BRΓ+
q depends only on

the integrable homotopy class of (F , g).

The derivative of a local isometry γ : (Uγ , g
′
γ)→ (Vγ , g

′′
γ ) takes values in

SO(q), and is functorial, so induces a classifying map ν : BRΓ+
q → BSO(q).

The homotopy fiber of ν is denoted by FRΓq. The space FRΓq classifies

RΓ+
q –structures with a (homotopy class of) framing for Q. Let P →M be

the bundle of oriented orthonormal frames of Q → M , and s : M → P a

choice of framing of Q. Then we have the commutative diagram:

SO(q) SO(q) SO(q)= =

↓ ↓ ↓
hsF ,g f

P FRΓq FΓq−→ −→

s ↑ ↓ ↓ ↓
hF ,g

M BRΓ+
q BΓ+

q−→ −→
f

↓ ν ↓ ν

BSO(q) BSO(q)=

where the right-hand column is the sequence of classifying spaces for the

groupoid defined by the germs of local diffeomorphisms of Rq . The natural

maps f : FRΓq → FΓq and f : BRΓ+
q → BΓ+

q are induced by the natural

transformation which “forgets” the normal Riemannian metric data.

The approach to classifying foliations initiated by Haefliger in14,15 is

based on the study of the homotopy classes of maps [M,BRΓ+
q ] from a

manifold M without boundary to BRΓ+
q . Given a homotopy class of an

embedding of an oriented subbundle Q ⊂ TM of dimension q, one studies

the homotopy classes of maps hF ,g : M → BRΓ+
q such that the composition

ν ◦ hF ,g : M → BSO(q) classifies the homotopy type of the subbundle Q.

The “Haefliger classification” of Riemannian foliations is thus based on the

study of the homotopy types of the spaces BRΓ+
q and FRΓq.

In the case of codimension-one, a Riemannian foliation with oriented

normal bundle of M is equivalent to specifying a closed, non-vanishing 1-

form ω on M . As SO(1) is the trivial group, FRΓ+
1 = BRΓ+

1 , and the

classifying map M → BRΓ+
1 is determined by the real cohomology class of

ω, which follows from the following result of Joel Pasternack. Let Rδ denote

the real line, considered as a discrete group, and BRδ its classifying space.
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Theorem 2.2 (Pasternack45). There is a natural homotopy equivalence

BRΓ+
1 ' FRΓ1 ' BRδ.

For codimension q ≥ 2, SO(q) is not contractible, and the homotopy

types of BRΓ+
q and FRΓq are related by the above fibration sequence. For

the space FRΓq there is a partial generalization of Pasternack’s Theorem.

Theorem 2.3 (Hurder18,19). The space FRΓq is (q−1)–connected. That

is, π`(FRΓq) = {0} for 0 ≤ ` < q. Moreover, the volume form associated

to the transverse metric defines a surjection vol : πq(FRΓq)→ R.

Proof. We just give a sketch; see19 for details. Following a remark by Mil-

nor, one observes that by the Phillips Immersion Theorem,46–48 an FRΓq–

structure on S` for 0 < ` < q corresponds to a Riemannian metric defined

on an open neighborhood retract of the `-sphere, S` ⊂ U ⊂ Rq .

Given an FRΓq–structure on the open set U ⊂ Rq – which is equiv-

alent to specifying a Riemannian metric on TU – one then constructs an

explicit integrable homotopy through framed RΓq-structures on a smaller

open neighborhood S` ⊂ V ⊂ U . The integrable homotopy starts with the

given Riemannian metric on TV , and ends with the standard Euclidean

metric on TV , which represents the “trivial” FRΓq–structure on S`. Thus,

every FRΓq–structure on S` is homotopic to the trivial structure.

The surjection vol : πq(FRΓq) → R is well-known, and is realized by

varying the total volume of a Riemannian metric on Sq , considered as foli-

ated by points.

Associated to the classifying map ν : BRΓ+
q → BSO(q) is the Puppe

sequence

· · ·−→ΩFRΓq
Ων−→ΩBRΓ+

q −→SO(q)
δ−→FRΓq−→BRΓ+

q
ν−→BSO(q)

(1)

In the case of codimension q = 2, SO(2) = S1 and FRΓ2 is 1-connected,

so the map δ : SO(2)→ FRΓ2 is contractible. This yields as an immediate

consequence:

Theorem 2.4 (Hurder21). ΩBRΓ+
2
∼= SO(2)× ΩFRΓ2.

It is noted in21 that the homotopy equivalence in Theorem 2.4 is not an

H-space equivalence, as this would imply that map ν∗ : H∗(BSO(2); R)→
H∗(BRΓ2; R) is an injection, which is false. In contrast, we have the fol-

lowing result:
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Theorem 2.5. The connecting map δ : SO(q) → FRΓq in (1) is not ho-

motopic to a constant for q ≥ 3.

Note that the map δ : SO(q)→ FRΓq classifies the Riemannian foliation

with standard framed normal bundle on SO(q)×Rq, obtained via the pull-

back of the standard product foliation of SO(q)×Rq via the action of SO(q)

on Rq. Theorem 2.5 asserts that the canonical twisted foliation of SO(q)×
Rq is not integrably homotopic through framed Riemannian foliations to

the standard product foliation. This will be proven in section 4, using basic

properties of the secondary classes for Riemannian foliations. For the non-

Riemannian case, it is conjectured that the connecting map δ : SO(q) →
FΓq is homotopic to the constant map.23

To close this discussion of general properties of the classifying spaces of

Riemannian foliations, we pose a problem particular to codimension two:

Problem 2.1. Prove that the map induced by the volume form

vol : π2(FRΓ2)→ R is an isomorphism. That is, given two RΓ2-structures

F0 and F1 on M = R3 − {0}, with homotopic normal bundles, prove that

F0 and F1 are homotopic as RΓ2-structures if and only if they have coho-

mologous transverse volume forms.

One can view this as asking for a “transverse uniformization theorem”

for Riemannian foliations of codimension two. Note that Example 5.2 below

shows the conclusion of Problem 2.1 is false for q = 3.

3. Primary classes

The primary classes of a Riemannian foliation are those obtained from

the cohomology of the classifying space of the normal bundle Q → M ,

pulled-back via the classifying map ν : M → BSO(q). Recall38 that the

cohomology groups of SO(q) are isomorphic to free polynomial ring:

H∗(BSO(2); Z) ∼= Z[E1]

H∗(BSO(q); Z) ∼= Z[Em, P1, . . . , Pm−1] , q = 2m ≥ 4

H∗(BSO(q); Z) ∼= Z[P1, . . . , Pm] , q = 2m+ 1 ≥ 3

As usual, Pj denotes the Pontrjagin cohomology class of degree 4j, Em
denotes the Euler class of degree 2m, and the square E2

m = Pm is the top

degree generator of the Pontrjagin ring.

There are three main results concerning the universal map

ν∗ : H`(BSO(q);R)→ H`(BRΓ+
q ;R), where R is a coefficient ring, which

we discuss in detail below.
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Theorem 3.1 (Pasternack45). ν∗ : H`(BSO(q); R) → H`(BRΓ+
q ; R) is

trivial for ` > q.

Theorem 3.2 (Bott, Heitsch5). ν∗ : H∗(BSO(q); Z) → H∗(BRΓ+
q ; Z)

is injective.

Theorem 3.3 (Hurder19,22). ν∗ : H`(BSO(q); R) → H`(BRΓ+
q ; R) is

injective for ` ≤ q.

The contrast between Theorems 3.1 and 3.2 is one of the themes of this

section, while the proof of Theorem 3.3 is based on an observation.

Let ∇g denote the Levi-Civita connection on Q → M associated to

the projectable metric g for F . The Chern-Weil construction associates to

each universal class Pj the closed Pontrjagin form pj(∇g) ∈ Ω4j(M ; R).

For q = 2m, as Q is assumed to be oriented, there is also the Euler form

em(∇g) ∈ Ω2m(M ; R) whose square em(∇g)2 = pm(∇g). The universal map

ν∗ : H∗(BSO(q); R) → H∗(BRΓ+
q ; R) is defined by its values on foliated

manifolds, where ν∗(Pj) = [pj(∇g)] ∈ H4j(M ; R), and [β] represents the

de Rham cohomology class of a closed form β.

Let m be the least integer such that q ≤ 2m + 2. Given J =

(j1, j2, . . . , jm) with each j` ≥ 0, set pJ = pj11 · pj22 · · · pjmm , which has degree

4|J | = 4(j1 + · · ·+ jm). Let P denote a basis monomial: for q = 2m+ 1, it

has the form P = pJ with deg(P) = 4|J |. For q = 2m, either P = pJ with

deg(P) = 4|J |, or P = em · pJ with deg(P) = 4|J |+ 2m.

Pasternack44 first observed in his thesis that the proof of the Bott Van-

ishing Theorem4 can be strengthened in the case of Riemannian foliations,

as the adapted metric ∇g is projectable. He showed that on the level of

differential forms, an analogue of the Bott Vanishing Theorem holds.

Theorem 3.4 (Pasternack44,45). If deg(P) > q then P(∇g) = 0.

Theorem 3.1 follows immediately. Today, this result is considered “obvious”,

but that is due to the later extensive development of this field in the 1970’s.

Next consider the injectivity of ν∗ : Hk(BSO(q); R) → Hk(BRΓ+
q ; R).

We recall a basic observation of Thom.38

Theorem 3.5. There is a compact, orientable Riemannian manifold B of

dimension q such that all of the Pontrjagin and Euler classes up to degree

q are independent in H∗(B; R). If q is odd, then B can be chosen to be a

connected manifold.



February 17, 2009 16:46 WSPC - Proceedings Trim Size: 9in x 6in viii-icdg

18

Proof. For q even, let B equal the disjoint union of all products of the form

CPi1 × · · · ×CPik × S1 × · · · × S1 with dimension q. For q odd, B is the

connected sum of all products of the form CPi1×· · ·×CPik×S1×· · ·×S1

with dimension q. The claim then follows by the Splitting Principle38 for

the Pontrjagin classes.

Proof of Theorem 3.3. This now follows from the universal properties

of BRΓ+
q , as we endow the manifold B with the foliation F by points, with

the standard Riemannian metric on B.

The proof of Theorem 3.3 in19 used the fact that ν : BRΓ+
q → BSO(q)

is q-connected.

Next, we discuss the results of Bott and Heitsch.5 Let K ⊂ SO(q) be

a closed Lie subgroup, and let Γ ⊂ K be a finitely-generated subgroup.

Suppose that B is a closed connected manifold, with basepoint b0 ∈ B.

Assume there is a surjection ρ : Λ = π1(B, b0) → Γ ⊂ K ⊂ SO(q). Then

via the natural action of SO(q) on Rq we obtain an action of Λ on Rq . Let

B̃ → B denote the universal covering of B, equipped with the right action

of Λ by deck transformations. Then form the flat bundle

Eρ = B̃ × Rq/(b · γ,~v) ∼ (b, ρ(γ) · ~v) π−→ B̃/Λ = B (2)

As the action of Λ on Rq preserves the standard Riemannian metric, we

obtain a Riemannian foliation Fρ on Eρ whose leaves are the integral man-

ifolds of the flat structure. The classifying map of the foliation Fρ is given

by the composition of maps

Eρ → BΛ→ B(Kδ)→ B(SO(q)δ)→ BRΓ+
q (3)

whereKδ and SO(q)δ denotes the corresponding Lie groups considered with

the discrete topology, and B(Kδ) and B(SO(q)δ) are the corresponding

classifying spaces.

The Bott-Heitsch examples take K to be a maximal torus, so that for

q = 2m or q = 2m+ 1, we have K = Tm = SO(2) × · · · × SO(2) with m

factors. Consider first the case q = 2. For an odd prime p, let Γ = Z/pZ,

embedded as the p-th roots of unity in K = SO(2). Let B = S2`+1/Γ

be the quotient of the standard odd-dimensional sphere, and consider the

composition

ν ◦ ρ : B → Eρ → B(Z/pZ)→ B(SO(2)δ)→ BRΓ+
2

ν−→ BSO(2) (4)
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The composition ν ◦ ρ classifies the Euler class of the flat bundle Eρ → B,

which is torsion. The map in cohomology with Z/pZ-coefficients,

(ν ◦ ρ)∗ : H∗(BSO(2); Z/pZ)→ H∗(B; Z/pZ) (5)

is injective for ∗ ≤ 2`. It follows that the map

ν∗ : H∗(BSO(2); Z/pZ)→ H∗(BRΓ+
2 ; Z/pZ) (6)

is injective in all degrees. As this holds true for all odd primes, it is also

injective for integral cohomology. �

Theorem 3.2 is a striking result, as Theorem 3.1 implies that

ν∗ : H∗(BSO(2); Q) → H∗(BRΓ+
2 ; Q) is the trivial map for ∗ > 2. One

thus concludes from the Universal Coefficient Theorem for cohomology5

that the homology groups H∗(BRΓ+
2 ; Z) cannot be finitely generated in all

odd degrees ∗ ≥ 3.

The treatment of the cases where q = 2m > 2 and q = 2m + 1 > 2

follows similarly, where one takes Γ = (Z/pZ)m ⊂ Tm ⊂ SO(q), and let

p → ∞. An application of the splitting theorem for the Pontrjagin classes

of vector bundles then yields Theorem 3.2.

The fibration sequence FRΓq → BRΓ+
q → BSO(q) yields a spectral

sequence converging to the homology groups H∗(BRΓ+
q ; Z) with E2-term

E2
r,s
∼= Hr(BSO(q);Hs(FRΓq; Z)) (7)

It follows that the groups Hs(FRΓq ; Z) cannot all be finitely generated for

odd degrees ∗ ≥ q. In fact, we will see that this follows from the results of

Pasternack and Lazarov discussed in the next section on secondary classes,

but the homology classes being detected via the torsion classes above seem

to be of a different “sort” than those detected via the secondary classes.

Recall that the universal classifying map f : FRΓq → FΓq “forgets” the

added structure of a holonomy-invariant transverse Riemannian metric for

the foliation. It has been conjectured (see page 30841) that this map induces

the trivial map in homotopy.

Conjecture 3.1. f# : πk(FRΓq)→ πk(FΓq) is trivial for all k > 0.

The ideas of the proof of Theorem 3.2 imply that Conjecture 3.1 is false.

Theorem 3.6. The image of f∗ : H4k−1(BRΓq ; Z) → H4k−1(BΓq ; Z) is

infinite-dimensional for 4k > 2q ≥ 4.
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Proof. Our approach uses the homological methods of the proof of Theo-

rem 3.2 in5 and especially the commutative diagram from page 144.

Let P ∈ H4k(BSO(q); Z) for 4k > q be a generating monomial.

The Bott-Heitsch Theorem 3.2 implies that the image f ∗ ◦ ν∗(P) ∈
H4k(BRΓ+

q ; Z) is not a torsion class under the composition

H4k(BSO(q); Z)
ν∗
−→ H4k(BΓ+

q ; Z)
f∗

−→ H4k(BRΓ+
q ; Z) (8)

Let A4k−1 = image{H4k−1(BRΓ+
q ; Z) → H4k−1(BΓ+

q ; Z)}. Suppose

that A4k−1 is finite-dimensional, then Ext(A4k−1,Z) is a torsion group.

Consider the commutative diagram:

H4k(BSO(q); Z)

?
ν∗

Ext(H4k−1(BΓ+
q ; Z), Z) H4k(BΓ+

q ; Z) Hom(H4k(BΓ+
q ; Z), Z)- -τ e

?

? ?

ι∗

σ∗

f∗ f∗Ext(A4k−1, Z)

?
Ext(H4k−1(BRΓ+

q ; Z), Z) H4k(BRΓ+
q ; Z) Hom(H4k(BRΓ+

q ; Z), Z)- -
τ e

In the diagram, e is the evaluation map of cohomology on homology, and τ
maps onto its kernel. The inclusion ι : A4k−1 ⊂ H4k−1(BΓ+

q ; Z) induces the map

ι∗, and the surjection σ : H4k−1(BRΓ+
q ; Z) → A4k−1 induces σ∗.

The Bott Vanishing Theorem implies that the class

e ◦ ν∗(P) ∈ Hom(H4k(BΓ+
q ; Z), Z) ⊂ Hom(H4k(BΓ+

q ; Z), Q)

is trivial for deg(P) > 2q. Thus, there exists Pτ ∈ Ext(H4k−1(BΓ+
q ; Z), Z)

such that τ (Pτ ) = ν∗(P). The class ι∗(Pτ ) ∈ Ext(A4k−1, Z) is torsion, by the
assumption on A4k−1. Thus, f∗

◦ν∗(P) = τ ◦σ∗
◦ ι∗(Pτ ) is a torsion class, which

contradicts the Bott-Heitsch results. Thus, A4k−1 cannot be finite-dimensional
for 4k > 2q.

Corollary 3.1. The image of f∗ : H4k−1(FRΓq; Z) → H4k−1(FΓq ; Z) is

infinite-dimensional for 4k > 2q ≥ 4.

Proof. This follows from the commutative diagram following Theorem 2.1,

the functorial properties of the spectral sequence (7), the fact that

H∗(BSO(q); Z) is finitely generated in all degrees, and Theorem 3.6.
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Problem 3.1. Find geometric interpretations of the cycles in the image of

the map f∗ : H4k−1(FRΓq; Z)→ H4k−1(FΓq ; Z).

The construction of foliations with solenoidal minimal sets in10,26 give one

realization of some of the classes in the image of this map, as discussed

in the talk by the author25 at the conference of these Proceedings. Neither

these examples,26 nor the situation overall, is understood in sufficient depth.

4. Secondary classes

Assume that (F , g) is a Riemannian foliation of codimension q. We also

assume that there exists a framing s : M → P of the normal bundle. Then

the data (F , g, s) yields a classifying map hsF ,g : M → FRΓq . In this sec-

tion, we discuss the construction of the secondary characteristic classes of

such foliations, constructed using the Chern-Weil method,8 and some of the

results about these classes.

Recall that ∇g denotes the Levi-Civita connection of the projectable

metric g on Q.

Let I(SO(q)) denote the ring of Ad-invariant polynomials on the Lie

algebra so(q) of SO(q). Then we have

I(SO(2)) ∼= R[em]

I(SO(2m)) ∼= R[em, p1, . . . , pm−1] , q = 2m ≥ 4

I(SO(2m+ 1)) ∼= R[p1, . . . , pm] , q = 2m+ 1 ≥ 3

where the pj are the Pontrjagin polynomials, and em is the Euler polynomial

defined for q even.

The symmetric polynomials pj evaluated on the curvature matrix of

2-forms associated to the connection ∇g yields closed forms ∆F ,g(pj) =

p`(∇g) ∈ Ω4j(M). Then ∆F [pj ] = [pj(∇g)] ∈ H4j(M ; R) represents the

Pontrjagin class Pj(Q). The Euler form ∆F ,g(em) = em(∇g) ∈ Ω2m(M)

and the Euler class ∆F ,g[em] ∈ H2m(M,R) are similarly defined when

q = 2m. We thus obtain a multiplicative homomorphism

∆F ,g : I(SO(q))→ H∗(M ; R)

As noted in Theorem 3.4, Pasternack first observed that for ∇g the adapted

connection to a Riemannian foliation, the map ∆F ,g vanishes identically in

degrees greater than q.

Definition 4.1. For q = 2m, set

I(SO(q))2m ≡ R[em, p1, p2, . . . , pm−1]/(P | deg(P) > q)
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For q = 2m+ 1, set

I(SO(q))2m+1 ≡ R[p1, p2, . . . , pm]/(P | deg(P) > q)

Corollary 4.1 (Pasternack). Let (F , g) be a Riemannian foliation of

M with codimension q. Then there is a characteristic homomorphism

∆F ,g : I(SO(q))q → H∗(M ; R), which is functorial for transversal maps

between foliated manifolds.

Of course, if we assume that the normal bundle Q is trivial, then this

map is zero in cohomology. The point of the construction of secondary

classes is to obtain geometric information from the forms pj(∇g) ∈ Ω4j(M),

even if they are exact. If we do not assume that Q is trivial, then one still

knows that the cohomology classes [pj(∇g)] ∈ H4j(M ; R) lie in the image

of the integral cohomology, H∗(M ; Z) → H∗(M ; R) so that one can use

the construction of Cheeger-Simons differential characters as in7,9,31,52 to

define secondary invariants in the groupsH4j−1(M ; R/Z). These classes are

closely related to the Bott-Heitsch examples above, and to the secondary

classes constructed below.

Given a trivialization s : M → P , let ∇s be the flat connection on Q

for which s is parallel. Set ∇t = t∇g + (1 − t)∇s, which we consider as a

connection on the bundle Q extended as product over M × R. Then the

Pontrjagin forms for ∇t yield closed forms pj(∇t) ∈ Ω4j(M × R). Define

the 4j − 1 degree transgression form

hj = hj(∇g , s) =

∫ 1

0

{ι(∂/∂t)pj(∇t)} ∧ dt ∈ Ω4j−1(M) (9)

which satisfies the coboundary relation on forms:

dhj(∇g , s) = pj(∇g)− pj(∇s) = pj(∇g)

For q = 2m we also introduce the transgression of the Euler form,

χm = χm(∇g , s) =

∫ 1

0

{ι(∂/∂t)em(∇t)} ∧ dt ∈ Ωq−1(M) (10)

which satisfies the coboundary equation dχm = em(∇g). Note that if 4j > q,

then the form pj(∇g) = 0, so the transgression form hj is closed. The

cohomology class [hj ] = ∆s
F ,g(hj) ∈ H4j−1(M ; R) is said to be a secondary

cohomology class. In general, introduce the graded differential complexes:

RW2m = Λ (h1, . . . , hm−1, χm)⊗ I(SO(q))2m
RW2m+1 = Λ (h1, . . . , hm)⊗ I(SO(q))2m+1
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where dW (hj⊗1) = 1⊗pj and dW (χm⊗1) = em⊗1. For I = (i1 < · · · < i`)

and J = (j1 ≤ · · · ≤ jk) set

hI ⊗ pJ = h11 ∧ · · · ∧ hi` ⊗ pj1 ∧ · · · ∧ pjk (11)

Note that deg(hI ⊗pJ) = 4(|I |+ |J |)− `, and that dW (hI ⊗pJ) = 0 exactly

when 4i1 + 4|J | > q. In the following, the expression hI ⊗ pJ will always

assume that the indexing sets I and J are ordered as above.

Theorem 4.1 (Lazarov - Pasternack34). Let (F , g) be a Riemannian

foliation of codimension q ≥ 2 of a manifold M without boundary, and

assume that there is given a framing of the normal bundle, s : M → P .

Then the above constructions yield a map of differential graded algebras

∆s
F ,g : RWq → Ω∗(M) (12)

such that the induced map on cohomology, ∆s
F ,g : H∗(RWq) → H∗(M ; R),

is independent of the choice of basic connection ∇g, and depends only on the

integrable homotopy class of F as a Riemannian foliation and the homotopy

class of the framing s.

This construction can also be recovered from the method of truncated Weil

algebras applied to the Lie algebra so(q) (see Kamber and Tondeur29,30).

The functoriality of the construction of ∆s
F ,g implies, in the usual way:32,34

Corollary 4.2. There exists a universal characteristic homomorphism

∆: H∗(RWq , dW )→ H∗(FRΓq ; R) (13)

There are many natural questions about how the values of these sec-

ondary classes are related to the geometry and dynamical properties of the

foliation (F , g, s). We discuss some known results in the following.

First, consider the role of the section s : M → P . Given any smooth map

ϕ : M → SO(q), we obtain a new framing s′ = s · ϕ : M → P by setting

s′(x) = s(x) ·ϕ(x). Thus, ϕ can be thought of as a gauge transformation of

the normal bundle Q→M .

The cohomology of the Lie algebra so(q) is isomorphic to an exterior

algebra, generated by the cohomology classes of left-invariant closed forms

τj ∈ Λ4j−1(so(q)) for j < q/2, and the Euler form χm ∈ Λ2m−1(so(q)) when

q = 2m. The map ϕ pulls these back to closed forms ϕ∗(τj) ∈ Ω4j−1(M).

Theorem 4.2 (Lazarov33,34). Suppose that two framings s, s′ of Q are

related by a gauge transformation ϕ : M → SO(q), s′ = s · ϕ. Then on the

level of forms,

∆s′

F ,g(hj) = ∆s
F ,g(hj) + ϕ∗(τj) (14)
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In particular, for j > q/4, we have the relation in cohomology

∆s′

F ,g[hj ] = ∆s
F ,g[hj ] + ϕ∗[τj ] ∈ H4j−1(M ; R) (15)

The relation (14) can be used to easily calculate exactly how the cohomol-

ogy classes ∆s
F ,g[hI ⊗ pJ ] and ∆s′

F ,g[hI ⊗ pJ ] associated to framings s, s′

are related. (See §4,34 and33 for details.) Here is one simple application of

Theorem 4.2:

Proof of Theorem 2.5. For the product foliation of SO(q)×Rq we have

a natural identification of the transverse orthogonal frame bundle P =

SO(q)×SO(q). Let s : SO(q)→ P be the map s(x) = x×{Id}, called the

product framing. Then the map ∆s
F ,g : RWq → Ω∗(M) is identically zero.

On the other hand, the connecting map δ : SO(q)→ FRΓq in (1) classi-

fies the Riemannian foliation Fδ of SO(q)×Rq, obtained via the pull-back of

the standard product foliation of SO(q)×Rq via the action of SO(q) on Rq .

However, the normal framing of Fδ is the product framing on SO(q)×Rq .

Let ϕ : SO(q)→ SO(q) be defined by ϕ(x) = x−1 for x ∈ SO(q). Then Fδ
is diffeomorphic to the product foliation of SO(q) × Rq with the framing

defined by the gauge action of ϕ.

It follows from Theorem 4.2 that for j > q/4, ∆s′

F ,g[hj ] = ϕ∗[τj ] = ±τj ∈
H4j−1(SO(q); R) is a generator. Hence, the connecting map δ : SO(q) →
FRΓq cannot be homotopic to the identity if there exists j > q/4 such that

τj ∈ H4j−1(SO(q); R) is non-zero. This is the case for all q > 2.

The original Chern-Simons invariants of 3-manifolds9 can be considered

as examples of the above constructions. Let M be a closed oriented, con-

nected 3-manifold with Riemannian metric g. Consider M as foliated by

points, then we obtain a Riemannian foliation of codimension 3. Choose

an oriented framing s : M × R3 → TM , then the transgression form

∆s
F ,g(h1) ∈ H3(M ; R) ∼= R is well-defined. Note that by formula (15),

the mod Z-reduction ∆s
F ,g(h1) ∈ H3(M ; R/Z) ∼= R/Z is then independent

of the choice of framing. This invariant of the metric is just the Chern-

Simons invariant.9 for (M, g). On the other hand, Atiyah showed1 that for

a 3-manifold, there is a “canonical” choice of framing s0 for TM , so that

there is a canonical R-valued Chern-Simons invariant, ∆s0
F ,g(h1) ∈ R.

Chern and Simons9 also show that the values of ∆s
F ,g(h1) ∈ R/Z can

vary non-trivially with the choice of Riemannian metric.

One of the standard problems in foliation theory, is to determine

whether the universal characteristic map is injective. For the classifying
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space BΓq of smooth foliations, this remains one of the outstanding open

problems.24 In contrast, for Riemannian foliations, the universal map (13)

is injective. We present here a new proof of this, based on Theorem 3.5.

Theorem 4.3 (Hurder19). There exists a compact manifold M and a

Riemannian foliation F of M with trivial normal bundle, such that F is

defined by a fibration over a compact manifold of dimension q, and the

characteristic map ∆s
F ,g : H∗(RWq) → H∗(M) is injective. Moreover, if q

is odd, then M can be chosen to be connected.

Proof. Let B be the compact, oriented Riemannian manifold defined in the

proof Theorem 3.5. Let M be the bundle of oriented orthonormal frames

for TB. The basepoint map π : M → B defines a fibration SO(q)→M →
B, whose fiber Lx = π−1(x) over x ∈ B is the group SO(q) of oriented

orthonormal frames in TxB. Let F be the foliation defined by the fibration.

The Riemannian metric on B lifts to the transverse metric on the normal

bundle Q = π∗TB. The bundle Q has a canonical framing s, where for

b ∈ B and A ∈ SO(q) the framing of Qx,A is that defined by the matrix A.

The normal bundle restricted to Lx is trivial, as it is just the constant

lift of TxB. That is, Q|Lx ∼= π∗(TxB) ∼= Lx × Rq . The basic connection

∇g restricted to Q|Lx is the connection associated to the product bundle

Lx × Rq. However, the canonical framing of Q → M restricted to Q|Lx is

twisted by SO(q). Thus, the connection ∇s on Q for which the canonical

framing is parallel, restricts to the Maurer-Cartan form on SO(q) × Rq

along each fiber Lx.

By Chern-Weil theory, the forms ∆s
F ,g(hj) = hj(∇g , s) restricted to

Lx = SO(q) are closed, and their classes in cohomology define the free

exterior generators for the cohomology H∗(SO(q); R). (In the even case

q = 2m, one must include the Euler class χm as well.)

Give the algebra RWq the basic filtration by the degree in I(SO(q))q ,

and the forms in Ω∗(M) the basic filtration by their degree in π∗Ω∗(B).

(See30 for example.) The characteristic map ∆s
F ,g preserves the filtrations,

hence induces a map of the associated Leray-Hirsch spectral sequences,

∆∗,∗
r : E∗,∗

r (RWq , dW )→ E∗,∗
r (M,dr)

For r = 2, we then have

∆∗,∗
2 : E∗,∗

2 (RWq) ∼= (RWq , dW )→ E∗,∗
r (M,d2) ∼= H∗(SO(q); R)⊗H∗(B; R)

which is injective by the remark above. Pass to the E∞–limit to obtain that

∆s
F ,g : H∗(RWq) → H∗(M) induces an injective map of associated graded

algebras, hence is injective.
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It seems to be an artifact of the proof that for q ≥ 4 even, the manifold

M we obtain is not connected.

Problem 4.1. For q ≥ 4 even, does there exists a closed, connected

manifold M and a Riemannian foliation F of M of codimension-q

and trivial normal bundle, such that the secondary characteristic map

∆s
F ,g : H∗(RWq) → H∗(M) injects? Is there a cohomological obstruction

to the existence of such an example?

Note that in the examples constructed in the proof of Theorem 4.3, the

image of the monomials hI ⊗ pJ for 4i1 + 4|J | > q (and hence hI ⊗ pJ is

dW -closed) are integral:

∆s
F ,g[hI ⊗ pJ ] ∈ Image {H∗(M,Z)→ H∗(M,R)}

This follows since the restriction of the forms ∆s
F ,g(hI) to the leaves of

F are integral cohomology classes. In general, one cannot expect a similar

integrality result to hold for examples with all leaves compact, as is shown

by the Chern-Simons example previously mentioned. However, a more re-

stricted statement holds.

Definition 4.2. A foliation F of a manifold M is compact Hausdorff if

every leaf of F is a compact manifold, and the leaf spaceM/F is a Hausdorff

space.

Theorem 4.4 (Epstein,12 Millett37). A compact Hausdorff foliation F
admits a holonomy-invariant Riemannian metric on its normal bundle Q.

In the next section, we discuss the division of the secondary classes into

“rigid” and “variable” classes. One can show the following:

Theorem 4.5. Let F be a compact Hausdorff foliation of codimension q

of M with trivial normal bundle. If hI ⊗ pJ is a rigid class, then

∆s
F ,g[hI ⊗ pJ ] ∈ Image {H∗(M,Q)→ H∗(M,R)}

This follows for the case when the leaf space M/F is a smooth manifold

from18 whose methods extend to this more general situation.

It is an interesting problem to find geometric conditions on a Rieman-

nian foliation which imply the rationality of the secondary classes.11 Ratio-

nality should be associated to rigidity properties for the global holonomy of

the leaf closures, one of the fundamental geometric concepts in the Molino

Structure theory discussed in §6. One expects rationality results for the sec-

ondary classes analogous to the celebrated results of Reznikov,50,51 possibly

with some additional assumptions on the geometry of the leaves.
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5. Variation of secondary classes

The secondary classes of a foliation are divided into two types, the “rigid”

and the “variable” classes. Examples show that the variable classes are

sensitive to both the geometry and dynamical properties of the foliation,

while the rigid classes seem to be topological in nature.

A monomial hI ⊗ pJ ∈ RWq is said to be rigid if deg(pi1 ∧ pJ) > q + 2.

Note that if 4i1 + 4|J | > q, then this condition is automatically satisfied

when q = 4k or q = 4k + 1. Here is the key property of the rigid classes:

Theorem 5.1 (Lazarov and Pasternack, Theorem 5.534). Let

(Ft, gt, st) be a smooth 1-parameter family of framed Riemannian foliations.

Let hI ⊗ pJ ∈ RWq be a rigid class. Then

∆s0
F0,g0

[hI ⊗ pJ ] = ∆s1
F1,g1

[hI ⊗ pJ ] ∈ H∗(M ; R)

Note that the family {(Ft, gt) | 0 ≤ t ≤ 1} need not be a Riemannian

foliation of codimension-q of M × [0, 1].

For the special case where q = 4k− 2 ≥ 6, a stronger form of the above

result is true:

Theorem 5.2 (Lazarov and Pasternack, Theorem 5.634).

Let (F , gt, st) be a smooth 1-parameter family, where F is a fixed folia-

tion of codimension q, each gt is a holonomy invariant Riemannian metric

on Q, and st is a smooth family of framings on Q. Let hI ⊗ pJ ∈ RWq

satisfy deg(pi1 ∧ pJ) > q + 1. Then

∆s0
F ,g0 [hI ⊗ pJ ] = ∆s1

F ,g1 [hI ⊗ pJ ] ∈ H∗(M ; R)

We say that these classes are metric rigid. Thus, the classes [hI ⊗ pJ ] ∈
H∗(RWq) are metric rigid when deg(hi1 ⊗ pJ) > q, and rigid under all

deformations when deg(hi1 ⊗ pJ) > q + 1.

A closed monomial hI ⊗ pJ which is not rigid, is said to be variable. In

the special case q = 2, the class [χ1⊗e1] ∈ H3(RW2) is variable. For q > 2,

neither the Euler class em or its transgression χm can occur in a variable

class, so for q = 4k − 2 or q = 4k − 1, the variable classes are spanned by

the closed monomials

Vq = {hI ⊗ pJ | 4i1 + 4|J | = 4k} (16)

Let vkq denote the dimension of the subspace of Hk(RWq) spanned by the

variable monomials.
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Theorem 5.2 implies that for codimension q = 4k − 2 ≥ 6, in order to

continuously vary the value of a variable class hI ⊗ pJ it is necessary to

deform the underlying foliation. For q = 4k − 1, the value of variable class

may (possibly) be continuously varied by simply changing the transverse

metric for the foliation. We illustrate this with two examples.

Example 5.1 (Chern-Simons, Example 2 in §69). Consider S3 as

the Lie group SU(2) with Lie algebra spanned by

X =

[
i 0

0 −i

]
, Y =

[
0 i

i 0

]
, Z =

[
0 −1

1 0

]

which gives a framing s of TS3. Let gu be the Riemannian metric on S3 for

which the parallel Lie vector fields {u · X,Y, Z} are an orthonormal basis.

Let F denote the point-foliation of S3. Then [h1] ∈ H3(RW3) and for each

u > 0, we have ∆s
F ,gu

[h1] ∈ H3(S3; R) ∼= R.

Theorem 5.3 (Theorem 6.99).
d

du
|u=1

(
∆s

F ,gu
[h1]
)
6= 0.

One expects similar results also hold for other compact Lie groups of

dimension 4k − 1 ≥ 7, although the author does not know of a published

calculation of this.

Chern and Simons also prove a fundamental fact about the conformal

rigidity of the transgression classes, and as their calculations are all local,

the result carries over to Riemannian foliations:

Theorem 5.4 (Theorem 4.59). The rigid secondary classes in codimen-

sion q = 4k−1 are conformal invariants. That is, let (F , g) be a Riemannian

foliation of codimension q = 4k − 1 of the closed manifold M . Let s be a

framing of the normal bundle Q. Let µ : M → R be a smooth function,

which is constant along the leaves of F . Define a conformal deformation of

g by setting gt = exp(µ(t)) · g. Then for all [hI ⊗ pJ ] ∈ H∗(RWq , dW ) with

4i1 + 4|J | = q + 1,

∆s
F ,gt

[hI ⊗ pJ ] = ∆s
F ,g[hI ⊗ pJ ] ∈ H∗(M ; R)

Combining Theorems 5.1, 5.2 and 5.4 we obtain:

Corollary 5.1. The secondary classes of Riemannian foliations are con-

formal invariants.

A modification of the original examples of Bott3 and Baum-Cheeger2

show that all of the variable secondary classes vary independently, by a

suitable variation of foliations.
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Example 5.2 (Lazarov-Pasternack35). Let α = (α1, . . . , α2k) ∈ R2k.

Let (x1, y1, x2, y2, . . . , x2k, y2k) denote coordinates on R4k, and define a

Killing vector field Xα on R4k by

Xα =

k∑

i=1

αi{xi∂/∂yi − yi∂/∂xi}

Let φαt : R4k → R4k be the isometric flow of Xα, which restricts to an

isometric flow on the unit sphere S4k−1, so defines a Riemannian foliation

Fα of codimension q = 4k − 2 of S4k−1.

Let hi ⊗ pJ satisfy 4i + 4|J | = 4k. Associated to pi ∧ pJ is an Ad-

invariant polynomial ϕi,J on so(4k) of degree 2k. Let M → S4k−1 denote

the bundle of orthonormal frames for the normal bundle to Fα, for α near

0 ∈ R2k. The spectral sequence for SO(4k − 2)→M → S4k−1 collapses at

the Er,s2 -term, hence H∗(M ; R) ∼= H∗(S4k−1,R)⊗H∗(SO(4k − 2); R). Let

[C] ∈ H4k−1(M,R) correspond to the fundamental class of the base.

Theorem 5.5 (§§2 & 335). There exists λ 6= 0 independent of the choice

of pi ∧ pJ such that

〈∆s
Fα,g[hi ⊗ pJ ], [C]〉 = λ · ϕi,J (α1, . . . , α2k)

α1 · · ·α2k
(17)

These examples are for q = 4k − 2. Multiplying by a factor of S1 in

the transverse direction yields examples with codimension 4k − 1, and the

same secondary invariants. Hence, we have the following corollary, due to

Lazarov and Pasternack:

Corollary 5.2 (Theorem 3.635). Let q = 4k − 2 or 4k − 1. Evaluation

on a basis of H4k−1(RWq ; dW ) defines a surjective map

π4k−1(BRΓ+
q )→ Rv4k−1

q (18)

In particular, all of the variable secondary classes in degree 4k − 1 vary

independently.

Although not stated by Lazarov and Pasternack,35 these examples also

imply that all of the variable secondary classes for Riemannian foliations

vary independently, as stated in Theorem 420.

The papers19,30,34–36,53,54 contain a more extensive collection of exam-

ples of the calculation of the secondary classes for Riemannian foliations.

We mention also the very interesting work of Morita43 which shows

there is an extended set of secondary invariants, beyond those described
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above. This paper uses the Chern-Weil approach of Kamber and Tondeur to

extend the construction of secondary invariants for Riemannian foliations to

include an affine factor in its transverse holonomy group. Moreover, Morita

gives examples to show these additional classes are non-zero for a natural

sets of examples, and hence for q > 2, give further non-triviality results for

the homotopy type of FRΓq.

6. Molino Structure Theory

The values of certain of the secondary classes for Riemannian foliations

can vary under an appropriate deformation of the underlying Riemannian

foliation. This raises the question, exactly what aspects of the dynamics of

F contributes to this variation? Molino’s Structure Theory for Riemannian

foliations provides a framework for studying this problem, as highlighted in

Molino’s survey.42 We recall below some of the main results of this theory,

in order to formulate some of the open questions. The reader can consult

Molino,40,41 Haefliger,16,17 or Moerdijk and Mrčun39 for further details.

Recall that we assume M is a closed, connected smooth manifold, (F , g)
is a smooth Riemannian foliation of codimension q with tangential distri-

bution F = TF , and that the normal bundle Q→M to F is oriented.

Let π : M̂ → M be the bundle of oriented orthonormal frames for Q.

For x ∈ M , the fiber π−1(x) = Fr+(Qx) is the space of orthogonal frames

of Qx with positive orientation. The manifold M̂ is a principal right SO(q)-

bundle. Set x̂ = (x, e) ∈ M̂ for e ∈ Fr+(Qx).

The manifold M̂ has a Riemannian foliation F̂ , whose leaves are the

holonomy coverings of the leaves of F . The definition of F̂ can be found

in the sources cited above, but there is an easy intuitive definition. Let X

denote a vector field on M which is everywhere tangent to the leaves of F ,

so that its flow ϕt : M →M defines F-preserving diffeomorphisms. For each

x ∈M , t 7→ ϕt(x) defines a path in the leaf Lhx through x. The differential of

these maps induce transverse isometries Dxϕt : Qx → Qϕt(x) which act on

the oriented frames of Q, hence define paths in M̂ . Given x̂ = (x, e) ∈ M̂ ,

the leaf L̂hx̂ is defined by declaring that the path t 7→ Dxϕt(e) is tangent

to L̂hx̂. It follows from the construction that the restriction π : L̂hx̂ → Lhx of

the projection π to each leaf of F̂ is a covering map.

There is an SO(q)-invariant Riemannian metric ĝ on T M̂ such that F̂
is Riemannian. The metric ĝ satisfies dπ : T F̂ → TF is an isometry, and

the restriction of ĝ to the tangent space Tπ of the fibers of π is induced

from the natural bi-invariant metric on SO(q). Then dπ restricted to the

orthogonal complement (T F̂ ⊕ Tπ)⊥ is a Riemannian submersion to Q.
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A fundamental observation is that F̂ is Transversally Parallelizable

(TP). Let Diff(M̂, F̂) denote the subgroup of diffeomorphisms of M̂ which

map leaves to leaves for F̂ , not necessarily taking a leaf to itself. The TP

condition is that Diff(M̂, F̂) acts transitively on M̂ .

Given x̂ = (x, e) ∈ M̂ , let Lhx denote the closure of the leaf Lx in M , and

let Lhx̂ denote the closure of the leaf L̂hx̂ in M̂ . For notational convenience,

we set Nx = Lhx and Nx̂ = Lhx̂. Note that the distinction between Nx ⊂M
and Nx̂ ⊂ M̂ is indicated by the basepoint.

Theorem 6.1. Given any pair of points x̂, ŷ ∈ M̂ , there is a diffeo-

morphism Φ ∈ Diff(M̂, F̂) which restricts to a foliated diffeomorphism,

Φ: Nx̂ → Nŷ. Hence, given any pair of points x, y ∈M , the universal cov-

erings of the leaves Lhx and Lhy of F are diffeomorphic and quasi-isometric.

This is a key property of Riemannian foliations, and is used to establish the

general Molino Structure Theory, which gives a description of the closures

of the leaves of F and F̂ .

Theorem 6.2 (Molino40,41). Let M be a closed, connected smooth man-

ifold, and (F , g) a smooth Riemannian foliation of codimension q of M .

Let W = M/F be the quotient of M by the closures of the leaves of F , and

Υ : M →W the quotient map.

(1) For each x̂ ∈ M̂ , the closure Nx̂ of L̂hx̂ is a submanifold of M̂ .

(2) The set of all leaf closures Nx̂ defines a foliation Ê of M̂ with all leaves

compact without holonomy.

(3) The quotient leaf space Ŵ is a closed manifold with an induced right

SO(q)-action, and the induced fibration Υ̂ : M̂ → Ŵ is SO(q)–

equivariant.

(4) W is a Hausdorff space, and there is an SO(q)-equivariant commutative

diagram:

SO(q) = SO(q)

↓ ↓
M̂

Υ̂−→ Ŵ

π ↓ ↓ π̂

M
Υ−→ W

The second main result of the structure theory provides a description

of the closures of the leaves of F and F̂ , and the structure of F̂ |Nx̂.
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Theorem 6.3 (Molino40,41). Let M be a closed, connected smooth man-

ifold, and (F , g) a smooth Riemannian foliation of codimension q of M .

(1) There exists a simply connected Lie group G, whose Lie algebra g

is spanned by the holonomy-invariant vector fields on Nx̂ transverse

to F̂ , such that the restricted foliation F̂ of Nx̂ is a Lie G-foliation

with all leaves dense, defined by a Maurer-Cartan connection 1-form

ωx̂g : TNx̂ −→ g.

(2) Let ρx̂ : π1(Nx̂, x̂) → G be the global holonomy map of the flat connec-

tion ωx̂g . Then the image N̂x̂ ⊂ G of ρx̂ is dense in G.

7. Some open problems

Theorems 6.2 and 6.3 suggest a number of questions about the secondary

classes of Riemannian foliations. It is worth recalling that for the example

constructed in the proof of Theorem 4.3 of a Riemannian foliation for which

the characteristic map is injective, all of its leaves are compact, and so the

structural Lie group G of Theorem 6.3 reduces to the trivial group. For this

example, all of the secondary classes are integral.

The first two problems invoke the structure of the quotient manifold

Ŵ = M̂/E and space W = M/F .

Problem 7.1. Suppose that foliation F of M by the leaf closures of F is

a non-singular foliation. Show that all secondary classes of F are rational.

In the case where every leaf of F is dense in M , so W reduces to a point,

are the secondary classes necessarily integral?

In all examples where there exists a family of foliations for which the sec-

ondary classes vary non-trivially, the quotient space W is singular, hence

the action of SO(q) on Ŵ has singular orbits. The action of SO(q) thus

defines a stratification of Ŵ . (See28 for a discussion of the stratifications

associated to a Riemannian foliation, and some of their properties.)

Problem 7.2. How do the values of the secondary classes for a Rieman-

nian foliation depend upon the SO(q)-stratification of Ŵ? Are there condi-

tions on the structure of the stratification which are sufficient to imply that

the secondary classes are rational?

The next problems concern the role of the structural Lie group G of a

Riemannian foliation F .
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Problem 7.3. Suppose the structural Lie group G is nilpotent. For exam-

ple, if all leaves of F have polynomial growth, the G must be nilpotent.6,56

Show that all rigid secondary classes of F are rational.

All of the known examples of families of Riemannian foliations for which

the secondary classes vary non-trivially are obtained by the action of an

abelian group Rp, and so the structural Lie group G is necessarily abelian.

In contrast, one can ask whether there is a generalization to the secondary

classes of Riemannian foliations of the results of Reznikov that the rigid

secondary classes of flat bundles must be rational.50,51

Problem 7.4. Suppose the structural Lie group G is semi-simple with real

rank at least 2, without any factors of R. Must the values of the secondary

classes be rigid under deformation? Are all of the characteristic classes of

F are rational?

Problem 7.5. Assume the leaves of F admit a Riemannian metric for

which they are Riemannian locally symmetric spaces of higher rank.55,57

Must all of the characteristic classes of F be rational?

The final question is more global in nature, as it asks how the topology

of the ambient manifold M influences the values of the secondary classes

for a Riemannian foliation F of M . Of course, one influence might be that

the cohomology group H`(M ; R) = {0} where ` = deg(hI ⊗ pJ), and then

∆F (hI ⊗ pJ) = 0 is rather immediate. Are there more subtle influences,

such as whether particular restrictions on the fundamental group π1(M)

restrict the values of the secondary classes for Riemannian foliations of M?

Problem 7.6. How does the topology of a compact manifold M influence

the secondary classes for a Riemannian foliation (F , g) with normal framing

s of M?

There are various partial results for Problem 7.6 in the literature,34,36,54

but no systematic treatment. It seems likely that an analysis such as in

Ghys13 for Riemannian foliations of simply connected manifolds would yield

new results in the direction of this question.
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1. Introduction

A smooth foliation is a partition of a smooth manifold M as the union of

immersed p-dimensional submanifolds called leaves ; it is defined by a cover

of M by open balls Ui and diffeomorphisms ϕi : Ui → Bp ×Bq such that

every leaf intersects Ui in a countable union of sets of the form ϕ−1
i (Bp×{·})

called plaques. We denote by

ϕj ◦ ϕ−1
i (xi, ti) = (xj = xji(xi, ti), tj = tji(ti))

the change of coordinates.

Garnett initiated the theory of harmonic measures9 (see also2,3) on

a foliation equipped with a smooth Riemannian metric ds2 on its tangent

bundle. Denote by ∆F the Laplacian associated to ds2 along the leaves of F :

a harmonic measure is a probability measurem onM verifying ∆Fm = 0 in

the weak sense, i.e.
∫

∆Ffdm = 0 for any smooth function f onM . Garnett

proved that such measures always exist, and moreover, she developped an

ergodic theory for such measures, in connexion with the foliated Brownian

motion.
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In this worka, a foliation will be called uniquely ergodic if on any min-

imal closed F-saturated subset is supported a unique harmonic measure.

In the sixties, Furstenberg7 gave an example of a diffeomorphism of the

2-torus, with dense orbits, and with uncountably many invariant measures.

By suspending such a diffeomorphism, one obtains an example of a foliation

with dense leaves and uncountably many transverse invariant measures.

A transverse invariant measure for F is a family of Radon measures νi
on the ball Bq , such that (tji)?νi = νj where tji is defined. This notion

has been introduced12 by Plante. Such a family of measures gives rise to

a harmonic measure by forming their product with the leafwise volume.

The harmonic measures obtained by this contruction are called totally in-

variant. For instance, by suspending Furtenberg’s example of a minimal

non-uniquely ergodic diffeomorphism, all the harmonic measures are to-

tally invariant.

When a foliation does not carry any transverse invariant measure, the

transverse dynamics is richer, and non unique-ergodicity is much less likely

to happen. For instance, unique ergodicity is known in the following cases:

• transversally conformal foliations without any invariant measure, see.4

• homogeneous foliations whose leaves are the orbit of a locally free action

of the affine group (i.e. M = G/Γ where Γ is a lattice of a Lie group,

and the foliation is given by the orbit of the left action of a copy of the

affine group in G). This fact is a consequence of a combination of the

work of Ratner13 and of Petite.11

• the suspension of a representation of the fundamental group of a com-

pact manifold in SL(d+1,R) acting by projective transformations are

uniquely ergodic,10 as soon as the representation is contracting and

irreducible.

Petite,11 however, has constructed minimal laminations with several non

totally invariant harmonic measures using tilings of the hyperbolic plane.

Our goal is to provide smooth examples of this kind: we construct a smooth

foliation by Riemannian surfaces of a 5-dimensional manifold, with dense

leaves, and with uncountably many non totally invariant ergodic harmonic

measures.

We also provide examples in the holomorphic world: we construct a

non uniquely-ergodic (but not minimal) holomorphic foliation by curves of

aUsually, unique ergodicity means that there is a unique harmonic measure. However we
prefer to allow the existence of several minimal sets.
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a compact complex manifold, without any transverse invariant measure.

These examples contrast with the unique ergodicity phenomenom occuring

for (complex) codimension 1 foliations (see4,6).

2. The construction

Let M ∈ SL(2,Z) be a hyperbolic matrix, i.e. it has two eigenvalues 0 <

α < 1 < β. Let (a1, a2) and (b1, b2) be eigenvectors corresponding to α and

β, i.e. we have the relations

aa1 + ba2 = αa1, ca1 + da2 = αa2 ,

ab1 + bb2 = βb1, cb1 + db2 = βb2 ,

where a, b, c, d are the coefficient of M . Let H be the upper half-plane,

whose elements are the complex numbers w with positive imaginary part.

Consider the group G generated by the following diffeomorphisms of the

product H×R:

g0(w, z) = (αw, βz) ,

gi(w, z) = (w + ai, z + bi), i = 1, 2 .

The subgroup G′ of G generated by g1 and g2 preserves each fiber of the

fibration by planes

R2 → H×R
Im(w)→ (0,∞) ,

and acts by a discrete lattice of translations on them. Thus the action of

G′ is free and discontinuous, and the quotient G′\H×R is a torus bundle

over (0,∞), which is naturally diffeomorphic to T2 × (0,∞), where T2 is

the quotient of R2 by the translations (x, z) 7→ (x+ai, z+ bi), i = 1, 2. The

relations

g0 ◦ g1 ◦ g−1
0 = ga1 ◦ gb2 and g0 ◦ g2 ◦ g−1

0 = gc1 ◦ gd2
show that the group G′ is normal in G. The element g0 acts on the quotient

G′\H×R = T2× (0,∞) by a linear automorphism on the first factor, and

multiplication by α on the second. Thus the action of G on H×R is free,

discontinuous and cocompact; one of its fundamental domains is T2× [α, 1].

We will denote by

• F the foliation of H×R defined by dz = 0; it is invariant by the group

G.
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• (T2 × (0,∞),F) the quotient of (H×R,F) by G′.
• (M,Fq) the quotient of (H×R,F) by G.

Let ds2 = |dw|
Im(w) , be a Riemannian metric on the leaves of F : it is invariant

under the group G. We denote by ds2 the induced metric on the leaves of

F and Fq.
Let N be a compact smooth manifold and Φ : N → N be a diffeomor-

phism. We denote (NΦ,FΦ) the quotient of the product T2 × (0,∞)×N ,

together with the product foliation F × {·}, by the map (g0,Φ). This is a

compact foliated manifold fibering over (M,Fq) with fiber N . The Rieman-

nian metric on the leaves of FΦ induced by g is still denoted by g. Recall

that a subset of NΦ is FΦ-saturated if it is a union of leaves.

Lemma 2.1. To a Φ-invariant closed subset F of N , we associate the FΦ-

saturated closed subset of NΦ defined as the quotient of T2 × (0,∞) × F
by (g0,Φ). This is a bijection between the Φ-invariant closed subsets of N

and the FΦ-saturated subsets of NΦ. In particular, if all the orbits of Φ are

dense, all the leaves of FΦ are also dense.

Proof. LetM be a FΦ-saturated closed subset of NΦ, and M̃ its pullback

to T2×(0,∞)×N . It is a closed F×{·}-invariant subset. Since F intersects

a set T2 × {·} of T2 × (0,∞) on a linear irrational foliation of the 2-torus,

every leaf of F is dense in T2 × (0,∞). Thus M̃ must be of the form

T2× (0,∞)×F , where F is a closed subset. The set F must be Φ-invariant

forM to be FΦ-saturated.

The form f dz is g0-invariant on T2 × (0,∞) if and only if f ◦ g0 = αf .

For instance, the form

ω = Im(w) dz

is g0-invariant and vanishes on F . Denote by vol the volume form corre-

sponding to ds2 on the leaves, and by V = vol ∧ ω the volume form on

T2× (0,∞): both of them are g0-invariant. The following result is a conse-

quence of Petite’s work;11 however we have preferred to give an independent

proof of it in our particular situation.

Lemma 2.2. The harmonic measures on FΦ are the images of measures

of the form V ⊗ µ on H×R×N , where µ is a Φ-invariant measure.

Proof. Let us prove that if µ is a Φ-invariant measure, V ⊗ µ defines a

harmonic measure for FΦ. First it is invariant by the group H generated
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by G′ × {id} and by the transformation (g0,Φ). Consider the coordinates

(w, z, p) of H× (0,∞)×N . We have

V ⊗ µ = Im(w) volg ⊗ (dz ⊗ dµ) .

Because Im(w) is harmonic on the leaves of F , V ⊗ µ is harmonic, by

Garnett’s desintegration lemma.9 Moreover, it is invariant by the group H ,

so it defines a harmonic measure on the quotient H\H×R×N .

The converse is harder. Let m be a harmonic measure on FΦ. It can be

pushed to a harmonic measure m′ on the foliation Fq of g0\T2 × (0,∞).

By4,9, since Fq does not carry any invariant measure, and since all leaves

are dense, we know that Fq has a uniqueb harmonic measure. This measure

is necessarily the volume form V .

Let m̃ be the Radon measure on H× (0,∞)×N , obtained as the ”pull-

back” of the measure m. By Garnett’s decomposition lemma,9

m̃ = ϕ vol ∧ dν(z, p) ,
where ν is a Radon measure on R × N , and ϕ ∈ L1

loc(vol ⊗ ν) is a non

negative measurable function, harmonic on ν-a.e. leaf of F×{·}. Moreover,

we can suppose that ϕ(
√
−1, z, p) ≡ 1. Let I be a compact interval in R,

and fI : R× (0,∞)→ (0,∞) the function

fI(w) =

∫

I×N
ϕ(w, z, p) dν(z, p) .

It is harmonic. Because m̃ is mapped to V by the projection (w, z, p) 7→
(w, z), we have fI = cst · Im(w). But the harmonic function Im(w) is ex-

tremal in the cone of positive harmonic function on the upper half-plane,

so that for ν a.e. (z, p)

ϕ(w, z, p) = Im(w) .

Recall that ν is mapped by (z, p) 7→ z to the Lebesgue measure dz.

By Fubini’s theorem, there is a family of probability measures µz on N ,

depending measurably on z, such that

ν =

∫
µz dz .

The map (x, z) 7→ µz is invariant by the translations (x, z) 7→ (x+ai, z+bi),

i = 1, 2. It induces a measurable map from T2 to the space of probabil-

ity measures on N which is constant on the irrational foliation defined by

bIn9, Garnett only stated this statement for the stable folation of the geodesic flow of a
compact surface of curvature −1; however, her proof also works for the foliation Fq .
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dx+ = 0. Because this foliation is ergodic with respect to the Lebesgue mea-

sure, µz = µ is constant for almost every point z with respect to Lebesgue

measure. The measure µ is Φ-invariant since m̃ is invariant by (g0,Φ).

Recall that Furstenberg7 has shown that there is an analytic diffeomor-

phism Φ of the 2-torus T2, whose orbits are dense, but with uncountably

many invariant measures. Lemmas 2.1 and 2.2 show that the foliation FΦ

of the 5-manifold NΦ satisfies the conclusions of the abstract.

It is possible to make a slightly different construction in the holomorphic

world. We follow the construction of p. 1741. Let M = (mij) ∈ SL(3,Z)

be a matrix with one real eigenvalue α > 1, and two complex conjugate

eigenvalues β and β with modulus |β| = |β| < 1. Let (a1, a2, a3) be a real

eigenvector of M corresponding to α and (b1, b2, b3) an eigenvector of M

corresponding to β. Since (a1, a2, a3), (b1, b2, b3) and (b1, b2, b3) are inde-

pendent over C, the vectors (a1, b1), (a2, b2) and (a3, b3) are independent

over R.

Let N be a compact complex manifold and Ψ be a complex automor-

phism ofN . Let G be the group of automorphisms of the product C×H×N
generated by the maps

g0(w, z, p) = (αw, βz,Ψ(p))

gi(w, z, p) = (w + ai, z + bi, p), i = 1, 2, 3 .

These transformations preserve the holomorphic foliation F defined by

{w = cst, p = cst}. As before, the group G acts freely, properly and

discontinuously on C ×H × N . The quotient is denoted by NΨ, and the

quotient of F by FΨ. Lemmas 2.1 and 2.2 also work for the foliation FΨ.

It is not known wether there exists an automorphism of a compact com-

plex manifold with every orbit dense, but with several invariant measures.

However, if we choose Ψ to be a hyperbolic linear automorphism of a torus,

it is possible to find a minimal closed Ψ-invariant subset supporting sev-

eral Ψ-invariant measures. The foliation FΨ has an FΨ-saturated subset

carrying several harmonic measures.

3. Questions

• Let F be a smooth foliation of a compact manifold, and ds2i , i = 1, 2 be

Riemannian metrics on the leaves. Is it truec that the convex compact

cThere is an example5 of a smooth codimension 1 foliation of a compact 3-manifold with
the following properties:
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subset of harmonic measures for ds21 and ds22 respectively are image of

each other by an affine automorphism of the space of finite measures?

This is true for transversally conformal foliations,4 in which case the

compact subsets of harmonic measures are simplex of the dimension

given by the number of minimal closed F-saturated sets.

• Does there exist a non uniquely-ergodic foliation by surfaces of a 4-

manifold, which does not carry a transverse invariant measure?

• Is there a holomorphic foliation by curves of a complex projec-

tive/Kähler manifold which is not uniquely ergodic?

• Is there a biholomorphism of a compact complex manifold with every

orbit dense and more than one invariant measure?
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– it has dense leaves
– it does not carry any transverse invariant measure
– there is a Riemannian metric g on the leaves which is smooth on the leaves and

continuous transversally, such that there are several ∆g-harmonic measures.

This contrast with the fact that if the metric is transversally Hölder, then there is a
unique harmonic measure.4 Hence one has to suppose that the metrics ds2

i are at least
transversally Hölder for this question to have a positive answer.
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1. Introduction

In 1947, Ulam and von Neumann22 announced the following theorem.

Theorem 1.1 (Ulam-von Neumann22). The group of orientation pre-

serving homeomorphisms of the 2-dimensional sphere S2 is a simple group.

Moreover there is a positive integer N such that for any orientation pre-

serving homeomorphisms f and g of S2, f can be written as a product of

N conjugates of g if g is not the identity.

In 1958, Anderson1 showed the following theorem.

Theorem 1.2 (Anderson1). Let Homeo(Sn)0 denote the identity compo-

nent of the group of homeomorphisms of the n-dimensional sphere Sn. For
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n = 1, 2, 3 and for elements f and g ∈ Homeo(Sn)0 \{id}, f can be written

as a product of at most 6 conjugates of g or g−1.

In 1960, Fisher5 showed that for a compact connected manifold Mn of

dim n ≤ 3, Homeo(Mn)0 is a simple group.

Here, a group G is said to be simple if G contains no nontrivial proper

normal subgroups. Equivalently, G is simple if, for f ∈ G and g ∈ G \ {e},
f can be written as a product of conjugates of g or g−1.

In 1970, Epstein2,4 showed that for certain groups such as the group

of Cr diffeomorphisms (r ≤ ∞) where we can apply the fragmentation

technique, the perfectness implies the simplicity.

Here a group G is said to be perfect if the abelianization of G is a trivial

group. Equivalently, G is perfect if any element of G can be written as a

product of commutators.

For a manifold Mn, let Diffr(Mn) denote the group of Cr diffeomor-

phisms of Mn, and Diffrc(M
n), the group of Cr diffeomorphisms of Mn

with compact support (1 ≤ r ≤ ∞). Here the support supp(f) of a diffeo-

morphism f of Mn is defined to be the closure of {x ∈Mn
∣∣ f(x) 6= x}. Let

Diffr(Mn)0 and Diffrc(M
n)0 denote the identity components of Diffr(Mn)

and Diffrc(M
n) with respect to the Cr topology, respectively.2

Herman-Mather-Thurston2,7,10,11,15 showed the perfectness of the iden-

tity component Diffrc(M
n)0 of the group of Cr diffeomorphisms (1 ≤ r ≤ ∞,

r 6= n+ 1) of an n-dimensional manifold Mn with compact support, which

implies the simplicity of the group when Mn is connected.

For g ∈ G, let Cg denote the union of the conjugate classes of g and of

g−1. Then G is simple if G =
⋃∞
k=1(Cg)

k for any element g ∈ G \ {e}. For

a simple group G, we can define an interesting distance function on the set

{Cg
∣∣ g ∈ G \ {e}} by

d(Cf , Cg) = log min{k
∣∣ Cf ⊂ (Cg)

k and Cg ⊂ (Cf )
k}.

Definition 1.1. We say that G is uniformly simple if there is a positive

integer N such that, for f ∈ G and g ∈ G \ {e}, f can be written as a

product of at most N conjugates of g or g−1: G =
⋃N
k=1(Cg)

k.

In other words, G is uniformly simple if the distance function d on

{Cg
∣∣ g ∈ G \ {e}} is bounded.

There are simple groups which are not uniformly simple. For example,

the direct limit A∞ of the alternate groups An, the identity component of

the group of volume preserving diffeomorphisms with compact support of

Rn (n ≥ 3), etc.
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If an infinite group is uniformly simple, then it is uniformly perfect.

Here a group G is said to be uniformly perfect if there is a positive integer

N such that any element f ∈ G can be written as a product of at most N

commutators. By using the results of Herman-Mather-Thurston,2,7,10,11,15

we showed21 the uniform perfectness of Diffr(Mn)0 (1 ≤ r ≤∞, r 6= n+1)

for the compact n-dimensional manifold Mn with handle decomposition

without handles of the middle index n/2.

We show in this paper, the uniform simplicity of the identity component

Diffr(Mn)0 (1 ≤ r ≤ ∞, r 6= n+ 1) of the group of diffeomorphisms of the

compact connected n-dimensional manifold Mn with handle decomposition

without handles of the middle index n/2. This uniform simplicity (in par-

ticular, the estimates on the number of conjugates) follows from certain

improvement of the proof in21 of the uniform perfectness of Diffr(Mn)0
(see also Remark 3.3).

Our results in this paper are as follows.

Theorem 1.3. For the n-dimensional sphere Sn (n ≥ 1), for any elements

f and g of Diffr(Sn)0 \ {id} (1 ≤ r ≤ ∞, r 6= n+ 1), f can be written as a

product of at most 12 conjugates of g or g−1.

For a handle decomposition, let c be the order of the set of indices

which appears as the indices of handles in the handle decomposition. In

the following theorems, for a manifold Mn, c(Mn) denotes the minimum

of such numbers c among the handle decompositions of Mn without the

middle index n/2 (if n is even). Of course, c(Mn) ≤ n+ 1.

Theorem 1.4. Let M2m be a compact connected (2m)-dimensional man-

ifold with handle decomposition without handles of index m, then for any

elements f and g of Diffr(M2m)0 \ {id} (1 ≤ r ≤ ∞, r 6= 2m+ 1), f can

be written as a product of at most 16c(M 2m) + 8 conjugates of g or g−1.

Theorem 1.5. Let M2m+1 be a compact connected (2m+ 1)-dimensional

manifold, then for any elements f and g of Diffr(M2m+1)0 \ {id} (1 ≤ r ≤
∞, r 6= 2m+2), f can be written as a product of at most 16c(M 2m+1)+12

conjugates of g or g−1.

Since c(Mn) ≤ n+ 1, we have the following corollary.

Corollary 1.1. Let Mn be a compact connected n-dimensional manifold

with handle decomposition without handles of index n/2. For any elements

f and g of Diffr(Mn)0 \ {id} (1 ≤ r ≤ ∞, r 6= n+ 1), f can be written as

a product of at most 16n+ 28 conjugates of g or g−1.
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In many cases, we have a better estimate on the number of conjugates.

In particular, for a compact connected 3-dimensional manifolds M 3, we

have the following.

Corollary 1.2. Let M3 be a compact connected 3-dimensional manifold.

For any elements f and g of Diffr(M3)0 \ {id} (1 ≤ r ≤ ∞, r 6= 4), f can

be written as a product of at most 44 conjugates of g or g−1.

In Section 2, we review the results of our previous paper21 and give

the necessary improvement. In Section 3, we give the proofs of theorems.

There we also remark that for the n-dimensional sphere Sn, any element f ∈
Diff(Sn)0 can be written as a product of 3 commutators, and for a compact

(2m+1)-dimensional manifold M2m+1, any element f ∈ Diff(M2m+1)0 can

be written as a product of 5 commutators.

2. Uniform perfectness of diffeomorphism groups

In Theorem 4.121, we showed the following.

Theorem 2.1 (Tsuboi21). Let Mn be the interior of a compact n-

dimensional manifold with handle decomposition with handles of indices

not greater than (n − 1)/2, then any element of Diffrc(M
n)0 (1 ≤ r ≤ ∞,

r 6= n+ 1) can be written as a product of two commutators.

To discuss the uniform simplicity, we use an improvement of this the-

orem. In the proof of this theorem, we used a nice Morse function on

Mn to find a k-dimensional complex Kk differentiably embedded in Mn

(k ≤ (n − 1)/2) which is a deformation retract of Mn, and an isotopy

{Ht}t∈[0,1] (H0 = id) with a neighborhood V of Kk such that (H1)
j(V )

(j ∈ Z) are disjoint. We will use the Morse function on Mn and the asso-

ciated handle decomposition to show the following theorem.

Theorem 2.2. Let Mn be the interior of a compact n-dimensional man-

ifold with handle decomposition with handles of indices not greater than

(n − 1)/2. Let c be the order of the set of indices appearing in the handle

decomposition. Then any element of Diffrc(M
n)0 (1 ≤ r ≤ ∞, r 6= n + 1)

can be written as a product of two commutators. Moreover, if Mn is con-

nected, any element of Diffrc(M
n)0 can be written as a product of 4c + 1

commutators with support in balls.

To prove Theorem 2.2, we review the Morse functions and handle de-

compositions. Before the beginning of the proof of Theorem 2.2, let f denote

a Morse function and we fix notations as in21.
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Let f : Mn −→ R be a Morse function on a compact connected n-

dimensional manifold Mn such that f(Mn) = [0, n], the set of critical

points of index k is contained in f−1(k) (k = 0, . . . , n) and f−1(0) and

f−1(n) are one point sets.

Put Wk = f−1([0, k + 1/2]), and then this Wk is a compact manifold

with boundary ∂Wk = f−1(k+1/2). Let ck be the number of critical points

of index k. Then the manifold Wk is diffeomorphic to the manifold obtained

from Wk−1 by attaching ck handles of index k (k = 0, . . . , n). This means

the following.

Let Dk × Dn−k be the product of the k-dimensional disk Dk and the

(n− k)-dimensional disk Dn−k. Let ϕi : (∂Dk)×Dn−k −→ ∂Wk−1 (i = 1,

. . . , ck) be diffeomorphisms with disjoint images. Let

W ′
k = Wk−1 ∪⊔ck

i=1 ϕi

ck⊔

i=1

(Dk ×Dn−k)i

be the space obtained from the disjoint union Wk−1 t
⊔ck

i=1(D
k ×Dn−k)i

by identifying

x ∈ ((∂Dk)×Dn−k)i ⊂ (Dk ×Dn−k)i

with ϕi(x) ∈ ∂Wk−1 ⊂Wk−1.

In this paper, we consider that W ′
k is a submanifold with corner of Wk

and Wk \ W ′
k is diffeomorphic to ∂Wk × (−∞, k + 1/2] (which is shown

by using the flowlines of the gradient flow Ψt). The handles (Dk ×Dn−k)i
(i = 1, . . . , ck) of index k are contained in the interior of Wk. Then we have

the sequence

Dn ∼= W0 ⊂W ′
1 ⊂W1 ⊂ · · · ⊂W ′

k ⊂Wk ⊂ · · · ⊂W ′
n = Wn = Mn.

By choosing a Riemannian metric on the manifold Mn, the Morse func-

tion f defines the gradient vector field and the gradient flow Ψt. The fixed

points of the gradient flow Ψt are precisely the critical points of f . The

core disk and the co-core disk of a handle of a handle decomposition of Mn

correspond to the local stable manifold and the local unstable manifold of

the corresponding fixed point p of the gradient flow Ψt, respectively.13,14

Let eki and e′n−ki denote the global stable manifold and the global unsta-

ble manifold, respectively, for the fixed point p of Ψt which is a critical

point of index k of f . Then eki and e′n−ki are diffeomorphic to Rk and

Rn−k, respectively. Then we know that the global stable manifolds and the

global unstable manifolds of fixed points of Ψt form the cell decomposition⋃n
k=0

⋃ck

i=1 e
k
i and the dual cell decomposition

⋃n
k=0

⋃ck

i=1 e
′n−k
i of Mn, re-

spectively.13 The dual cell decomposition is the cell decomposition for the



February 17, 2009 16:46 WSPC - Proceedings Trim Size: 9in x 6in viii-icdg

48

Morse function n−f . Consider the k-skeletonX (k) of the cell decomposition

and the (n− k − 1)-skeleton X ′(n−k−1) of the dual cell decomposition:

X(k) =
⋃

j≤k

cj⋃

i=1

eji and X ′(n−k−1) =
⋃

j≥k+1

cj⋃

i=1

e′n−ji .

X(k) and X ′(n−k−1) are compact sets. The boundary ∂Wk of Wk is trans-

verse to the gradient flow Ψt, and hence M \ (X(k) ∪X ′(n−k−1)) is diffeo-

morphic to ∂Wk ×R by the map

∂Wk ×R 3 (x, t) 7−→ Ψt(x) ∈M \ (X(k) ∪X ′(n−k−1)).

Moreover Ψt(∂Wk) converges to X(k) as t −→ −∞ and to X ′(n−k−1) as

t −→ ∞. Hence, M \X ′(n−k−1) is diffeomorphic to the interior int(Wk) of

Wk and X(k) is a deformation retract of both Wk and M \X ′(n−k−1):

X(k) ⊂ int(Wk) ⊂Wk ⊂M \X ′(n−k−1).

Hence we call X(k) the core complex of Wk .

The core disks (Dk × {0})i is in the stable manifold for the gradient

flow Ψt of the critical point ({0} × {0})i of index k. We may consider the

flow Ψt on the handle (Dk × Dn−k)i of index k is in the form of a direct

product of linear flows. Then the stable manifold eki is written as

eki =
⋃

t∈(−∞,0]

Ψt((D
k×{0})i) or eki =

⋂

τ∈(−∞,0]

⋃

t∈(−∞,τ ]

Ψt((D
k×Dn−k)i).

Using the gradient flow Ψt, for any neighborhood V of X (k) and for

any compact subset A in int(Wk), we can construct an isotopy {Gt :

int(Wk) −→ int(Wk)}t∈[0,1] with compact support such that G0 = idint(Wk),

Gt|X(k) = idX(k) (t ∈ [0, 1]) and G1(A) ⊂ V . A similar statement is true

for X(k) ⊂M \X ′(n−k−1).

We prove the following lemma which is the core complex version of

Lemma 4.321.

Lemma 2.1. Let Mn be a compact n-dimensional manifold. Let X (k) be

the k skeleton of the cell decomposition associated with a Morse function

on Mn. Let L` be a compact set which is a union of finitely many images

of Rs (s < `) under differentiable maps. If k + `+ 1 ≤ n then there is an

isotopy {Ft : Mn −→Mn}t∈[0,1] (F0 = id) such that F1(X
(k)) ∩ L` = ∅.

Proof. We construct the isotopy Ft, skeleton by skeleton. Assume that for

u ≤ k − 1, there is an isotopy {F ut }t∈[0,1] (F u0 = id) such that F u1 (X(u)) ∩
L` = ∅. Then there is a neighborhood Uu ofX(u) such that F u1 (Uu)∩L` = ∅.
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Let u + 1 ≤ k. Since the number of (u + 1)-dimensional cells of X (k)

is cu+1, there is a negative real number τu+1 such that, for the (u + 1)-

dimensional cells eu+1
i (i = 1, . . . , ck) ofX(k), Ψτu+1((∂D

u+1×Dn−u−1)i) ⊂
Uu. Since there are only finitely many handles of index u+ 1, we can take

τu+1 uniformly on i.

We define F u+1
t with support in

⋃cu+1

i=1 Ψτu+1((D
u+1 ×Dn−u−1)i). Note

that
cu+1⋃

i=1

Ψτu+1((D
u+1 ×Dn−u−1)i) (⊂W ′

u+1)

is a union of disjoint closed balls in Mn. Since Ψτu+1((∂D
u+1×Dn−u−1)i) ⊂

Uu, there is a disk (D′u+1 × {0})i ⊂ (int(Du+1)× {0})i such that

Ψτu+1(((D
u+1 \ int(D′u+1))×Dn−u−1)i) ⊂ Uu.

Hence

X(u+1) ∩ L` ⊂
cu+1⋃

i=1

Ψτu+1((int(D′u+1)× {0})i).

We have the projection

p = proj2 ◦ Ψ−τu+1 : Ψτu+1((D
u+1 ×Dn−u−1)i) −→ Dn−u−1.

Since p(Ψτu+1((D
u+1 × Dn−u−1)i) ∩ L`) is a finite union of images of Rs

(s ≤ ` ≤ n−k−1 ≤ n−u−2) under differentiable maps, it is a measure zero

subset of Dn−u−1, and since L` is compact, it is a nowhere dense subset of

Dn−u−1. Take a point q close to 0 in the complement of

p(Ψτu+1((D
u+1 ×Dn−u−1)i) ∩ L`).

Let {F u+1
t }t∈[0,1] (F u+1

0 = id) be the isotopy with support in⋃cu+1

i=1 Ψτu+1((D
u+1 ×Dn−u−1)i) such that

F u+1
t (Ψτu+1(x, 0)) = Ψτu+1(x, tµ(x))

for Ψτu+1(x, 0) ∈ (D′u+1 ×Dn−u−1)i), where µ : int(D′u+1) −→ [0, 1] is a

C∞ function with compact support such that µ(x) = 1 for x ∈ D′′u+1 ⊂
int(D′u+1) such that

Ψτu+1(((D
u+1 \ int(D′′u+1))×Dn−u−1)i) ⊂ Uu

and

X(u+1) ∩ L` ∩ Ψτu+1((D
u+1 ×Dn−u−1)i) ⊂ Ψτu+1((D

′′u+1 × {0})i).
Thus we obtain an isotopy {F u+1

t }t∈[0,1] such that F u+1
1 (X(u+1))∩L` = ∅.
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Then we define Ft to be the composition of F kt , . . . , F 0
t .

Remark 2.1. Note that the support of the isotopy {F ut }t∈[0,1] is contained

in a disjoint union of balls, hence it is contained in a larger embedded ball

Vu. Note also that we can choose F u1 which is a commutator with support in

the ball. It is because we can take a ball V ′
u ⊂ V ′

u ⊂ Vu which contains the

support of the isotopy {F ut }t∈[0,1], and choose an element α ∈ Diffrc(Vu)

such that α(V ′
u) ∩ V ′

u = ∅ and α(V ′
u) ∩ X(k) = ∅, Then F u1 α(F u1 )−1α−1

coincides with F u1 on X(k).

Proof of Theorem 2.2. By applying Lemma 2.1 to the core complexX (k)

of Mn with respect to X(k) itself, there is an isotopy {Ft}t∈[0,1] (F0 = id)

such that F1(X
(k)) ∩ X(k) = ∅. Then there is a neighborhood W of X (k)

such that W ∩ F1(W ) = ∅. By using the gradient flow, we can construct

an isotopy {Gt}t∈[0,1] (G0 = id) such that G1(F1(W )) ⊂ W . Then for

g = G1 ◦ F1 and U = W \ G1(F1(W )), gj(U) (j ∈ Z) are disjoint (see

Lemma 4.521).

Note here that F1 = F k1 ◦ · · · ◦ F 0
1 is a product of c commutators with

support in balls by Remark 2.1, where F ut = id if there are no handles of

index u.

On the other hand,G1 is defined by using the gradient flow. However,G1

can also be written as a product of isotopies with support in neighborhoods

of

(Du ×Dn−u)i ∪
⋃

t∈[0,∞)

Ψt((D
u × ∂Dn−u)i)

which shrink these sets to the core disks (Du × {0})i, where i = 1, . . . ,

cu; u = 0, . . . , k. These neighborhoods are balls and the product Gu1 of

these isotopies for the handles of the same index u is with support in a

disjoint union of balls. Hence it is also supported in a larger embedded ball.

By an argument similar to that in Remark 2.1, Gu1 can be replaced by a

commutator with support in the ball without changing Gu1 |(F1(W ). Hence

G1 = G0
1 ◦ · · · ◦Gk1 is also a product of c commutators with support in balls.

Now any element f ∈ Diffrc(M
n)0 (1 ≤ r ≤ ∞, r 6= n+1) is conjugate to

an element with support in U by an isotopy constructed from the gradient

flow Ψt. We may assume that the support of f is contained in U .

By the results of Herman-Mather-Thurston,2,7,10,11,15 f can be written

as a product of commutators such that the support of each commutator is

contained in an embedded ball.
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Hence we can write f = [a1, b1] · · · [ak, bk], where the supports of ai and

bi are contained in a ball Vi in U . We put

H =

k∏

i=1

gk−i([a1, b1] · · · [ai, bi])gi−k,

where g = G1 ◦ F1. Then H is an element of Diffrc(M
n)0 and

H−1gHg−1 = ([a1, b1] · · · [ak, bk])−1
k−1∏

i=0

gk−i[ai+1, bi+1]g
i−k

= f−1
k−1∏

i=0

gk−i[ai+1, bi+1]g
i−k

= f−1
[ k−1∏

i=0

gk−iai+1g
i−k,

k−1∏

i=0

gk−ibi+1g
i−k].

By putting A =

k−1∏

i=0

gk−iai+1g
i−k and B =

k−1∏

i=0

gk−ibi+1g
i−k, f can be

written as a product of two commutators: f = [A,B][g,H−1].

Now, note that the supports of A and B are contained in a disjoint union⋃k
i=1 g(Vi) of balls g(Vi). Thus the supports of A and B are contained in a

larger embedded ball.

Since F1 and G1 can be written as products of c commutators with

support in balls, g = G1◦F1 can be written as a product of 2c commutators

with support in balls and [g,H−1] = g(H−1g−1H) can be written as a

product of 4c commutators with support in balls. Thus f can be written as

a product of 4c+ 1 commutators with support in balls.

Remark 2.2. In many cases, we can construct F1 such that (F1)
j(W )

(j ∈ Z) are disjoint. In this case, we use F1 and W in the place of g and U ,

and f is written as a product of 2c+ 1 commutators with support in balls.

In particular, for a 3-dimensional handle body H3, this is the case, where

c = 2. Hence any element of Diffrc(H
3)0 (1 ≤ r ≤ ∞, r 6= 4) can be written

as a product of 5 commutators with support in balls.

3. Uniform simplicity of the diffeomorphism groups

First we review how the perfectness of Diff rc(R
n)0 implies the simplicity

of Diffrc(M
n)0 for a connected manifold M . That is, we have the following

lemma which is now well known.
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Lemma 3.1. Let Mn be a connected n-dimensional manifold. Let g be a

nontrivial element of Diffrc(M
n)0. Assume that f ∈ Diffrc(M

n)0 is written

as a product of commutators [ai, bi] (i = 1, . . . , k): f = [a1, b1] · · · [ak, bk],
where ai and bi are with support in an embedded ball Ui ⊂ Ui ⊂Mn. Then

f can be written as a product of 4k conjugates of g and g−1.

Proof. Since g is a nontrivial element of Diffrc(M
n)0, there is an open ball

U ⊂ U ⊂ Mn such that g(U) ∩ U = ∅. Then any commutator [a, b] in

Diffrc(U)0 can be written as a product of 4 conjugates of g or g−1. For, if

a, b ∈ Diffrc(U)0, then by putting c = g−1ag, we have cb = bc and

aba−1b−1 = gcg−1bgc−1g−1b−1

= gcg−1c−1cbgc−1b−1bg−1b−1

= g(cg−1c−1)(bcgc−1b−1)(bg−1b−1).

Now for f = [a1, b1] · · · [ak, bk], there are balls Ui such that supp(ai),

supp(bi) ⊂ Ui. By the ball theorem, there is a diffeomorphism hi ∈
Diffr(Mn)0 such that hi(Ui) = U . Since hi[ai, bi]hi

−1 is with support in U ,

it can be written as a product of 4 conjugates of g or g−1: hi[ai, bi]hi
−1 ∈

(Cg)
4. Hence [ai, bi] ∈ (Cg)

4 and f = [a1, b1] · · · [ak, bk] ∈ (Cg)
4k .

Before proving Theorem 1.3, we give a remark which makes a better

estimate on the number of commutators than our previous one (Theo-

rem 5.221).

Remark 3.1. In Theorem 5.221, we showed that any element f ∈ Diff(Sn)0
can be written as a product of 4 commutators. However, we can in fact write

f ∈ Diff(Sn)0 as a product of 3 commutators with support in embedded

balls. The reason is as follows: By Theorem 5.121, for f ∈ Diffr(Sn)0,

we have the decomposition f = g ◦ h, where g ∈ Diffrc(S
n \ Q0)0 and

h ∈ Diffrc(S
n \ P 0)0 for some points P 0 and Q0 ∈ Sn. We have a closed

ball V containing the support of the isotopy of g and take a diffeomorphism

α ∈ Diffrc(S
n \Q0)0, such that α(V ) ∩ V = ∅ and P 0 6∈ α(V ). Then

f = (gαg−1α−1) ◦ (αg−1α−1h)

and

supp(αg−1α−1h) ⊂ α(V ) ∪ supp(h) 63 P 0.

Thus gαg−1α−1 ∈ Diffrc(S
n \Q0)0 and αg−1α−1h ∈ Diffrc(S

n \ P 0)0. Here

αg−1α−1h can be written as a product of 2 commutators by Theorem 2.1

(Theorem 4.121). Since Sn \Q0 and Sn \ P 0 are diffeomorphic to Rn and
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any commutator of Diffrc(R
n)0 is with support in a ball, f can be written

as a product of 3 commutators with support in embedded balls.

Proof of Theorem 1.3. By Remark 3.1, any element f ∈ Diff r(Sn)0 can

be written as a product of 3 commutators with support in embedded balls.

By Lemma 3.1, f is written as a product of 4 · 3 = 12 conjugates of γ or

γ−1 for any nontrivial element γ ∈ Diffr(Sn)0.

By using Theorem 2.2, and Theorem 5.221, the proof of Theorem 1.4 is

straightforward.

Proof of Theorem 1.4. Let M2m be a compact connected (2m)-

dimensional manifold with handle decomposition without handles of in-

dex m. For M2m, from the handle decomposition, we obtain Pm−1 and

Qm−1 ⊂M2m such that Pm−1 ⊂M2m \Qm−1 and Qm−1 ⊂M2m \ Pm−1

are deformation retracts. By Theorem 5.221, any element f of Diffr(M2m)0
can be decomposed as f = g ◦ h, where g ∈ Diff rc(M

2m \ k(Qm−1))0 and

h ∈ Diffrc(M
2m \Pm−1)0. Then by Theorem 2.2, g and h can be written as

products of 4c(M2m \k(Qm−1))+1 and 4c(M2m \Pm−1)+1 commutators

with support in balls if 1 ≤ r ≤∞, r 6= 2m+ 1, respectively. Since

c(M2m \ k(Qm−1) + c(M2m \ Pm−1) = c(M2m),

f can be written as 4c(M2m) + 2 commutators with support in balls. By

Lemma 3.1, for any nontrivial element γ ∈ Diffr(M2m)0, f can be written

as a product of 16c(M2m) + 8 conjugates of γ or γ−1.

Before proving Theorem 1.5, we give a better estimate on the number

of commutators than our previous one (Theorem 6.121).

Remark 3.2. In Theorem 6.121, we showed that for a compact (2m+ 1)-

dimensional manifoldM2m+1, any element f ∈ Diffr(M2m+1)0 (1 ≤ r ≤ ∞,

r 6= 2m+ 2) can be written as a product of 6 commutators. We can in fact

write f ∈ Diffr(M2m+1)0 as a product of 5 commutators. The reason is

just as follows: For a compact connected (2m + 1)-dimensional manifold

M2m+1, we obtain Pm and Qm ⊂ M2m+1 from the handle decomposition

such that Pm ⊂ M2m+1 \ Qm and Qm ⊂ M2m+1 \ Pm are deformation

retracts. By Theorem 6.221, any element f of Diffr(M2m+1)0 can be de-

composed as f = a ◦ g ◦ h, where a is with support in a disjoint union of

balls, g ∈ Diffrc(M
2m+1 \ k(Qm))0 and h ∈ Diffrc(M

2m+1 \ k′(Pm))0. By an

argument similar to that in Remark 2.1 or 3.1, the diffeomorphism a can
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be replaced by a commutator with support in the ball by changing g. Since

g and h can be written as products of two commutators by Theorem 2.1

(Theorem 4.121), f can be written as products of 5 commutators.

Proof of Theorem 1.5. By Remark 3.2, any element f of Diff r(M2m+1)0
is decomposed as f = a◦g◦h, where a is a commutator with support in the

ball, g ∈ Diffrc(M
2m+1\k(Qm))0 and h ∈ Diffrc(M

2m+1\k′(Pm))0. Then by

Theorem 2.2, g and h can be written as products of 4c(M 2m+1 \k(Qm))+1

and 4c(M2m+1 \ k′(Pm)) + 1 commutators with support in balls if 1 ≤ r ≤
∞, r 6= 2m+ 2, respectively. Since

c(M2m \ k(Qm) + c(M2m+1 \ k′(Pm)) = c(M2m),

f can be written as 4c(M2m+1) + 3 commutators with support in balls.

By Lemma 3.1, for any nontrivial element γ ∈ Diff r(M2m+1)0, f can be

written as a product of 16c(M 2m+1) + 12 conjugates of γ or γ−1.

Proof of Corollary 1.2. By Remark 2.2, for a 3-dimensional open handle

body H3, any element of Diffrc(H
3) (1 ≤ r ≤ ∞, r 6= 4) can be written

as a product of 5 commutators with support in balls. Now any element

f ∈ Diffr(M3)0, can be decomposed as f = a ◦ g ◦ h as in the proof of

Theorem 1.5. Since g and h can be written as products of 5 commutators

with support in balls, f can be written as 11 commutators with support in

balls. By Lemma 3.1, for any nontrivial element γ ∈ Diffr(M3)0, f can be

written as a product of 44 conjugates of γ or γ−1.

Remark 3.3. The uniform simplicity of the groups we treated also follows

from a proposition of Burago-Ivanov-Polterovich (Proposition 1.153), our

previous remark (Remark 6.621) and Lemma 3.1. We note here that the

fragmentation norm3 of an element of Diffr(Sn)0 is at most 2, that of an

element of Diffr(M2m)0 for M2m with handle decomposition without han-

dles of indexm is at most 2c(M 2m)+2, that of an element of Diffr(M2m+1)0
is at most 2c(M2m+1) + 3. The reason is that for g = G1 ◦ F1 which we

used in the proof of Theorem 2.2,

G1 ◦ F1 =G0
1 ◦ · · · ◦Gk1 ◦ F k1 ◦ · · · ◦ F 0

1

= (G0
1 ◦ F 0

1 ) ◦ (F 0
1 )−1 ◦ (G1

1 ◦ F 1
1 ) ◦ (F 0

1 )

◦(F 1
1 ◦ F 0

1 )−1 ◦ (G2
1 ◦ F 2

1 ) ◦ (F 1
1 ◦ F 0

1 )

◦ · · · ◦ (F k−1
1 ◦ · · · ◦ F 0

1 )−1 ◦ (Gk1 ◦ F k1 ) ◦ (F k−1
1 ◦ · · · ◦ F 0

1 )

and Gu1 ◦F u1 (0 ≤ u ≤ k) is with support in a union of disjoint balls, hence

is with support in a larger ball. Hence g = G1 ◦ F1 can be written as a

product of c diffeomorphisms with support in embedded balls.
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In this exposition we survey convergences of contact structures to foliations
from the point of view of Thurston’s and Thurston–Bennequin’s inequalities
featuring the case when the structures are associated with spinnable structures
and their Dehn fillings. Also we review previous works by the author and
others6 and12 as the main motivation for the above.

1. Thurston’s Inequality

Let us first recall Thurston’s inequality for foliations of codimension 1 on

3-manifolds and Thurston–Bennequin’s inequality for contact structures,

which we can regard as topological expressions of ‘(pseudo-)convexity’. Un-

less otherwise specified, throughout the article all 3-manifolds are oriented

and compact, foliations and contact structures are both tangentially and

transversely oriented in a coherent way, and so are embedded surfaces as

well.

Let F be a foliation of codimension one on a closed oriented 3-manifold

M . Assuming that F has no Reeb components, Thurston showed the fol-

lowing inequality for arbitrary embedded closed surface Σ of genus g > 0.

Thurston’s Absolute Inequality (cf.16)

|〈e(TF), [Σ]〉| ≤ |χ(Σ)| = 2g − 2.

Here e(·) and χ(·) denote the Euler class and the Euler characteristic.

As a principle the following relative inequality is more refined, which also

Thurston proved under the same assumption. Let Σ be any Seifert surface
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whose oriented boundary L = ∂Σ is a positively transverse link to F . As

Σ is homotopically equivalent to a 1-complex, there exists a trivialization

X of TF|Σ. Let LX denote the shift of L along X |L. Consider the linking

number lk(L,LX) between L and LX , which is also regarded as the relative

Euler number −〈e(TF), [Σ, L]〉 under the boundary condition that TF|L is

trivialized by TF ∩ TΣ along L.

Thurston’s Relative Inequality (cf.16) lk(L,LX) ≤ −χ(Σ).

These inequalities have their complete analogues in contact topology.

Simply replacing TF with an oriented contact plane field ξ in Thurston’s

inequalities, we obtain so called Thurston-Bennequin’s absolute and relative

inequalities for oriented contact structures. In the contact case, because the

relative inequality is definitely stronger than the absolute one, we usually

refer to the relative one simply as Thurston-Bennequin’s inequality.

Not only because these inequalities look alike in the foliation and contact

cases, through convergences of contact structures to foliations (or perturba-

tions of foliations to contact structures, vice versa) which are studied under

the name of ‘confoliations’ in,3 their similarities are drawing our attentions.

Now let us take an isotopic family {ξt} (or more generally an isomorphic

sequence {ξn}) of contact structures which converges to a foliation F as

plane fields in C0-topology. Then as an oriented R2-bundles, the ξt’s and

TF are clearly isomorphic, if the absolute inequality holds for one, then for

the other the corresponding absolute one holds as well.

On the other hand, concerning the relative inequalities the situation is

more delicate. If Thurston-Bennequin’s relative inequality holds for ξn’s,

namely ξn’s are tight, then Thurston’s relative inequality holds for F . But

the converse is not true in general. If an oriented link is positively transverse

to F , so is it to ξn’s for large enough n as well. However a transverse link to

a ξn needs not to be transverse to F in general. For example, there exists

an isotopic family of overtwisted contact structures which converges to the

standard contact structure ξ0 on S3 (cf.8,9).

Example 1.1. A bad convergence like the above happens each time when

we take a spinnable structure (=open book decomposition) of M 3 with

monodromy ϕ which supports a tight contact structure ξϕ as its Thurston–

Winkelnkemper construction (6,17). In such a case, the contact structure can

be isotopically deformed and converges to a spinnable foliation Fϕ (6,9). ξϕ
and Fϕ satisfy the four inequalities. Now we can arrange the Lutz twist
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ξϕLT of ξϕ and its isotopic family so as to converge to Fϕ by the same

construction as in.8,9

One of the aim of this article is to show that we can avoid such bad con-

vergences for contact sructures and foliations associated with a spinnable

structure or its Dehn filling. Here, the Dehn filling implies the one performed

on the complement of the Reeb component (i.e., the neighbourhood of the

binder). In this article, we call this just as the Dehn filling of the spinnable

structure.

In Bennequin’s pioneering work1 it is shown that Thurston–Bennequin’s

relative inequality implies the tightness of a contact structure. Conversely

the elimination lemma due to Eliashberg2 and Giroux4 tells that the tight-

ness implies both the absolute and Thurston–Bennequin’s relative inequal-

ity. Therefore the relative one implies the absolute one, but the implication

is not direct and to show it we should once pass through the tightness. This

indirectness appears more seriously on the foliation side, namely, Thurston’s

relative inequality does not imply the absolute one.

The known examples of foliations for which the absolute inequality fails

but the relative one holds are very limited. They are all not more than a

variant of ζ = {S2×{∗}} on S2×S1. It is pausible that there is essentially

no more such foliations on prime 3-manifolds.

The following diagram summarizes the situations explained above.

Diagram 1.2.

Contact Structures ξt, ξn converge to a foliation F

absolute Th.–B. inequality ⇐⇒ absolute Th. inequality

⇑ ⇑ ⇑

tightness Reebless
rarely but

does fail

m ⇓ =

relative Th.–B. ineqality =⇒ relative Th. ineqality

⇐ often fails =

In the final section we expalin the bottom arrow form right to left

holds for foliations and contact structures associated with spinnable struc-

tures and their Dehn fillings. We close this section by raising the following

problem.
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Problem 1.3. Specify the class of foliations for which the right side ver-

tical arrow from bottom to top fails.

2. Thurston’s Absolute Inequality for Spinnable Foliations

Here we review the results in6 very briefly in a limited situation. Let F ∼= Σ1
g

be a compact oriented surface of genus g with one bondary component.

The mapping class groupM1
g of F = Σ1

g relative to the boundary admits a

generating system {τ0, ..., τ2g} which are right handed Dehn-twists along

the simple closed curves C0, ..., C2g indicated in the following figure. This

system is called the Dehn-Lickorish-Humphries (DHL for short) generators.

C1

C 2
C3

C 0

C
4
C
5

C
2g-1

C 2g

Dehn-Lickorish-Humphries generators Spinnable Foliation

Let Mϕ be the 3-manifold which admits a spinnable structure with

page F and monodromy ϕ ∈M1
g . Naturally associated with this spinnable

structure is the spinnable foliation Fϕ. For a detailed description, see.6

Also a contact structure ξϕ is canonically associated by the Thurston-

Winkelnkemper construction (17) to the monodromy ϕ. Moreover we can

place Fϕ and ξϕ in such a way that by the vector field X obtained as the

intersection X = ξϕ ∧ TFϕ of the two 2-plane fields generates a flow with

which ξϕ is isotoped and converging to TFϕ.

Let us assume that in a presentation of ϕ with DHL-generators, neither

of τ2 and τ4 appears. Then the monodromy ϕ is presented as

ϕ = τ j00 τ j11 τ
j3
3 ·

l∏

k=4

τ jkik , (ik ∈ {5, 6, . . . , 2g}, k = 1, . . . , l).

Let us also assume j0j1j3 6= 0 because otherwise it is shown as Theorem

a in6 that e(TF) = 0 ∈ H2(Mϕ; Q), so that Thurston’s absolute inequality

vacantly holds.
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Theorem b, c. The condition

1

j0
+

1

j1
+

1

j3
= 0

is equivalent to e(TF) 6= 0 ∈ H2(Mϕ; Q). In this case necessarily Thurston’s

absolute inequality fails.

The above condition implies at least one of j0, j1, j3 is negative. If every

exponent is non-negative, a theorem of Loi-Piergallini7 asserts that (Mϕ, )

is Stein-fillable and the corresponing foliation and contact structure satisfy

the four inequalities. The above theorem says that the condition implies

the strong ‘non-convexity’.

3. Dehn Filling

Concerning the specific monodromies studied in the previous section, it

turned out in the work of12 that if we perform a Dehn filling along the

Reeb component of Mϕ and take an appropriate foliation, in most cases

Thurston’s absolute inequality is recovered. In this section let us recall this

phenomenon.

Let `0 be a longitude of the boundary of the complement of the interior

of the Reeb component of Fϕ. Namely, `0 is the oriented boundary of a

page in terms of the spinnable structure. Also let m0 denote the meridian,

which bounds a disk of the Reeb component in Mϕ. Now remove the Reeb

component from (Mϕ,Fϕ) and paste back the Reeb component with new

meridian m = −p`0+qm0 for a primitive integer vector (p, q). The resultant

manifoldMr is called the Dehn filling with coefficient r = −q/p. (This might

be different from the conventional one. The reason for this convention on

the coefficient is to make the following description simpler.) The resultant

foliation is denoted by Fr. We also obtain a contact structure ξr on Mr

by more or less the same construction as Thurston-Winkelnkemper’s with

least twisting on the solid torus.

If r = 0 we obtain Mϕ and nothing is changed. If r =∞, the boundaries

of the pages become meridians andMr is just a mapping torus of ϕ̂ : F̂ → F̂

which is the natural extension of ϕ to the filling up F̂ of F by a disk. For

integral Dehn fillings, the following proposition is easy to see.

Proposition 3.1. For any integer r = n ∈ Z, the triple (Mr,Fr, ξr) is iso-

morphic to (Mϕ(n),Fϕ(n), ξϕ(n)) which is associated with the monodoromy

ϕ(n) = ϕ ◦ τn∂′F , where ∂′F ⊂ intF denotes a simple closed curve parallel

to ∂F .
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For the sake of simplicity, we assume that the holonomy ϕ is a compo-

sition of only τ0’s, τ1’s, and τ3’s, namely, ϕ = τ j00 τ j11 τ j33 . We also keep on

assuming the same condition as in the previous section

1

j0
+

1

j1
+

1

j3
= 0

which assures e(TFr) 6= 0 ∈ H2(Mr; Q) for any coefficient r.

The following result is based on a theorem of Sela (15) which grew out

of Gabai’s fundamental work on sutured manifold decomposition.

Theorem 3.2 (12). For all r ∈ Q ∪ {∞} but finitely many exceptions,

Fr satisfies Thurston’s absolute inequality.

At least in this situation, even under the presence of Reeb component,

Thurston’s absolute inequality tends to hold.

The following proposition is also well known and not difficult to show.

Proposition 3.3. For any monodoromy ϕ, ϕ(n) is written as a product

of only right-handed Dehn twists for n� 0 ∈ N. Consequently, for such n,

the structures are Stein fillable and satisfy the four inequalities.

The set Tϕ = {r; ξr is tight} of coefficients includes the above integers.

By the work of Honda-Kazez-Matić,5 we also know that Tϕ ∩Z is included

in {n ∈ Z;ϕ(n) is right-veering }.
Now our interests on these examples amount to the following question.

Problem 3.4. Are ξr fillable or tight for non-integral r � 0?

4. Bennequin’s Isotopy Lemma

In the final section we explain that Bennequin’s isotopy lemma which was

extended to the case of spinnable structures in10 has a slight generalization,

namely to the case of Dehn fillings.

Generalized Bennequin’s Isotopy Lemma For Dehn fillings asso-

ciated with any spinnable structure of any coefficient r, Fr and ξr can be

placed so that the following statement holds:

Any positively transverse link to ξr can be isotoped through such

links to one which is also positively transverse to Fr.
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Consequently, the bottom horizontal arrow from right to left in Diagram

1.2, which is labeled as ‘often fails’, holds for Dehn fillings of spinnable

structures.

In the above statement ‘placed’ implies the following: We can fix the

placement of Fr. Then, for a natural realization of ξr, we can find an isotopy

by which ξr is reset well with respect to Fr.
This lemma holds even for a spinnable structure with a page F which

has more than one boundary components. In such a case, the coefficient r

should be regarded as a multi-index respecting each boundary component.

However, in what follows, only for the simplicity, the arguments go as if F

has only one boundary component.

A proof of Bennequin’s isotopy lemma in the case of spinnable struc-

tures is very roughly outlined in.10 Of course the basic ideas are all due

to Bennequin (1). In this section we give a fairy quick explain the proof

of the above lemma, focusing our attntion on the point where the proof is

modified from the case of spinnable structures to that of Dehn fillings. The

detailed proof will appear in the forthcoming paper.11

The first step of the isotopy makes the link avoid the Reeb component.

This is not at all difficult in Bennequin’s original case, which can be re-

garded as the spinnable structure with monodromy ϕ = IdD2 , but it is not

the same even in the case of spinnable structure. This is overlooked in.10

This can be fixed but requires a compicated explanation. So it is detailed

in.11 Between spinnable structures and Dehn fillings, no change is needed

for this step.

In the second step of isotopy, on the pages, the link is devided into short

pieces each of which are always positive or always negative with respect to

the pages. Here instead of considering foliations, we take care of only pages,

because away from the boundary they are the same.

The vector field of the intersection of the foliation and contact structure

(see the description in Section 2) has positive divergence. The pieces which

are negative with respect to the foliation flows out to the boundary by

this vector field. We have to take care of self-intersections. This is achieved

by further breaking the pieces into shorter ones. This step has no change

from.10

Now we come to the important step. On the boundary of the solid torus,

a small piece of the link is positively transverse to the contact structure but

negative with respect to the pages. The piece is easily isotoped relative to

the end points in the solid torus ‘to the other side’ of the boundary so that

the piece is positively transverse with respect to the pages. This process is
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easier in the case of spinnable structures, as seen in the following.

In the case of a Dehn filling Mr, before realizing the above isotopy, first

we change the original spinnable structure Mϕ into some Mϕ(n), because

Mr is considered to be also a Dehn filling of Mϕ(n) for any n ∈ Z. It is easy

to find such n that the new meridian is positive with respect to the pages.

The new meridian m for Mϕ(n) is m0 − n`0.
Then, on the boundary of the solid torus, to describe our Dehn filling,

we still have a freedom for the choice of the longitude ` up to Z ·m.

m ` m

`0 ⇒
Thin lines indicate the boundary of pages.

We can take ` so that on the (−`)-m plane the boundary of the pages has

a positive slope less than 1. The contact structure on the boundary draws

a line field on the boundary torus which is close to the boundary of the

pages. So we put a contact sturcture on the solid torus which is presented

as ker[dθ + r2dω], where (r, ω, θ) (r ≤ R) is the cylindrical coordinate for

the Reeb component as a solid torus. An appropriate choice of radius R

makes it fit to the contact structure on the pages.

From the situation we see that on the (−`)-m plane the slope of the

contact structure is positive and steeper than that of the pages. The piece

of the link is positive with respect to the contact structure but negative

with respect to the pages. Therefore its direction is ‘down-left’ and pinched

in a narrow sector between the pages and the contact structures.

Then we can push the piece in the same way as in the case of spinnable

structures. The result of this isotopy is, as drawn in the figure, transverse

to Fr. This completes all the process of isotopies.
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ON THE JULIA SETS OF COMPLEX CODIMENSION-ONE

TRANSVERSALLY HOLOMORPHIC FOLIATIONS
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The Fatou-Julia decomposition for foliation is previously introduced by Ghys,
Gomez-Mont and Saludes.8 On the other hand, another Fatou-Julia decom-
position can be considered.3 We will briefly explain how the difference is, and
discuss properties of the Julia sets. Some examples are also given. The details
including proofs of results will appear elsewhere.

Keywords: Transversally holomorphic foliations, Fatou sets, Julia sets

1. Introduction

The Fatou-Julia decomposition is one of the most basic concepts in studying

complex dynamical systems. It is expected that the Fatou-Julia decomposi-

tion also exists for transversally holomorphic foliations of complex codimen-

sion one. Such a decomposition is firstly introduced by Ghys, Gomez-Mont

and Saludes.8 The decomposition is introduced by using vector fields in-

variant under the holonomy and related to deformations of foliations. On

the other hand, the Fatou set is usually defined in terms of normal families.

One can indeed ask if holonomies form a normal family, and define another

Fatou-Julia decomposition.3 Two decompositions are in a simple relation,

namely, the Fatou set in the sense of Ghys, Gomez-Mont and Saludes is

always contained in the Fatou set in our sense. When studying character-

istic classes, the Julia sets are usually preferable to be small. From this

viewpoint, the decomposition based on normal families is useful. On the

other hand, relation to deformations is less obvious. Our definition of Ju-

lia sets is similar to those of mapping iterations so that one can expect

they have common properties, for example, the Julia set is expected to

∗The author is partially supported by Grant-in Aid for Scientific research (No. 19684001).
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have hyperbolic (expanding or contracting) holonomies. It is true under

certain assumptions. In this article, we will explain the definition as well as

some properties of Julia sets from this point of view. We will present some

examples which illustrates properties of Julia sets.

This article is based on a talk which the author gave at “VIII Inter-

national Colloquium on Differential Geometry” held in Santiago de Com-

postela during 7–11 of July, 2008. The author will express his gratitude

to the organizers for their warm hospitality. He will also grateful to the

referee for valuable comments. Especially, Proposition 2.1 and its proof is

suggested by him. The details including proofs of results will appear else-

where.3 Some additional account can be found in another review of related

results.4

2. Definition of the Fatou and Julia sets

Let M be a closed manifold and let F be a transversally holomorphic fo-

liation of M . We assume that the complex codimension of F is equal to

one. Let T be a complete transversal for F , namely, every leaf of F meets

T at least once, and the holonomy pseudogroup associated with T consists

of biholomorphic local diffeomorphisms.

Before defining the Fatou set of F , we will define the Fatou set of (Γ, T )

as follows. Since M is compact, we may assume that the number of con-

nected components of T is finite and that each component is an open disc

in C. Moreover, we can find another complete transversal T ′ by slightly

shrinking the complete transversal T . Let (Γ ′, T ′) be the holonomy pseu-

dogroup obtained by restricting Γ to T ′. (Γ ′, T ′) is called a reduction of

(Γ, T ).

Definition 2.1. Let (Γ, T ) and (Γ ′, T ′) be as above.

(1) A connected open subset U of T ′ is called a Fatou neighborhood if the

following conditions are satisfied.

(a) The germ of any element of Γ ′ defined on a neighborhood of a point

in U extends to an element of Γ defined on the whole U .

(b) Let

ΓU =

{
γ ∈ Γ γ is defined on U and the extension of

the germ of an element of Γ ′ as in (a)

}
,

then ΓU is a normal family.
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(2) The union of Fatou neighborhoods is called the Fatou set of (Γ ′, T ′)
and denoted by F (Γ ′). The complement of the Fatou set is called the

Julia set of (Γ ′, T ′) and denoted by J(Γ ′).
(3) The Fatou set of (Γ, T ) is the Γ -orbit of F (Γ ′), namely, F (Γ ) =

Γ (F (Γ ′)). The Julia set of (Γ, T ) is the complement of F (Γ ) and de-

noted by J(Γ ).

It is known that (Γ, T ) is compactly generated.10 The definition of the Fatou

and Julia sets actually works for compactly generated pseudogroups.

Remark 2.1.

(1) ΓU is a normal family if any subfamily F of ΓU admits a subfamily

which uniformly converges on compact sets. This implies that asymp-

totic behavior of holonomies on U is tame.

(2) We can choose T so that T can be embedded as a bounded subset of C

because M is compact. Then, ΓU is always a normal family by virtue

of Montel’s theorem. On the other hand, it is necessary to fix a domain

of definition in order to speak of normal families. This leads to the first

condition in Definition 2.1.

The notion of Fatou set is closely related with complete pseudogroups9

as follows. A pseudogroup (Γ, T ) is complete if for each pair of points x and

y of T , there are open neighborhoods U of x and V of y with the following

properties, namely, if γx′ is the germ of an element of Γ of which the source

contains x′ ∈ U and the target contains y′ ∈ V then there is an element

γ ∈ Γ of which the germ at x′ is equal to γx′ . Such a pair (U, V ) is called

a completeness pair.

Complete pseudogroups appear for example as the holonomy pseu-

dogroups of Riemannian foliations of closed manifolds.1,9 Theorem 2.1 be-

low suggests that these notions are of the same nature. It is straightforward

that Γ is complete on the Fatou set in a uniform way. Actually the com-

pleteness of Γ on F (Γ ) is used in the study of the structure of the Fatou

sets. Moreover, the following proposition holds. The proposition together

with the proof is suggested by the referee, to whom the author is grateful.

Proposition 2.1. Let F be the union of x ∈ T ′ such that there is a com-

pleteness pair (Uy, Vy) for any y ∈ T ′. Then F = F (Γ ′).

Proof. Since (Γ, T ) is compactly generated, we may assume that T ′ is a

finite union of open balls in C. Hence it suffices to verify that the condition

(1)-(a) in Definition 2.1 holds precisely on F . Suppose that x ∈ F . Since
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the closure T ′ in T is compact, we can find a finite set of completeness pairs

{(Ui, Vi)}1≤i≤n for T such that T ′ is covered by {Vi}. Then U = U1∩· · ·∩Un
is a Fatou neighborhood. The inclusion F (Γ ′) ⊂ F is clear.

Remark 2.2.

(1) If (Γ, T ) is not compactly generated, then completeness is not preserved

under equivalences of pseudogroups.1 It is also the case for the Fatou-

Julia decomposition. See Example 4.5.

(2) The closure of complete pseudogroups of local isometries can be de-

fined.9 Hence, by Theorem 2.1 below, the closure of Γ |F (Γ ) can be

defined. Let Γ1 be the closure in this sense. On the other hand, another

closure of Γ |F (Γ ) can be defined as follows. Let U be a Fatou neighbor-

hood and let ΓU be the closure of ΓU in the space of local biholomorphic

diffeomorphisms with respect to the compact-open topology. We denote

by Γ2 the pseudogroup generated by ΓU , where U runs through Fatou

neighborhoods. Then Γ2 can be regarded as a closure of Γ |F (Γ ). It can

be shown that Γ1 and Γ2 coincide.

F (Γ ) and J(Γ ) are Γ -invariant. Hence the saturation of F (Γ ) in M

makes a sense.

Definition 2.2. The Fatou set of F is the saturation of F (Γ ) in M and

denoted by F (F). The Julia set of F is the saturation of J(Γ ) in M and

denoted by J(F). The connected components of F (Γ ) and J(Γ ) are called

the Fatou components and the Julia components, respectively.

F (Γ ) and F (F) are open. Of course, J(F) is the complement of F (F).

The following lemma justifies the above definition.

Lemma 2.1.

(1) F (Γ ) is independent of the choice of (Γ ′, T ′).
(2) F (F) is independent of the choice of (Γ, T ).

Let x ∈ F (F) and let l be a leaf path originated from x. The definition

says that if l becomes long, then the holonomy along l will converge to a

mapping after choosing a subsequence. Hence the dynamics in the Fatou set

will be mild. Indeed, the following property of the Fatou set is fundamental.

Theorem 2.1. F is transversally Hermitian13 when restricted to F (F).
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This is shown as follows. First an invariant metric which is locally Lips-

chitz continuous can be explicitly constructed. Once this is done, it turns

out that holonomies satisfy a first order differential equation which is Lip-

schitz continuous. This allows to apply classical results and arguments of

H. Cartan on local Lie groups,5 and it follows that F restricted to F (F) is

transversally Hermitian.

Theorem 2.1 is quite relevant in the study of F (F) and also of J(F).

For example, one can introduce the notion of critical exponent and con-

formal measures for Γ analogous to the case of mapping iterations. The

construction strongly depends on the above theorem.

The Fatou and Julia sets of foliations are firstly introduced by Ghys,

Gomez-Mont and Saludes.8 The decomposition is defined by using holon-

omy invariant vector fields. Namely, if there is a section of the complex

normal bundle of certain regularity which does not vanish at x ∈ M , then

x belongs to the Fatou set. We refer the original article for the details and

only remark the following fact.

Proposition 2.2. Let FGGS(F) be the Fatou set in the sense of Ghys,

Gomez-Mont and Saludes, then FGGS(F) is contained in F (F). The inclu-

sion can be strict.

Roughly speaking, the reason is as follows. If there is a holonomy invariant

vector field, then it induces a vector field on T ′ invariant under Γ ′. If this

vector field does not vanish at p ∈ T ′, then it does not vanish also at γ(p)

for any γ ∈ Γ ′. One can integrate the vector field near γ(p), γ ∈ Γ ′, at

the same time and obtain a holonomy defined on a neighborhood of p. The

resulting holonomy does not necessarily belong to Γ ′, but it belongs to Γ .

In view of Theorem 3.1 below, it is preferable that the Julia set is small.

On the other hand, the decomposition by Ghys, Gomez-Mont and Saludes

is directly related to deformations of foliations. Our Julia set is too large

to admit such vector fields.

The difference between F (F) and FGGS(F) is not quite large. Actually

F (F) has a similar structure to that of FGGS(F). The difference largely

occurs in the following situations:

(1) There is a holonomy of finite order. If such a holonomy exists, the

corresponding leaf belongs to F (F) but not to FGGS(F).

(2) It can be shown that the foliation naturally induces a Riemannian foli-

ation F̃ in the unit normal bundle on F (F). If there is a leaf, say, L̃ of
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F̃ which meets a fiber of the unit normal bundle more than once, the

leaves of F contained in the projection of L̃ fail to belong to FGGS(F).

The both cases are easily realized as suspensions.

3. Some properties of Julia sets

The Julia set is expected to play a role of minimal sets of real codimension-

one foliations. For example, we have the following weak version of Duminy’s

theorem.7,11

Theorem 3.1.

(1) The Godbillon-Vey class vanishes if J(F) is empty.

(2) The imaginary part of the Bott class vanishes if J(F) is empty.

This is a straightforward consequence of Theorem 2.1 and the definition

of characteristic classes. A precise version which concerns the Godbillon

measure in the sense of Heitsch-Hurder11 and the residue of the imaginary

part of the Bott class2 can be also shown.

Since the definition of J(F) is similar to that of the Julia sets for map-

ping iterations, one can expect they have common or similar properties.

For example, it can be shown that J(F) contains at most a finite number

of closed leaves. One of the significant properties of the Julia sets for map-

ping iterations and the limit sets of Kleinian groups is that they contain

many hyperbolic fixed points except elementary cases. We do not know if

it is also the case for J(F), however, J(F) can be characterized as follows.

In order to make the idea clearer, we give the statement in terms of folia-

tions but in an ambiguous way. The precise statement is made in terms of

pseudogroups.

Theorem 3.2. A point z ∈M belongs to J(F) if and only if there are two

sequences, {zn} in M which converges to z and {γn} of holonomies, such

that each γn is associated to a path originated from zn and lim
n→∞

|γ′n|zn
=

+∞. Here the case where zn = z for all n is allowed.

Remark 3.1. Theorem 3.2 suggests that J(F) contains a hyperbolic holon-

omy (i.e., the absolute value of the differential is not equal to one) associated

to a loop under some mild condition. Indeed, some results are known. First,

an analogy of conical limit sets in the context of complex dynamical sys-

tems (of mapping iterations) can be also introduced for J(F), and it can be
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shown that J(F) contains a hyperbolic holonomy if the conical limit set is

non-empty. Second, according to a recent result of Deroin and Kleptsyn,6

there exists a hyperbolic holonomy under the absence of transversal invari-

ant measures. Leaves with hyperbolic holonomies are always contained in

J(F) so that J(F) also contains a hyperbolic holonomy if F does not admit

any transversal invariant measure. It seems quite difficult for F to admit

an invariant measure unless J(F) is empty or F contains closed leaves. It

is also known that the number of closed leaves contained in J(F) is finite.

Finally, it is known that the support of the Godbillon measure contains

leaves of exponential growth if it is non-empty.12 A precise version of The-

orem 3.1 implies that J(F) contains leaves of exponential growth if the

Godbillon-Vey class of F is non-trivial.

Some notions concerning the Julia sets of mapping iterations and the

limit sets of Kleinian groups will be also valid for J(F). For example, if

F (Γ ) is non-empty then we can consider the critical exponent of Γ as

follows. For a Kleinian group, the critical exponent is defined by looking at

the convergence of Poincaré series. A direct analogue of the Poincaré series

for Γ will be
∑
γ∈Γx

|γ′|sx, where Γx denotes the subset of Γ which consists of

elements defined near x, and γ ′ denotes the usual differential viewed as a

function which is defined by fixing an embedding of T into C. However, it

can be shown that the sum does not converge for any s even if x ∈ F (Γ ).

This can be avoided as follows. There is an invariant metric on F (Γ ). If

we write this metric as g2 |dz|2 on T , then |γ′|x g(γ(x)) = g(x). Hence the

sum can be replaced with
∑
γ∈Γx

1
g(γ(x))s . To be precise, we should consider

the integral

∫

T ′
g−sdmg , where dmg denotes the volume form with respect

to g on T ′ (1/g is considered to be 0 on J(Γ )). In this way we can speak

of critical exponent of Γ . We refer to the original article3 for details with

some further studies.

4. Examples

It is known that the number of closed leaves in J(F) is finite as mentioned

in Remark 3.1. However, the number can be arbitrarily large if the manifold

M is not fixed.

Example 4.1. Let [z0 : z1 : z2] be the homogeneous coordinates of CP 2

and let C2 =
{
[z0 : z1 : z2] ∈ CP 2 zi 6= 0

}
, and let (u1, u2) the inhomoge-
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neous coordinates on C2. Let X be a vector field on C2 given by

X = λ1u1
∂

∂u1
+ λ2u2

∂

∂u2
.

We assume that λ1λ2 6= 0, λ1 6= λ2 and λ1/λ2 6∈ R, then X induces

a singular foliation F of CP 2 with three singularities p1 = [0 : 0 : 1],

p2 = [0 : 1 : 0] and p3 = [1 : 0 : 0]. Let Li =
{
[z0 : z1 : z2] ∈ CP 2 zi = 0

}
,

Di be a small round ball centered at pi and Si ≈ S3 be its boundary.

The condition λ1/λ2 6∈ R implies that F is transversal to Si. Let M =

CP 2 \ (D1 ∪D2 ∪D3) and let M3 be its double, then M3 naturally inherits

a transversally holomorphic foliation F3 induced from F . The foliation F3

has three compact leaves L0, L1 and L2, namely, the leaves induced from

L0, L1 and L2. Then, one can show that F (F3) = M3 \ (L0 ∪ L1 ∪ L2).

The number of the Julia components can be arbitrarily large as follows. Let

M ′ be a copy of M and let ∂M ′ = S′
1 ∪ S′

2 ∪ S′
3. Let M1 be the manifold

with boundary obtained by gluing M with M ′ along S1 and S′
1, and S2

and S′
2, then ∂M1 = S3 ∪ S′

3. Let F4 be the natural foliation of the double

M4 of M1, then J(F4) consists of 4 connected components. In general, let

N1, · · · , Nr−2 be copies of M1 and let Mr be the manifold obtained by

gluing them. Let Fr be the naturally induced foliation of Mr, then J(Fr)
consists of r connected components. We remark that this construction can

be also described by using blowing-ups.

Example 4.2. Let Γ be a Kleinian group and let CP 1 = Ω(Γ) t Λ(Γ) be

the decomposition into the domain of discontinuity and the limit set. Let

F be a suspension of this action, then F (F) is the suspension of Ω(Γ) and

the J(F) is the suspension of Λ(Γ).

Example 4.3. There is a transversally Hermitian foliation F such that

JGGS(F) is the whole manifold (Example 8.68), where JGGS(F) denotes

the Julia set in the sense of Ghys, Gomez-Mont and Saludes. On the other

hand, J(F) is empty. In particular, F (F) ) FGGS(F).

Example 4.4. There is a foliation F of a connected manifold such that

the interior of JGGS(F) is non-empty without being the whole manifold

(Example 8.98). It is obtained by modifying a certain Fatou component

into a Julia set (in the sense of Ghys, Gomez-Mont and Saludes). However,

it is easily seen that this modification does not change the Fatou component

into a Julia set in our sense and that the interior of J(F) is empty.

It seems unknown whether there exist foliations whose Julia set has non-

empty interior. On the other hand, the Julia set of foliations can be the
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whole manifold. Such an example can be obtained by taking suspensions as

in Examples 4.2.

We do not know if there is a reasonable extension of the Fatou-Julia

decomposition to not necessarily closed manifolds (or non-compactly gen-

erated pseudogroups). Indeed, it is relevant to choose (Γ ′, T ′) so that the

closure of T ′ in T is compact in defining the Fatou set.

Example 4.5. Let D(r) be the disc in C of radius r and let F be the

foliation of M = (−1, 1) × D(1) with leaves (−1, 1) × {z}. If M itself is

regarded as a foliation atlas, then the Fatou set should be the whole M . On

the other hand, let i ∈ Z and define a foliation atlas as follows. For i > 0, let

{V (i)
j }j=1,2,... be an open covering ofD(1) by discs of radius 2−i. LetW

(i)
j =(

−1 + 1/2−i+1,−1 + 1/2−i−1
)
×V (i)

j and T
(i)
j = {−1+1/2−i}×V (i)

j . Giving

an order to {W (i)
j }, let {W (i)

j } = {W ′
1,W

′
2, · · · } and {T (i)

j } = {T ′
1, T

′
2, · · · }.

Set then U0 = (−1/2, 1/2)×D(1), T0 = {0}×D(1), and Ui = W ′
|i|, Ti = T ′

|i|
for i 6= 0. Let (Γ ′, T ′) be a pseudogroup obtained by shrinking T ′. Note that

the closure of T ′ in T is non-compact. Applying the definition to (Γ, T ) and

(Γ ′, T ′), the Fatou set is empty.

Note that this construction can be done in a foliation chart. The above

example also shows that if we directly apply Definition 2.1 to a foliation of

an open set, then the Fatou-Julia decomposition will depend on the choice

of the realization of the holonomy pseudogroup.
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8. E. Ghys, X. Gómez-Mont and J. Saludes, Essays on Geometry and Related
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We describe the topological structure of cocompact singular Riemannian folia-
tions on Riemannian manifolds without conjugate points. We prove that such
foliations are regular and developable and have regular closures. We deduce
that in some cases such foliations do not exist.
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1. Introduction

Riemannian manifolds of non-negative curvature often admit large groups

of isometries. Moreover, there are many famous examples of Riemannian fo-

liations on such spaces, like the Hopf fibrations and of singular Riemannian

foliations, such as isoparametric foliations. Singular Riemannian foliations

on non-negatively curved manifolds tend to be homogeneous and seem to

be rather rigid objects. On the other hand, (singular) Riemannian foliations

on such spaces are often related to other rigidity questions (cf.1–8).

If one changes the sign of the curvature then the situation seems to

be completely different on the first glance. For instance, in a simply con-

nected negatively curved manifold there are infinite-dimensional families of

Riemannian submersions to the real line and there seem to be no hope of

getting any kind of control of such objects. However, for compact manifold

of non-positive curvature the situation seems again be very similar to the

“rigid” non-negatively curved world. The first indication is the famous re-

sult of Bochner9 that describes connected isometry groups of such spaces.

In particular, the isometry group of a compact negatively curved manifold

turns out to be finite. Indeed, this is the case for any Riemannian metric on

such manifolds, since they have positive minimal volume.10 In11 it is shown

that the existence of a Riemannian flow on a compact manifold forces its
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minimal volume to be zero, thus Riemannian flows do not exist on compact

negatively curved manifolds. Finally, A. Zeghib proved in Theorem F12 that

on a compact negatively curved manifold there are no (regular) Riemannian

foliations at all.

Remark 1.1. Previously, the non-existence of regular Riemannian foli-

ations on compact negatively curved manifolds was claimed in13 and, in

special cases in14,15. However, these proofs are not correct, cf.16 and the

discussion in pp. 1435-143612.

Here, we generalize the non-existence theorem to singular Riemannian

foliations, a broad generalization of regular Riemannian foliations and iso-

metric group actions. We prove:

Theorem 1.1. Singular Riemannian foliations do not exist on compact

negatively curved manifolds.

Remark 1.2. In17 the non-existence result was proved under the assump-

tion that the singular Riemannian foliations has horizontal sections, i.e.,

that the horizontal distribution in the regular part is integrable.

In fact, in analogy with17 we prove in a broader context that a singular

Riemannian foliation on a compact negatively curved manifold cannot have

singular leaves, i.e., it must be a regular Riemannian foliation. Then we

apply12. Our main result result used in Theorem 1.1 describes the topology

of singular Riemannian foliations in the following more general situation.

Theorem 1.2. Let M be a complete Riemannian manifold without conju-

gate points and let F be a singular Riemannian foliation on M such that

the space of leaves M/F has bounded diameter with respect to the quotient

pseudo-metric. Then F is a regular foliations and has a regular closure F̄ .

The quotient M/F̄ is a good Riemannian orbifold without conjugate points.

The leaves of the lift F̃ of F to the universal covering M̃ of M are closed

and contractible. They are given by a Riemannian submersion p : M̃ → B

to a contractible manifold B.

In the case of a simply connected total space M we deduce from the

last part of Theorem 1.2:

Corollary 1.1. Let M be a complete, simply connected Riemannian man-

ifold without conjugate points. Then there are no non-trivial singular Rie-

mannian foliations F on M with a bounded quotient M/F .
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Remark 1.3. In the case M = Rn the last result was recently shown in18

using different methods.

The proof of Theorem 1.2 is divided into a geometric and a topological

part. In the geometric part, similar to17, we analyze the structure of F̄ and

prove that regular leaves of F̄ do not have focal points (this already implies

the first two claims in our theorem). The idea of the proof is that focal

points of regular leaves correspond either to crossings of singular leaves or

to conjugate points in the quotient. Now, the Poincare recurrence theorem

for the quasi-geodesic flow on the quotient M/F̄ (cf. Theorem 1.619; here

we use the compactness of the quotient) tells us that the existence of a

single focal point would imply the existence of a horizontal geodesic with

arbitrary many focal points. (This is a modified form of the statement that

on a compact Riemannian manifold with uniformly bounded number of

conjugate points along all geodesics, there are no conjugate points at all).

However, the absence of conjugate points on M implies that each leaf has at

most dim(M) focal points along any horizontal geodesic. This contradiction

finishes the geometric part of the proof.

The remaining part of the proof is finished by using the following purely

topological observation.

Proposition 1.1. Let M be an aspherical manifold with a complete Rie-

mannian metric. Let F be a Riemannian foliation on M with dense leaves.

Then the leaves of the lift F̃ of F to the universal covering M̃ are closed

and contractible. The lifted foliation F̃ is given by a Riemannian submer-

sion p : M̃ → B onto a contractible homogeneous manifold B.

2. Preliminaries

A transnormal system F on a Riemannian manifold M is a decomposition

of M into smooth, injectively immersed, connected submanifolds, called

leaves, such that geodesics emanating perpendicularly to one leaf stay per-

pendicularly to all leaves. A transnormal system F is called a singular

Riemannian foliation if there are smooth vector fields Xi on M such that

for each point p ∈ M the tangent space TpL(p) of the leaf L(p) through

p is given as the span of the vectors Xi(p) ∈ TpM . We refer to8,19,20 for

more on singular Riemannian foliations. Examples of singular Riemannian

foliations are (regular) Riemannian foliations and the orbit decomposition

of an isometric group action.

If M is complete then leaves of a transnormal system F are equidistant

and the distance between leaves define a natural pseudo-metric on the space
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of leaves. This pseudo-metric space is bounded if and only if some finite

tubular neighborhood of a leaf coincides with the whole space. If F is closed,

i.e., if leaves of F are closed then the quotient B = M/F is a complete,

locally compact, geodesic metric space, that is compact if and only if it

is bounded. Moreover, B is an Alexandrov space with curvature locally

bounded below. If it is compact, its Hausdorff measure is finite.

Let F be a singular Riemannian foliation on the Riemannian manifold

M . The dimension of F , dim(F), is the maximal dimension of its leaves. For

s ≤ dim(F) denote by Σs the subset of all points x ∈M with dim(L(x)) =

s. Then Σs is an embedded submanifold of M and the restriction of F to

Σs is a Riemannian foliation. For a point x ∈ M , we denote by Σx the

connected component of Σs through x, where s = dim(L(x)). We call the

decomposition of M into the manifolds Σx the canonical stratification of

M . The subset Σdim(F) is open, dense and connected in M . It is the regular

stratum M . It will be denoted by M0 and will also be called the set or

regular points of M . All other strata Σx are called singular strata.

Let F be a singular Riemannian foliation on a complete Riemannian

manifold M . Then the decomposition F̄ of M into closures of leaves of F
is a transnormal system, that we will call the closure of F . The restriction

of F̄ to each stratum Σ of M (with respect to F) is a singular Riemannian

foliation.

For a transnormal system F on M , we will call a point x ∈ M regular

if its leaf is regular, i.e., if it has the maximal dimension. The closure of a

singular leaf of a singular Riemannian manifold F on a complete Rieman-

nian manifold M is a singular leaf of F̄ . In particular, if F̄ does not have

singular leaves then F is a (regular) Riemannian foliation.

Let M,F , F̄ be as above. Then M gets a canonical stratification with

respect to F̄ that is finer than the canonical stratification with respect to

F , such that the restriction of F̄ to each stratum is a Riemannian foliation.

The main stratum M0 is again open and dense. This defines a canonical

stratification of the quotient B = M/F̄ into smooth Riemannian orbifolds.

The main stratum M0 is projected to the main stratum B0 of B that is

open and dense in B. If B is compact, the orbifold B0 has finite volume.

Horizontal geodesics of the transnormal system F̄ are projected to con-

catenations of geodesics in B. Each horizontal geodesic in the regular part

M0 is projected to an orbifold-geodesic in B0. Let γ1 and γ2 be horizontal

geodesics whose projections η1 and η2 to B coincide initially. Then η1 and η2
coincide on the whole real line (cf.19,21 for the case of singular Riemannian

foliation and18,22 for the case of closed transnormal systems). Therefore the
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geodesic flow on M restricted to the space of horizontal vectors projects to

a “quasi-geodesic” flow on the “unit tangent bundle” of B. Note, finally,

that for each regular leaf L of F̄ and each horizontal geodesic γ starting

on L, each intersection point of γ with a singular leaf is a focal point of L

along γ.

We finish this section with an easy application of the Poincaré’s recur-

rence theorem:

Lemma 2.1. Let B0 be a (non-necessarily) complete Riemannian orbifold

with finite volume. Let V be a non-empty open subset of the unit tangent

bundle U0 of B0. Assume that the geodesic flow φt(v) is defined for all

v ∈ V and all t > 0. Let a positive real number T be given. Then there is

a non-empty open subset V0 ⊂ V and T̄ > T such that φT̄ (V0) ⊂ V , and

such that φt(v) is defined for all v ∈ V0 and all t ∈ [−T, 0].

3. Geometric arguments

Using the preparation from the last section, we can now easily prove the

geometric part of Theorem 1.2.

Let M,F be as in Theorem 1.2. Consider the closure F̄ of F . Let B

denote the compact quotient B = M/F̄ with the projection q : M → B.

Let B0 be the regular part of B, i.e., the set of all regular leaves of F̄ in M .

We are going to prove that all regular leaves of F̄ have no focal points in

M . Assume the contrary. Denote by M0 the regular part of M (with respect

to F̄ ; the original singular foliation F will not be used in this section).

Let H be the horizontal distribution on M0. Let H1 be the space of unit

vectors in H, with the foot point projection p : H1 → M . For h ∈ H1 let

γh : [0,∞) → M denote the horizontal geodesic starting in the direction

of h. By L(h) we denote the leaf of F̄ through the foot point p(h) ∈ M .

By f(h) we will denote the L(h)-index of γh, i.e., the number of L(h)-focal

points along γh. By Λh we denote the Lagrangian space of normal Jacobi

fields along γh that consists of L(h)-Jacobi fields (cf.23). As in23, we denote

for an interval I ⊂ (0,∞) by indΛh (I) the number of L(h)-focal points

along γh in γh(I).

Since there are no conjugate points in the manifold M , the function f

is bounded by dim(M) on H1 (Corollary 1.223). Let m be the maximum of

the function f , that is positive by our assumption. Choose some h0 ∈ H1

with f(h0) = m. Choose some T > 0 such that all (precisely m, when

counted with multiplicity) L(h0)-focal points along γh0 come before T , i.e.,

indΛh0 ((0, T )) = m. By continuity of indices and maximality of m, we find
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an open neighborhood V of h0 in H1, with indΛh((0, T )) = m, for all h ∈ V .

Since each intersection of γh with a singular leaf happens in a focal

point, for all h ∈ V , the geodesic γh : [T,∞) → M does not intersect

singular leaves. Thus, γh([T,∞)) is contained in M0 and, for its projection

ηh = q ◦ γh, we have ηh([T,∞) ⊂ B0. Due to Lemma 2.1, we find an

open subset V0 of V and some T̄ > T such that for all h ∈ V0 we have

γh[0,∞) ⊂M0 and (γh)′(T̄ ) ∈ V0.

Choose now some h ∈ V0. Since γh is contained in M0, the projection

ηh = q ◦γh is an orbifold-geodesic in B0. Moreover, L(h)-focal points along

γh correspond to conjugate points along ηh. For the Jacobi equation along

ηh (in terms of,23 this is the transversal Jacobi equation introduced in8),

we have the following picture. The point ηh(T̄ ) has at least one conjugate

point along ηh in the interval (T̄ , T̄ + T ) (in fact, there are precisely m

such points counted with multiplicities). Therefore, ηh(0) has at least one

conjugate point along ηh in the interval (T̄ , T̄ +T ) (Corollary 1.323). Since

T̄ > T , by assumption, we get an L(h)-focal point γh(t) along γh for some

t > T , in contradiction to indΛh(0,∞) = indΛh(0, T ).

Thus, we have proved, that all regular leaves of F̄ have no focal points.

Hence F̄ has no singular leaves. Therefore, F and F̄ are regular Riemannian

foliation. Moreover, since focal points of leaves of a closed regular Rieman-

nian foliation correspond to conjugate points in the quotient orbifold, we

deduce that the quotient B = M/F̄ has no conjugate points.

4. Topological arguments

First, we are going to prove Proposition 1.1. Thus let M be an aspheri-

cal manifold with a complete Riemannian metric. Let F be a Riemannian

foliation on M with dense leaves. Let M̃ be the universal covering of M .

Denote by Γ the group of deck transformations of M̃ . Let F̃ be the lift of

F to M̃ and denote by F1 the closure of F̃ . Since F̃ is invariant under the

action of Γ, so is its closure F1. Thus F1 induces a singular Riemannian

foliation F2 on M whose leaves contain the leaves of F . Since the leaves of

F are dense so must be the leaves of F2. In particular, F2 and, therefore,

F1 must be regular Riemannian foliations. Consider the Riemannian orb-

ifold B = M̃/F1. Since F2 has dense leaves, the natural isometric action of

Γ on B must have dense orbits. In particular, B must be a homogeneous

Riemannian manifold.

Thus, the projection p : M̃ → B is a Riemannian submersion. From

the long exact sequence of the fibration p (and the contractibility of M̃)

we deduce that B must be simply connected. Since B is homogeneous,
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its homotopy and homology groups are finitely generated. From the long

exact sequence of p we deduce that the homotopy groups of the fibers L

of p (these are leaves of F1) are abelian and finitely generated. Hence, the

homology groups of L are finitely generated as well. Now, we can apply the

spectral sequence for the fiber bundle p, as in p. 5994, and deduce that the

homology groups of L and B must vanish in positive degrees. We conclude

that L and B are contractible.

It remains to prove that the leaves of F̃ are closed, i.e., that F̃ and F1

coincide. Assume the contrary and take a non-closed leaf L. Then its closure

L̄ is a leaf of F1, hence it is contractible. Thus the restriction of F̃ to L̄ is a

Riemannian foliation with dense leaves on a complete, contractible manifold

L̄. But this is impossible.24 This finishes the proof of Proposition 1.1.

Now we can finish the proof of Theorem 1.2. We already now, that the

closure F̄ is a regular Riemannian foliation on M . Moreover, the leaves

of F̄ have no focal points, and M/F̄ is a Riemannian orbifold without

conjugate points. Now, the proof of Theorem 225 reveals that the lift F1 of

F̄ to the universal covering M̃ is a simple foliation. Moreover, the quotient

B̂ = M̃/F1 is a Riemannian manifold without conjugate points. From the

long exact sequence we deduce that B̂ is simply connected. Therefore, it is

diffeomorphic to Rn. Each leaf L of F1 has no focal points. Therefore, its

normal exponential map is a diffeomorphism. Thus the distance function

dx : L→ R to each point x ∈M \L is a Morse function on L with only one

critical point. Therefore, L is diffeomorphic to a Euclidean space as well.

In particular, the leaves of F̄ are aspherical. From Proposition 1.1 we

deduce that the lift F̃ of F to M has closed and contractible leaves. In

particular, all leaves of F̃ have trivial fundamental group and therefore no

holonomy. Therefore, F̃ is a simple foliation. From the long exact sequence

we deduce that the quotient B1 = M̃/F̃ is a contractible manifold.
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We develop variational formulae for the total m-th mean curvatures of
codimension-one distributions on a compact Riemannian manifold Mn+1.
Based on the method of our recent work Rovenski–Walczak (2007) we show
that the total generalized mean curvatures over M(c) of constant curvature
c do not depend on the choice of k orthonormal vector fields, that for k = 1
was proved by Brito–Langevin–Rosenberg (1981). We calculate the variations
of the total generalized mean curvatures for k orthonormal vector fields on a
compact Riemannian manifold M .
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0. Introduction

Let F be a codimension-one foliation with a unit normal N on a compact

Riemannian manifold Mn+1, and AN = −(∇N)⊥ the Weingarten operator

of the leaves of F . The elementary symmetric functions σm(A) of a n× n
matrix A are defined by the equality

∑
m σm(A) tm = det(In + tA), where

In is the unit matrix. Brito, Langevin & Rosenberg2 (generalizing result by

Asimov1) have shown that for Mn+1 of constant curvature c the integrals

Im(N) =
∫
M

σm(AN ) d vol (1)
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depend on n, m, c and vol(M) only, namely,

Im(N) =
{ cm/2

( n/2
m/2

)
vol(M), n, m even,

0, n or m odd.
(2)

In this case, I ′m(0) = 0 for any variation N(s). One may show that

σm(AN ) = σm(−∇N), 1 ≤ m ≤ n. (3)

In 3,4 we generalized a result by Asimov 1 and Brito–Langevin–Rosenberg 2,

see (2), dropping their restriction that M has constant sectional curvature.

For λ = (λ1, . . . , λm) ∈ Zm+ and t = (t1, . . . tk) ∈ Rm+ denote by tλ =

Πk
i=1t

λi

i . Set |λ| = ∑
i λi. The mean curvatures σλ(A1, . . . Ak) of a set of

order n quadratic matrices A1, . . . Ak are defined by the polynomial equality

det(In + t1A1 + . . .+ tkAk) =
∑

|λ| ≤n
σλ(A1, . . . Ak) t

λ. (4)

Theorem 0.1 ( 3). Let N be a unit vector field on a compact locally sym-

metric space Mn+1. Then for any m > 0
∫

M

gm(N) d vol = 0, gm(N) =
∑

‖λ‖=m
σλ (B1(N), . . . Bm(N)) ,

(5)

where λ = (λ1, . . . , λm) is a sequence of nonnegative integers, ‖λ‖ = λ1 +

2λ2 + . . .+mλm and B2k(N) = (−1)k

(2k)! R
k
N , B2k+1(N) = (−1)k

(2k+1)! R
k
N ∇N.

The formula (5) for few initial values of m, m = 1, 2, 3, reads as 3

∫

M

σ1(∇N) d vol = 0,

∫

M

σ2(∇N)− 1

2
Ric(N,N) d vol = 0,

∫

M

σ3(∇N)− 1

2
Ric(N,N) Tr(∇N) +

1

3
Tr(RN ∇N) d vol = 0. (6)

Reilly 5 developed variational formulae for the functional (1) of a ”single”

hypersurface M ⊂ RN .

A problem we are interested in is to develop variational formulae for

the functionals Im(N) (m > 0), N being a unit vector field on a compact M .

We do not assume that the orthogonal distribution N⊥ is integrable.

Extending our methods 3,4 (see Theorem 0.1) we generalize (2).

Theorem 0.2. Let N1, . . .Nk (k > 1) be an orthonormal system of vector

fields on a compact Riemannian manifold Mn+1 with the condition RNi =

c In (i ≤ k) (for example, M has a constant curvature c). Then the integrals

I
λ
(N1, . . . Nk) =

∫

M

σ
λ
(∇N1, . . .∇Nk) d vol (7)



February 17, 2009 16:46 WSPC - Proceedings Trim Size: 9in x 6in viii-icdg

85

do not depend on N1, . . . Nk: they depend on n, k, λ = (λ1, . . . λk), c and

vol(M) only. In particular, I
λ
(N1, . . . Nk) = 0 when c = 0 or when either

|λ| or n is odd.

Hence, the natural extension of the problem is to develop variational

formulae for the functionals (7) for any compact Riemannian manifold with

k orthonormal vector fields N1, . . . , Nk.

The proposed variational formulae for Iλ(N1, . . . Nk) can be applied

to k-webs and also to a k-regular unit vector field N on a Riemannian

manifold, i.e., such a field N for which N itself and its k − 1 derivatives,

∇NN,∇N (∇NN), . . . (∇N )k−1N , are point-wise linearly independent.

We will present the 1-st variation of (1) in the form

I ′m(0) =

∫

M

.
σm(∇N) d vol =

∫

M

〈aL(N), ξ〉 d vol,

where ”dot” denotes differentiation with respect to s at s = 0. Therefore,

the Euler-Lagrange equation for (1) has the form aL(N)⊥ = 0, where (·)⊥
is the orthogonal to N component. Similarly, the Euler-Lagrange equations

for (7) constitute a system aiL(N1, . . . Nk)
⊥i = 0 (1 ≤ i ≤ k).

1. Main Results

We will call the vector field divK = Tr(∇K) =
∑

i(∇eiK)ei, the divergence

of a linear operator K : TM → TM . Let R be the curvature tensor and

RN = R(·, N)N the Jacobi operator. The Ricci curvature in a directionN is

Ric(N,N) =
∑

i〈R(ei, N)N, ei〉, where {ei} is a local orthonormal basis of

N⊥. Denote byR(S) the vector valued bilinear form (X,Y ) 7→ R(X,N)SY ,

where S is a linear operator on TM .

Definition 1.1. The Newtonian transformations of a n× n matrix A are

defined inductively by T0(A) = In, Tm(A) = σm(A) In−ATm−1(A) for

1 ≤ m ≤ n. Hence, the m-th Newtonian transformation (or tensor) is

Tm(A) = σm(A) In − σm−1(A)A+ . . .+ (−1)mAm, 0 ≤ m ≤ n. (8)

Theorem 1.1. Let N be a unit vector field on a compact Riemannian

manifold Mn+1. Then N is a critical point of the functional (1) for m > 0

if and only if the following Euler-Lagrange equation holds:

[
div T tm−1(∇N)

]⊥N
= 0. (9)
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Here ( · )t is a conjugated (transposed) operator. Clearly, div T t0(∇N) =

div In = 0. For m = 2, the left-hand-side of (9) reads as

[
div T t1(∇N)

]⊥N
=
[
∇σ1(∇N)− div(∇N t)

]⊥N
, and so on.

Denote by R̃ic(N) =
∑

iR(N, ei) ei the vector field dual via 〈 · 〉 to the

linear form X 7→ ∑
i〈R(ei, N)X, ei〉 for any X ∈ TM . Let I2,N be the

bilinear form on the space of vector fields orthogonal to N given by

I2,N (X,Y ) = Ric(X,Y )−Ric(N,N)〈X,Y 〉.

With this notation, we have the following.

Corollary 1.1. A unit vector field N on a compact Riemannian manifold

M is a critical point for the functional I2(N), see (1), if and only if

R̃ic(N)⊥ = 0, (10)

where (·)⊥ is the orthogonal to N component. It is a point of local minimum

if the form I2,N is positive definite on the space of sections of N⊥.

Remark 1.1. For a map between compact Riemannian spaces f : Mm →
N , the energy is defined to be E(f) = 1

2

∫
M

∑m
a=1〈d f(ea), d f(ea)〉 d vol

(see 6, etc). A unit vector field on a Riemannian manifold M can be consid-

ered as a map between M and T1M , the unit tangent bundle equipped with

the Sasaki metric. Then, the energy of a unit vector field N on a compact

Riemannian manifold Mn can be expressed by the formula

E(N) =
1

2
vol(M) +

1

2

∫

M

|∇N |2 d vol . (11)

The integral in (11), up to some constants, is the total bending B(N) of N :

B(N) = cn

∫

M

|∇N |2 d vol, cn = 1/((n−1) vol(Sn)). (12)

Recall that vol(Sn−1) = 2πn/2

Γ(n/2) . The problem of minimizing E(N) or B(N)

has been studied by several authors, see 7,8. Let N be a unit vector field on

M \ S, Mn+1 being a compact Riemannian manifold and S a finite subset

of M . If n ≥ 2, then 8

E(N) ≥ 1

2n− 2

∫

M

Ric(N,N) d vol+
n+ 1

2
vol(M).

Hence the minimal value of I2(N) is useful for estimation from below of the

energy of a vector field on M .
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Corollary 1.2. A a unit vector field N on a compact Riemannian manifold

M is a critical point of the functional I3(N) if and only if

[
(divN) R̃ic(N) +

1

2
∇Ric(N,N) + Tr

(
R(∇N)

)]⊥
= 0. (13)

Remark 1.2. The last term in (13) vanishes when N⊥ is integrable and

that the Euler-Lagrange equation is satisfied for all N ’s on M of constant

sectional curvature. Moreover, the first two terms in there vanish when M

is Einstein.

Next we compute the first variation of the total mean curvatures for a

finite orthonormal system of vector fields on M .

Theorem 1.2. An orthonormal set {N1, . . . Nk} of vector fields on a com-

pact Riemannian manifold Mn+1 is a critical point of the functional (7) for

λ = (λ1, . . . λk) if and only if the following Euler-Lagrange equations hold:

∑
1≤r≤|λ|

(−1)r−1
∑

i2,...ir≤k

[(
Ãt∇σλ i1,i2...ir

( ~A) + σλ i1,i2...ir
( ~A)
)
div Ãt

]⊥ i1 = 0,

where i1 = 1, . . . k, ~A = (∇N1, . . .∇Nk), Ã = ∇Ni2 · . . .∇Nir , ( · )t is a

conjugated (transposed) operator and [ · ]⊥j is Nj-orthogonal component.

Here we put λi = λ− ei = (λ1, . . . λi − 1, . . . λk), λi,j = λ− ei − ej , etc.

2. Proofs

2.1. Algebraic preliminaries

Lemma 2.1. Let A(s) = cos sA1 + sin sA2. Then for any m > 0,

σm(A(s)) =
∑

i+j=m
σ(i,j)(A1, A2)(cos s)i(sin s)j .

Proof. By definition, we have
∑
m σm(A(s)) tm = det |In + tA(s)| = det |In + (t cos s)A1 + (t sin s)A2|

=
∑
m

(∑
i+j =m σ(i,j)(A1, A2)(cos s)i(sin s)j

)
tm.

Comparing coefficients of two polynomials of t we get the claim. �

Lemma 2.2. Let fm(x, y) =
∑m

j=0 fm−j,j xm−jyj be a homogeneous poly-

nomial of degree m > 0. Then

fm(cos s, sin s) =
1

2m

∑[m/2]

j= 0

[
αj cos((m−2 j)s)+βj sin((m−2 j)s)

]
, (14)
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where αj , βj depend linearly on fm. The equality fm(cos s, sin s) ≡ f0 (∀s)
for even m transforms into the linear system for the coefficients fm−b,b,

∑[m/2]
b=0,2,...(−1)b/2C̄(j,m− b, b)fm−b,b = δjm/2f0,∑[m/2]

b=1,3,...(−1)(b−1)/2C̄(j,m− b, b)fm−b,b = 0, j = 0, . . . [m/2].
(15)

Here δji is the Kronecker’s delta, and

C(j, a, b) =
∑

0≤l≤j
(−1)l

( a
j−l
)
( bl
)
, C̄(j, a, b) = C(j, a, b) + C(a+b−j, a, b).

(16)

In particular, C(j, 0, b) = (−1)j( bj
)

and C(j, a, 0) = ( aj
)
.

Proof. By definition fm =
∑
a+b=m fa,b(cos s)a(sin s)b. Using Binomial

Theorem and the formulae cos s = (eis + e−is)/2, sin s = (eis − e−is)/(2 i)
where i2 = −1, we obtain

(cos s)a(sin s)b = i−b e
i(a+b)s

2a+b (1+e−2is)a(1−e−2is)b =

i−b e
i(a+b)s

2a+b

a+b∑
j= 0

e−2ijs
∑

k+l=j

(−1)l
(
a
k

)
( bl
)

= i−b 1
2a+b

a+b∑
j= 0

C(j, a, b) ei(a+b−2 j)s.

Hence we arrive at the Fourier polynomial expansion

(cos s)a(sin s)b =





(−1)b/2

2a+b

a+b∑
j= 0

C(j, a, b) cos((a+b−2 j)s), b even

(−1)(b−1)/2

2a+b

a+b∑
j= 0

C(j, a, b) sin((a+b−2 j)s), b odd.

(17)

Notice that for a = 0 or b = 0 (17) reduces to the well known formulae,

Taylor expansion of the powers of cos and sin. Next we get

∑m
j=0[α̃j cos((m− 2 j)s) + β̃j sin((m− 2 j)s)] =∑[m/2]

j=0 [(α̃j + α̃m−j) cos((m− 2 j)s) + (β̃j + β̃m−j) sin((m− 2 j)s)].

Finally, using notation (16), we obtain the system (14), where

αj =
[m/2]∑
b=0,2,...

(−1)b/2C̄(j,m−b, b)fm−b,b,

βj =
[m/2]∑
b=1,3,...

(−1)(b−1)/2C̄(j,m−b, b)fm−b,b.

The equality fm(cos s, sin s) ≡ f0 (∀s) for even m transforms into (15). �
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2.2. Proof of Theorem 0.2

Let us shorten Ci = cos si and Si = sin si for i ≤ k, |si| ≤ π/2. Consider

a unit vector field N(s) = C1N1 +
∑k

i=2 S1 . . . Si−1CiNi on M . Hence

∇N(s) = C1∇N1 +
∑k

i=2 S1 . . . Si−1Ci∇Ni. By definition, we obtain

∑
0≤m≤n

σm(∇N(s)) tm = det |In + t∇N(s)| =

det |In + t C1∇N1 + tS1C2∇N2 + . . .+ tS1 . . . Sk−1Ck∇Nk| =∑
0≤m≤n

( ∑
|λ|=m

σλ(∇N1, . . .∇Nk)C i1
1 Sm−i1

1 C i2
2 Sm−i1−i2

2 . . . C
ik−1

k−1 S
ik
k−1

)
tm.

Comparing coefficients of the two polynomials of t, we get

σm(∇N(s)) =
∑

|λ|=m

σλ(∇N1, . . .∇Nk)C i1
1 Sm−i1

1 C i2
2 Sm−i1−i2

2 . . . C
ik−1

k−1 S
ik
k−1.

Notice that
∫
M σm(∇N(s)) d vol = C(c, n,m) is constant by conditions and

(2). Applying Lemmas 2.1, 2.2, we obtain for all i1 < m

∑
|µ|=m−i1

∫
M

[σ(i1 ,µ)(∇N1, . . .∇Nk)C i2
2 Sm−i1−i2

2 . . . C
ik−1

k−1 S
ik
k−1] d vol = const.

Repeating this argument by induction, we obtain I
λ
(N1, . . .Nk) = const.

If c = 0 or if either |λ| or n are odd, then we have C(c, n, |λ|) = 0; hence

I
λ
(N1, . . .Nk) = 0. This completes the proof of Theorem 0.2.

Example 2.1. To illustrate Theorem 0.2 for k = 2, consider orthonormal

vector fields N1, N2 on a compact space form M(c). If either m or n is

odd then I(i,m−i)(∇N1,∇N2) = 0. If both m and n are even then Xi =

I(i,m−i)(∇N1,∇N2) (i = 0, . . .m) are solutions of the system, see (15),

∑m/2
b=0,2,...(−1)b/2C̄(j,m− b, b)Xb = δjm/2c

m/2
( n/2
m/2

)
vol(M),

∑m/2
b=1,3,...(−1)(b−1)/2C̄(j,m− b, b)Xb = 0 (j = 0, . . .m/2).

2.3. Variational formulae

Let Ns, s ∈ (−ε, ε) be a smooth one-parameter family of unit vector fields

on M , N0 = N , a given unit vector field. Set I(s) = I2(Ns) for all s. One

may calculate
.

∇N = ∇ξ, where ξ = dNs/ds(0) is tangent to N⊥.

Lemma 2.3. For any linear operator S : TM → TM we have

Tr(S∇ξ) = div(S ξ)−
〈
divSt, ξ

〉
. (18)
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Proof. We calculate

Tr(S∇ξ) =
∑

i〈S∇eiξ, ei〉 =
∑
i

[
∇ei

〈
Sξ, ei〉 − 〈∇ei (S

tei), ξ
〉]

= div(S ξ)−∑i[
〈
∇ei(S

tei)− St(∇eiei), ξ
〉
]

= div(S ξ)−
〈∑

i(∇eiS
t)ei, ξ

〉
= div(S ξ)− 〈div St, ξ〉. �

Lemma 2.4. If λ = (λ1, λ2, . . . λk) with λj > 0, ∀j, and ~A(s) =

(A1(s), . . . Ak(s)) (s ≥ 0) are smooth families of matrices, then

.
σλ( ~A(s)) =

∑k

i=1
σ(1,λi)(

.

Ai, ~A). (19)

The formula (19) reduces to the following one:

.
σλ( ~A(s)) =

∑

1≤m≤|λ|
(−1)m−1

∑

i1,...im≤k
σλ i1...im

( ~A) Tr(
.

Ai1Ai2 . . . Aim). (20)

Proof. Let Ai(s) = Ai + s
.

Ai + o(s) and
.

Ai = 0 for i 6= 1. By (4),

det(In + t1(A1+s
.

A1)+ . . .+ tkAk) = det(In + st1
.

A1 + t1A1+ . . .+ tkAk)

=
∑

|λ| ≤n σλ( ~A) tλ +
∑

|λ| ≤n,
λ1>0

σ(1,λ1)(
.

A1, ~A) tλs+ o(s).

Hence, d
ds σλ(A1 + s

.

A1, A2, . . . Ak) |s= 0 = σ(1,λ1)(
.

A1, ~A) for any λ =

(λ1, λ2, . . . λk) with λ1 > 0. Using symmetries of these invariants, see

Lemma 1 (identity II) in 3, we get (19). By Lemma 4 in 3 for λ =

(λ1, λ2, . . . λk), with λj > 0, ∀j, we have

σ(1,λi1 )(
.

Ai1 , ~A) = σλi1
( ~A) Tr(

.

Ai1)−
∑k

i2=1
σ(1,λi1i2 )(

.

Ai1Ai2 , ~A).

Applying this formula again, we obtain

σ(1,λi1i2 )(
.

Ai1Ai2 , ~A) = σλi1i2
( ~A) Tr(

.

Ai1Ai2 )−
m∑
i3=1

σ(1,λi1i2i3 )(
.

Ai1Ai2Ai3 , ~A).

Repeating this process, or by induction, we deduce (20). �

Example 2.2. If A(s), s ≥ 0, is a smooth family of matrices, then (20)

reduces (using definition of Newtonian transformations) to the following:

.
σm(A(s)) =

∑m−1

i=0
(−1)iσm−i−1(A) Tr(

.

AAi)
(8)
= Tr

( .

ATm−1(A)
)
. (21)

For small values of m, m = 1, 2, 3, (21) reads as
.
σ1(A(s)) = Tr(

.

A) and

.
σ2(A(s)) = Tr(A) Tr(

.

A)−Tr(A
.

A),
.
σ3(A(s)) = σ2(A) Tr(

.

A)−Tr(A) Tr(A
.

A)+ Tr(A2
.

A).
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Proof of Theorem 1.1. Denote by Ns = N + s ξ + o(s) a variation of

the unit vector field N . We write down (18) with S = Tm−1(∇N)

Tr(Tm−1(∇N)∇ξ) = div(Tm−1(∇N) ξ)−
〈
div T tm−1(∇N), ξ

〉
.

Hence, integrating (21) and applying the Divergence Theorem, we obtain

I ′m(0) =

∫

M

.
σm(∇N(s)) |s=0 d vol = −

∫

M

〈
div T tm−1(∇N), ξ

〉
d vol . (22)

Since ξ ⊥ N is arbitrary, the claim follows from (22). �

Proof of Theorem 1.2. Denote by Ni(s) = Ni + s ξi + o(s) (i ≤ k)

variations of unit vector fieldsNi. Then
.

N i = ξi and (∇Ni)′ = ∇ξi. In order

to use (20), we apply (18) to find Tr(Ã∇ξi1 ) = div(Ã ξi1 ) − 〈div Ãt, ξi1〉.
Also applying the well-known formula (where f,X are of a class C1)

div(fX) = f div(X) + 〈∇f,X〉 (23)

to f = σλi1...ir
( ~A) and X = Ã ξi1 , we arrive at

σλi1...ir
( ~A) div(Ã ξi1) = div(σλi1...ir

( ~A) Ã ξi1)− 〈∇σλi1...ir
( ~A), Ã ξi1 〉.

Collecting the terms, we obtain

σλi1...ir
( ~A) Tr(Ã∇ξi1 ) = div(σλi1...ir

( ~A) Ã ξi1)

−
〈
σλi1...ir

( ~A) div Ãt − Ãt∇σλi1...ir
( ~A), ξi1

〉
.

Integrating and applying the Divergence Theorem, we obtain

I ′λ(0) =
∫
M

.
σλ( ~A) d vol =

−
∫
M

∑
1≤r≤|λ|

(−1)r−1
∑

i1,...ir

〈
Ãt∇σλi1...ir

( ~A) + σλi1...ir
( ~A) div Ãt, ξi1

〉
d vol .

Since ξi ⊥ Ni are arbitrary, the claim follows from the above formula. �

Proof of Corollary 1.1. Let (−ε, ε) 3 s → Ns be a smooth family of

unit vector fields onM ,N0 = N , a given unit vector field. Set I(s) = I2(Ns)

for all s. In view of (6) we have I(s) =
∫
M

Ric(Ns, Ns) d vol. Bi-linearity of

the Ricci form implies that

2 I ′2(0) =

∫

M

Ric(N, ξ) d vol =

∫

M

〈R̃ic(N), ξ〉 d vol,

ξ = (dNs/ds)(0) being the variation field for s → Ns. From 〈Ns, Ns〉 = 1

for all s, it follows that ξ is orthogonal to N . Since for such ξ one can define

a variation Ns with dNs/ds(0) = ξ, we get (10).

Assume now that N is a critical point for I2(N), hence R̃ic(N)⊥ = 0.

Set ξ = dNs/ds(0) and η = d 2Ns/ds
2(0). Then 〈ξ,N〉 = 0 and 〈η,N〉 =
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−‖ξ‖2. Therefore, η = −‖ξ‖2N + ξ⊥ for some ξ⊥ orthogonal to N . Since

Ric(N, ξ⊥) = 0, we obtain

2I ′′(0) =
∫
M

(Ric(ξ, ξ) + Ric(N, η)) d vol

=
∫
M

(Ric(ξ, ξ)−Ric(N,N)‖ξ‖2) d vol . �

Remark 2.1. The solutions N of the Euler-Lagrange equation (10) are

eigenvectors of the symmetric operator R̃ic : TM → TM , they correspond

to the critical values of the symmetric quadratic form Ric(N,N). The unit

eigenvector X1 with the minimal eigenvalue λ1, i.e., R̃ic(X1) = λ1X1, cor-

responds to minimum of this form, min
|X|=1

Ric(X,X) = Ric(X1, X1).

Proof of Corollary 1.2. As before, ξ = dNs/ds(0) is orthogonal to N .

From (6) we know that

∫
Mσ3(∇N) d vol = 1

2

∫
MRic(N,N) Tr(∇N) d vol− 1

3

∫
MTr(RN ∇N) d vol,

whenever (M, 〈 · 〉) is locally symmetric. We will use

.
σ1(RN∇N) = Tr((RN∇N)′)

= Tr(R(∇N(·), ξ)N + R(∇N(·), N)ξ) + Tr(RN∇ξ).

Taking as before (see Corollary 1.1) a 1-parameter family of unit vector

fields Ns and differentiating the function s 7→ I3(s) = I3(Ns) we obtain

I ′3(0) =
∫
M

(
Tr(∇N) Ric(N, ξ) + 1

2 Ric(N,N) div ξ

− 1
3 TrR(∇ξ,N)N − 1

3 TrR(∇N(·), ξ)N − 1
3 TrR(∇N(·), N) ξ

)
d vol .

Applying the formula (23) to f = Ric(N,N) and X = ξ, using the standard

symmetries of the curvature tensor, the fact that our Riemannian manifold

is locally symmetric (∇R = 0), and the Green formula (
∫
M divXd vol = 0)

we arrive at

I ′3(0) =

∫

M

〈Tr(∇N) R̃ic(N)+
1

2
∇Ric(N,N)+Tr(R(∇N)), ξ〉 d vol, (24)

The only difficulty in calculations leading to (24) is in writing the term

Tr〈R(·, N)ξ, ∇(·)N〉 in the form

divR(ξ,N)N + 〈Tr(·, N)∇N(·), ξ〉+ 〈TrR(·,∇N(·))N, ξ〉
+ Tr((X,Y ) 7→ 〈(∇XR)(ξ,N,N), Y 〉

and observing that the last term vanishes due to the local symmetry ofM .�
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The transverse geometry of a Riemannian foliation has been intensively studied
in the last period of time. In this paper we present the relations between the
foliated structure of a Riemannian foliation and the classical Weitzenböck for-
mula. We obtain a transversal Weitzenböck type formula which works in a more
general setting than a recent Weitzenböck formula due to Y. A. Kordyukov.1

Keywords: Riemannian foliation, de Rham derivative Weitzenböck formula

1. Introduction

Let us consider the smooth, foliation (M,F , g) on a closed, n-dimensional

manifold M , endowed with a Riemannian metric g. We start out by stating

some basic facts concerning the spectral sequence and the adiabatic limit

associated with the foliation. The dimension of the foliation will be denoted

by p, the codimension by q and (Ω, d) will denote the de Rham complex on

M . In the classical way2 we get a bigrading for Ω, induced by the foliated

structure and the bundle-like metric:

Ωu,v = C∞
(

u∧
TF⊥∗ ⊕

v∧
TF∗

)
, u, v ∈ N. (1)

Then, the exterior derivative and the coderivative split into bihomoge-

neous differential components as follows:

d = d0,1 + d1,0 + d2,−1, δ = δ0,−1 + δ1,0 + δ−2,1, (2)

where the indices correspond to the bigrading.

Using the above operators we can define the transversal Laplace

operator:
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Definition 1.1. The transversal Laplace operator is the Laplace type op-

erator defined using d1,0 and δ−1,0:

∆⊥H := d1,0δ−1,0 + δ−1,0d1,0. (3)

The transversal Laplace operator has been intensively studied,3 the inter-

play with basic de Rham cohomology being of particular interest.

The adiabatic limit of a foliation was introduced by E. Witten for a

Riemannian bundle over the circle.4 We decompose the metric g = g⊥⊕ gF
with respect to the splitting TM = TF⊥ ⊕ TF . Introducing a parameter

h > 0, let us define the family of metrics

gh = h−2g⊥ ⊕ gF .

The limit of the foliation (M,F , gh) as h ↓ 0 is known as the adiabatic limit,

while the above parameter is known as the adiabatic parameter.

Considering the special case when the metric is bundle-like,5 in this

paper we present a Weitzenböck formula for the transversal Laplace op-

erator when acting on arbitrary differential forms. The importance of this

approach comes from the fact that recent work of J. A. Álvarez López and

Y. A. Kordyukov6,7 focussed on differential spectral sequence extend the

interest area from basic forms to general differential forms.

2. Canonical differential operators defined on a

Riemannian foliation

For the rest of this paper, we will consider a Riemannian foliation (i. e.

endowed with a bundle-like metric).

We also consider local infinitesimal transformations {Fa}, 1 ≤ a ≤ q, of

(M,F) orthogonal to the leaves, while {Ei}, 1 ≤ i ≤ p, will be smooth local

vector fields tangent to the leaves. Furthermore, assume that the system

{Fa, Ei} determines an orthonormal basis {fa, ei} at any point where they

are defined. Let us consider also the dual coframes
{
θa, ωi

}
for {Fa, Ei},

and
{
αa, βi

}
for {fa, ei}. We denote by UT the transverse component and

by UL the leafwise component of a local tangent vector field U . For the

sake of simplicity, the local vector fields {Fa} will be called basic vector

fields.8 In what follows we consider arbitrary local tangent vector fields U

and V . First of all, let us remind the Gray-O’Neill tensors fields A and T :9

TUV := ∇L
ULV

T +∇T
ULV

L,

AUV := ∇L
UT V

T +∇T
UT V

L,
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where ∇ is the Levi-Civita connection associated to g. We canonically ex-

tend the above 0th order operators on differential forms. In accordance with

the previous literature,10 let us define the following metric connection:

∇̃UV = πF∇UπFV + πQ∇UπQV.
As a consequence, the Levi Civita connection splits as follows:

∇U = ∇̃UT + ∇̃UL +AUT + TUL . (4)

We take an orthonormal frame field {Ei} in the neighborhood of an

arbitrary point x ∈ M which induces an orthonormal basis {εs} for TxM ,

with 1 ≤ s ≤ n. If {Θs} and {θs} are the dual coframes for {Es} and

{εs} respectively, then the exterior derivative and its adjoint operator with

respect to the canonical inner product on the Riemannian manifold can be

written as follows:

d =
∑

s

Θs ∧ ∇Es , δ = −
∑

s

iEs∇Es .

Using (4) and the orthonormal basis {fa, ei} and
{
αa, βi

}
, the above

two operators split as follows:

d =
∑

a

αa ∧ ∇̃fa +
∑

a

αa ∧ Afa +
∑

i

βi ∧ ∇̃ei +
∑

i

βi ∧ Tei , (5)

δ = −
∑

a

ifa∇̃fa −
∑

a

ifaAfa −
∑

i

iei∇̃ei −
∑

i

iei ∧ Tei .

Considering a foliated chart U on M , then7

Ωu,v(U) = Ωu(U/FU) ∧ Ω0,v(U) ≡ Ωu(U/FU)⊗ Ω0,v(U).

Here Ωu(U/FU) denotes the space of basic forms of transversal degree u,

defined on U . Then, if we take α ∈ Ωu(U/FU) and β ∈ Ω0,v(U), just

considering the induced bigrading, we get for the case of a Riemannian

foliation:11

d1,0(α ∧ β) =
∑

a

αa ∧ ∇̃faα ∧ β + α ∧ (−1)u
∑

a

αa ∧ ∇̃faβ (6)

and for the co-differential operator:

δ−1,0(α ∧ β) = −
∑

a

ifa∇̃faα ∧ β + ik\α ∧ β −
∑

a

ifaα ∧ ∇̃faβ (7)

where g(k\, U) = k(U) := g(
∑
i

Teiei, U), in other words k is the mean

curvature form.
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Remark 2.1. If β vanishes, then we get2

d1,0α =
∑

a

αa ∧ ∇̃faα,

δ−1,0α = −
∑

a

ifa∇̃faα+ ik\α.

3. Adiabatic limits and Riemannian foliations

The variation of Laplace operator, Levi-Civita connection and metric ten-

sor field with respect to the adiabatic parameter has been studied in several

previous papers.6,12 In this section we recall the main results. Using the

classical Koszul formula, we are able to express all the components of the

Levi-Civita connection (determined by the transverse-tangent decomposi-

tion) as polynomials in h. We obtain:12

Proposition 3.1. The following equalities relate the canonical Levi-Civita

connections associated to the metrics gh and g:

∇gh,T
Fa

θb = ∇T
Fa
θb, ∇gh,L

Fa
θa = h2∇L

Fa
θa,

∇gh,T
Ei

ωj = ∇T
Ei
ωj , ∇gh,L

Ei
ωj = ∇L

Ei
ωj ,

∇gh,T
Fa

ωi = ∇T
Fa
ωi, ∇gh,L

Fa
ωi = ∇T

Fa
ωi,

∇gh,T
Ei

θa = h2∇T
Ei
θa, ∇gh,L

Ei
θa = h2∇L

Ei
θa

(8)

for any indices a, b, i and j, with 1 ≤ a, b ≤ q and 1 ≤ i, j ≤ p, respectively.

In what follows let us now consider the classical Weitzenböck formula.13

We take an orthonormal frame field {Es} on the neighborhood of an arbi-

trary point x ∈M which induces an orthonormal basis {εs} for TxM such

that ∇εsEt = 0, with 1 ≤ s, t ≤ n. If {Λs} (respectively {λs}) is the dual

coframe of {Ei} (respectively {εi}), considering that d =
∑
s

Λs ∧ ∇Es and

δ = −∑
s
iEs∇Es , we can express the Laplace operator:

∆ = dδ + δd = ∇∗∇+K, (9)

where K =:
∑
s<t

λs ·λt ·Rεs,εt , and the dot stands for Clifford multiplication

on differential forms.

We have the following canonical splittings of the tangent and cotan-

gent bundles: TM = TF⊥ ⊕ TF and TM∗ = TF⊥∗ ⊕ TF∗. The canon-

ical transversal and leafwise projection operator will be denoted by prT
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and prL respectively. We can consider the rescaling homomorphism Θh :

(TM∗, gh)→ (TM∗, g):

Θh := h idTF⊥∗ ⊕ idTF∗ . (10)

The induced rescaling homomorphism on differential forms or tensor fields

will be denoted also by Θh. One can prove that the above rescaling homo-

morphism is in fact an isometry of Riemannian vector bundles.14 This allow

us to define the rescaled operators ∆h := Θh∆gh
Θ−1
h , ∇h := Θh∇ghΘ−1

h

and Kh := ΘhKgh
Θ−1
h .

Applying (9) for Θ−1
h ω, where ω ∈ Ωr, and by using that Θh is in fact

an isometry of Riemannian vector bundles, we obtain the formula

〈∆hω, ω〉 =
〈
∇hω,∇hω

〉
+
〈
Khω, ω

〉
, (11)

where the inner product is obtained by integrating on the closed Rieman-

nian manifold M .15

We consider the covariant derivative ∇ induced on Ωu,v, with u and v

satisfying u+ v = r, r ∈ N:

∇ : Ωu,v −→ C∞(TM∗)⊗ C∞(ΛrTM∗).

We refine the covariant derivative in the presence of the canonical pro-

jections operators prT and prL—determined by the foliated structure, and

the canonical projections πu,v , πu−1,v+1 and πu+1,v−1-induced by the bi-

grading, defining the following six differential operators:

∇T ,0,0 := (prT ⊗ πu,v) ◦ ∇, ∇L,0,0 := (prL ⊗ πu,v) ◦ ∇,
∇T ,−1,1 := (prT ⊗ πu−1,v+1) ◦ ∇, ∇L,−1,1 := (prL ⊗ πu−1,v+1) ◦ ∇,
∇T ,1,−1 := (prT ⊗ πu+1,v−1) ◦ ∇, ∇L,1,−1 := (prL ⊗ πu+1,v−1) ◦ ∇.

The above operators can be naturally extended from Ωu,v to Ω.

In the classical manner,7 we choose a foliated chart U on M ; then we

obtain the following local description of the de Rham complex:

Ωu,v(U) = Ωu(U/FU) ∧ Ω0,v(U) ≡ Ωu(U/FU)⊗ Ω0,v(U), (12)

As a consequence, we consider α ∈ Ωu(U/FU) and β ∈ Ω0,v(U), and we

evaluate the above operators acting locally on differential forms of the type

α ∧ β, the general formula being easy to obtain by linearity. Considering

also how these operators change the bigrading, we write all the operators

only using the Levi-Civita connection associated to g and the adiabatic

parameter h:
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∇
h
T ,0,0(α ∧ β) = h

(
∇
gh

T ,0,0α ⊗ β + α ⊗∇
gh

T ,0,0β
)

= h∇T ,0,0(α ∧ β),

∇
h
L,0,0(α ∧ β) = ∇

gh

L,0,0(α ∧ β) = α ⊗∇L,0,0β + h2
∇L,0,0α ⊗ β,

∇
h
T ,−1,1(α ∧ β) = ∇

gh

T ,−1,1(α ∧ β) = h2
∇T ,−1,1α ∧ β = h2

∇T ,−1,1(α ∧ β),

∇
h
L,−1,1(α ∧ β) = h−1

∇
gh

L,−1,1(α ∧ β) = h∇L,−1,1α ∧ β = h∇L,−1,1(α ∧ β),

∇
h
T ,1,−1(α ∧ β) = h2

∇
gh

T ,1,−1(α ∧ β) = h2 α ∧∇T ,1,−1β = h2
∇T ,1,−1(α ∧ β),

∇
h
L,1,−1(α ∧ β) = h∇

gh

L,1,−1(α ∧ β) = h α ∧∇L,1,−1β = h∇L,1,−1(α ∧ β).

In the following we denote idΩu(U/FU ) ⊗ ∇L,0,0 by ∇0
L,0,0 and ∇L,0,0 ⊗

idΩ0,·(U) by ∇2
L,0,0.

In order to investigate the last term of (11), let us observe that the

formulas (8) allow us to express the curvature components as polynomials

in h:12

Kh =

4∑

l=0

hl ·Kl

and in accordance with the bigrading, this means:

Kl = Kl
−2,2 +Kl

−1,1 +Kl
0,0 +Kl

1,−1 +Kl
2,−2 (13)

for 0 ≤ l ≤ 4.

4. A transversal Weitzenböck formula

We remind some previous Weitzenböck formulas and Bochner techniques for

Riemannian foliations. First of all, we refer to a vanishing result concerning

the basic de Rham complex.16 Let us consider Ωb the de Rham complex of

basic forms defined on the foliation and the basic cohomology groups Hr
b ,

for 0 ≤ r ≤ q. We consider also

δ̃ := −
∑

a

ifa∇̃fa ,

and define

∆̃ := δ̃d+ dδ̃.

If U is a foliated chart and N a transversal, then the Weitzenböck formula

on N reads:

∆N =
∑

a

∇̃∗
fa
∇̃fa +KN , (14)



February 17, 2009 16:46 WSPC - Proceedings Trim Size: 9in x 6in viii-icdg

100

where ∆N and KN are the corresponding Laplace operator and canonical

curvature expression for N . Using the fact that the action of ∆̃ on Ωb
coincides with the action of ∆N on the corresponding projection of Ωb on

N , the authors obtain the following vanishing result:16

Theorem 4.1. Assume the transversal curvature operator is positive. Then

Hr
b = 0, for 0 < r < q.

We state now another transversal Weitzenböck type formula which

works in the setting of transversal bundle
∧
TF⊥∗

:1

Theorem 4.2. We have the following formula

∆⊥ =
∑

a

∇̃∗
fa
∇̃fa +

∑

a,b

αa ∧ ifb
(R⊥

fb,fa
− 2 · ∇̃Afb

fa) (15)

+
∑

a

αa ∧ i∇fak
\ .

Now, collecting the coefficients of h2 in (11) and using the same tech-

nique,12 we end up with the following general transversal Weitzenböck for-

mula:

Theorem 4.3. If (M,F , g) is a Riemannian foliations and ω is a smooth

differential form of degree r defined on M , then the following equality holds:

〈∆⊥ω, ω〉 = 2
〈
∇0

L,0,0ω,∇2
L,0,0ω

〉
+ ‖∇T ,0,0ω‖2 + ‖∇L,1,−1ω‖2 (16)

+ ‖∇L,−1,1ω‖2 +
〈
K2

0,0ω, ω
〉
.

The above formula works in a more general setting than a previous trans-

verse Weitzenböck type formula1 which works for transverse fiber bundle.

In certain situations, a useful tool for studying the basic de Rham com-

plex is the associated spectral sequence.6 The spectral sequence terms do

not contain only basic differential forms, so the relations (6), (7) and our

transversal Weitzenböck type formula written for differential forms of arbi-

trary degree might help us to investigate the cohomology of a Riemannian

foliation.

Remark 4.1. If we restrict our setting to the case of transverse fiber bundle

and apply the above techniques, we obtain a global Weitzenböck formula

which corresponds to the pointwise Weitzenböck formula (15), obtained by

direct calculation.1
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Riemannian foliation. We present here the most simple case where there exists
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1. The duality

Let F be a Riemannian foliation of dimension l and codimension k on

a smooth manifold M . If M and F are orientable and M is closed, the

de Rham spectral sequence of F is finite dimensional and satisfies the du-

ality condition

Es,t2 (F) ∼= Ek−s,l−t2 (F) .

Moreover the manifold admits a metric such that each leaf is minimal if

and only if the basic cohomology of maximum degree, Ek,02 , is non null.1

Without the hypothesis on M to be closed, this result can be extended.

We assume, for the sake of simplicity, that manifolds and foliation are ori-

entable.

Proposition 1.1. Let π : M → B a locally trivial bundle with compact

fibers, F a Riemannian foliation tangent to the fibers and compatible whith

the bundle structure. Then the spectral sequece of the foliation satisfies

Es,t2 (F) ∼= Ek−s,l−t2,c (F) ,

where E2,c denotes the spectral sequence with compact supports. If B admits

a open finite covering of triviality for π, then the second term of the spectral

sequence is finite-dimensional.
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Proof. We consider the sheaf P∗
F of local basic forms of F . One has

Es,t2 (F) ∼= HsHt(M,P∗
F ) .

Let E∗,t1 denote the sheaf Ht(π,P∗
F ) over B. Since it is fine, we have

Es,t2 (F) = Hs(B, E∗,t1 ) ,

where H∗ stands for the hypercohomology. So we have a spectral sequence

Hs1(B, Es2,t2 ) ⇒ Es1+s2,t
2 (F) ,

where Es,t2 (U) = Es,t2 (F|π−1(U)). Now, if v denotes the codimension of F in

the fibers, the sheaves Es,t2 and Ev−s,l−t2 are dual to each other.

2. The minimality

Corollary 2.1. Under the hypotheses of the above proposition, the foliation

is minimal if and only if Ek,02,c 6= 0.

Proof. This follows from the Rummler-Sullivan characterization of mini-

mality,3 which asserts that minimality holds when a volume form along the

leaves, χF , defines a class in E0,l
2 (F).

3. Singular Riemannian foliations

Naturally, the setting of Proposition 1.1 arises from a singular Riemannian

foliation on a compact manifold. It induces two stratifications on the mani-

fold, one given by the dimension of the closures of the leaves, and the other

by the dimension of the leaves. On the regular stratum for the first one, the

foliation has the good properties of the proposition. If we consider the reg-

ular stratum for the second stratification, the corollary still holds because,

by continuity, the condition on χF extends to the greater stratum. Sar-

alegi, Royo and Wolak prove2 the above minimality characterization with

a different method.

For a singular Riemannian foliation on a compact manifold, the proposi-

tion can be understood as a duality theorem for the intersection cohomology

of the foliation with extreme perversities.
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OPEN PROBLEMS ON FOLIATIONS

These problems were collected from the problem session on foliations

held at the ICDG 2008.

Problem 0.1 (Takashi Tsuboi). Let M be a compact and connected

manifold of dimension 2m. Is Diff(M)0 uniformly perfect?

The answer is not known for example when M is T2, the Möbius band,

S2 × S2, CP 2 or RP 2.

If M has a handle body decomposition without handles of index m then

the answer is known to be affirmative. It seems that some new ideas are

needed for the general case (T. Tsuboi).

Suppose now that M is an open manifold of arbitrary dimension. Let

K ⊂ M be a compact deformation retract of M such that there is a com-

pactly supported diffeomorphism f : M → M so that f k(K) ∩ K = ∅ for

k ∈ Z. Then it is known that any element of Diff(M)0 can be expressed as

a composition of two commutators.

(Added in December 2008: The answer is affirmative if 2m ≥ 6. But

the cases where 2m = 2 and 4 are very complicated and they look far from

being settled.)

Problem 0.2 (Remi Langevin). Find, or prove that there are no foli-

ations of S3, T3 or H3/Γ (a compact hyperbolic 3-manifold) whose leaves

satisfy some property (P), or that there are only some simple examples.

Here, (P) can be for example “totally geodesic”, “Dupin” or “canal sur-

faces”. For the totally geodesic and Dupin cases, the answer is that there

are essentially no such foliations (R. Langevin and P. Walczak).

Let F be a foliation on H3/Γ, and let F̃ denote its lift to H3. A main

point is that L̃∩S2
∞ is not so bad when L is a Dupin leaf, where L̃ is a leaf

of F̃ over L. Thus we may ask how is L̃ ∩ S2
∞ when L is a canal leaf. We

hope that L̃ ∩ S2
∞ is something like an envelope of circles in S2

∞.

Here, Reeb components may exist, and a suggestion could be to know

whether there are such foliations without Reeb components.

In the same spirit, Zeghib has asked about the existence of foliations F
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on H3/Γ so that the leaves of F̃ are analytic and extend through S2
∞. If the

answer is no, then the end of the proof could be like in the Dupin case: we

get a partition of S2
∞, and the density of the orbits of Γ on S2

∞ is used.

The condition “leaves are canal surfaces” is more flexible. Foliations of

S3 by canal surfaces are now completely understood (Langevin-Walczak).

If the answer for foliations by canal surfaces of H3/Γ is no, we may ask

how to relax the condition to get a few (just a few) examples.

Another property that can be considered for (P) is “elasticity”; folia-

tions with elastic leaves is a natural generalization of foliations by minimal

submanifolds.

Problem 0.3 (Pawel Walczak). On S3 or H3/Γ, does there exist a fam-

ily of three orthogonal foliations of codimension one? Here, orthogonality

means that the unit normal vector fields N1, N2 and N3 of those foliations

satisfy 〈Ni, Nj〉 = δij .

In the 1890’s, it was proved that there are no local obstructions: on any

Riemannian manifold there is a chart around each point so that the matrix

(gij) of metric coefficients is diagonal.

In the 1970’s (Hardorp), it was proved that on any compact oriented 3-

manifold there exist three foliations of codimension one transverse to each

other, so there are no topological obstructions.

Therefore, the only obstructions are global geometric. It is also known

that three pairwise orthogonal foliations intersect along common lines of

curvature, So, existence of umbilical points could serve as such obstruction.

Problem 0.4 (Pawel Walczak). Describe complete connected Rieman-

nian manifolds of bounded geometry which are not quasi-isometric to (or,

Gromov-Hausdorff far from) the leaves or generic leaves of compact mani-

folds. Here, we refer to the Gromov-Hausdorff distance of arbitrary (com-

pact or not) metric spaces with base points.

Problem 0.5 (Paul Schweitzer). Consider the manifold of dimension 3

(Ghys and Inaba-Nishimori-Takamura-Tsuchiya)

L = L3 ] L5 ] L7 ] · · · ] Lpn ] · · · ,

where pn denotes the sequence of prime numbers, and where π1(Lp) =

Z/pZ. Can this L be (homeomorphic or diffeomorphic to) a leaf of a fo-

liation of codimension q > 1 on a compact manifold?

Let N be a complete Riemannian manifold of dimension 2 and bounded

geometry. Find conditions on N to be quasi-isometric to a leaf of a foliation
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on a compact manifold (of codimension 1 or q). For instance, what about a

Liouville ladder (a cylinder with handles spaced like the nonzero digits in a

Liouville decimal number)?

Problem 0.6 (Vladimir Rovenski). Let M be a compact Riemannian

manifold of dimension n + ν, and let F be a totally geodesic foliation of

dimension ν on M . Then consider the mixed curvature Kσ, where σ is the

plane generated by a vector tangent to the a leaf and a vector normal to

that leaf at the same point. We would like to find examples with ν large

and Kσ > 0 for all such σ. For instance we have the Hopf fibrations of

spheres. To be more precise, let ρ(n) be the maximum number of linearly

independent vector fields on Sn−1; it is known that ρ(n) ≤ 2 log2 n+1. Does

there exist any example with ν > ρ(n) and Kσ > 0 for all mixed σ?

For Kσ = 1, it was proved that ν ≤ ρ(n) with a local method (Ferus,

1970).

Problem 0.7 (Hiraku Nozawa). Let M be a closed manifold, let

{Ft}t∈I=[0,1] be a smooth family of Riemannian foliations on M , and let

Hk
B(Ft) denote their basic cohomology of degree k. Is dimHk

B(Ft) constant

on t?

Now let {(Ft, Jt)}t∈I be a smooth family of transversely holomorphic

Riemannian foliations on M . Then we can consider the coresponding bi-

grading of the basic cohomology with complex coefficients, H r,s
B (Ft). Is

dimHr,s
B (Ft) constant on t?

Problem 0.8 (Victor Kleptsyn). Let G be a finitely generated group

acting minimally on S1. A point x ∈ S1 is called non-expandable when

g′(x) ≤ 1 for all g ∈ G. Let NE denote the set of non-expandable points.

Is it true that NE 6= ∅ implies λexp = 0? To answer this question, we may

need the following condition denoted by (*): any non-expandable point x is

a fixed point, and thus there exist g+, g− ∈ G such that g+(x) = g−(x) = x,

Fix(g+) ∩ (x, x + ε) = Fix(g−) ∩ (x − ε, x) = ∅ for some ε > 0. Does (*)

imply that we get a Markov pseudogroup? Is (*) always true?

For instance, the action of PSL2(Z) on S1 = PR(R2) satisfies (*), as

well as the action of the Thomson group.

Problem 0.9 (Gilbert Hector). Consider the manifold of dimension 3

L = L2 ] L3 ] L5 ] L7 ] · · ·
like in Problem 0.5. Is L a leaf of a codimension one foliation in R4? As

variants of this question, we can ask whether L can be realized as a closed

submanifold of R4, or as a fiber of a submersion R4 → R.
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If L embeds as a closed submanifold of R4, then it should be proper.

Also, the triviality of the tangent bundle is the first obstruction to be a leaf

in R4, but L is parallelizable because of its dimension is 3. The Chern-

Simons classes may be relevant for this problem because they detect lens

spaces.

If there is no answer for R4, what about R5?

Problem 0.10 (Etienne Ghys (recalled by Bertrand Deroin)).

There is an example of a lamination of a compact space by Riemann sur-

faces with one parabolic leaf and all other leaves hyperbolic (Ghys and

Kenyon). Does there exist any foliation by Riemann surfaces on a closed

manifold whose leaves are of such a mixed type? Is it possible to find an

example with one parabolic plane and one hyperbolic plane as leaves?
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In this note we survey several recent results on graphs with prescribed mean
curvature function in Riemannian manifolds endowed with a (conformal)
Killing field.
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1. Introduction

A well known theorem on elliptic PDE due to J. Serrin19 establishes exis-

tence and uniqueness of a solution u ∈ C2,α(Ω̄) to the Dirichlet problem




div

(
∇z√

1 + |∇z|2

)
+ 2H = 0

z|∂Ω = ϕ

(1)

for any given ϕ ∈ C2,α(∂Ω). Here H ≥ 0 is a real number and Ω a bounded

C2,α domain in the plane z = 0 satisfying the geometric condition kΓ ≥ 2H ,

being kΓ the curvature of the boundary curve Γ = ∂Ω. In addition, the

divergence and gradient are the usual operators in the Euclidean plane. It

follows that the graph of a solution z of (1) is a surface in R3 with constant

mean curvature H when oriented with a normal vector pointing downward.

Serrin’s classical theorem has been extended to other types of graphs

and other ambient spaces. For instance, for results in the hyperbolic space

see11,13,15–17 and.18 The spherical case was considered in10 and.14 Recently,

several results for hypersurfaces with prescribed mean curvature function

in very general ambient spaces have been given in1,3–6,8 and.12 Our goal

is to describe the general results in5 and6 that extend and generalize al-

most all previous existence theorems. It seems that the only exceptions are

Theorem 3 in1 and the result in15 where a larger range for H is allowed.
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The first section below is devoted to an existence theorem for Rieman-

nian manifolds endowed with a Killing field with integral orthogonal dis-

tribution. In the remaining sections, we generalize this initial result by ei-

ther removing the integrability condition or by considering (not necessarily

closed) conformal Killing fields.

2. Killing graphs

Let Mn+1 denote a Riemannian manifold endowed with a complete Killing

vector field Y such that its orthogonal distribution is integrable. Then, the

leaves are totally geodesic hypersurfaces. Fix an integral leaf Pn, and denote

by

Φ: R× Pn →Mn+1

the flow generated by Y . Given a bounded domain Ω ⊂ P, we define the

Killing graph associated to a function z on Ω̄ as the hypersurface

Σn = {Φ(z(u), u) : u ∈ Ω̄}.
We want to assure the existence and uniqueness of a Killing graph with

prescribed mean curvature H and boundary data ϕ. Here, the functions

H and ϕ are defined on Ω̄ and Γ = ∂Ω respectively. As in the case of

Serrin’s result and in the sequel, the problem of existence of such a graph

is formulated in terms of a Dirichlet problem for a divergence form elliptic

PDE.

The Killing cylinder K over Γ is ruled by the flow lines of Y through

Γ. Thus,

K = {Φ(t, u) : u ∈ Γ}.
The mean curvature of K pointing inward is denoted by HK and RicM
stands for the Ricci tensor of the ambient space.

The following result was obtained in4 and generalizes that one in.8 As

is the case of all theorems presented below, its proof uses the continuity

method for quasilinear elliptic PDE as discussed in.9 In order to obtain a

priori height and gradient estimates, essential to this method, we use the

Killing cylinders as barriers.

Theorem 2.1. Let Ω ⊂ Pn be a bounded domain with C2,α boundary Γ.

Assume HK ≥ 0 and RicM ≥ −n infΓH
2
K . Let H ∈ Cα(Ω) and ϕ ∈ C2,α(Γ)

be given. If

sup
Ω
|H | ≤ inf

Γ
HK ,
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then there exists an unique function z ∈ C2,α(Ω̄) satisfying z|Γ = ϕ whose

Killing graph has mean curvature H.

In a more general case, we will see below that Mn+1 as above has a

Riemannian structure as a warped product Riemannian manifold

Mn+1 = Pn ×% R

such that

Σn = {(z(u), u) : u ∈ Ω̄}.
Moreover, we verify that the Killing field is Y = d/dt, where t is the pa-

rameter for R. Thus, the warped function % ∈ C∞(P) is % = ‖Y ‖.

3. Riemannian submersions

We discuss next the case when we do not necessarily have the integrability

of the normal distribution to the Killing field. It turns that a natural setting

of the Dirichlet problem for graphs with prescribed mean curvature is to

consider these graphs as leaves in a Riemannian submersion transversal to

a Killing cylinder.

Given a Riemannian submersion π : Mn+1 → Pn and a bounded domain

Ω ⊂ Pn with boundary Γ, the Killing cylinderK over Γ is the subset π−1(Γ).

The following result was obtained in.5

Theorem 3.1. Let Ω ⊂ Pn be a domain with compact closure and C2,α

boundary Γ. Assume that Hcyl > 0 and infM Ric ≥ −n infΓH
2
cyl, where Hcyl

stands for the mean curvature of the Killing cylinder over Γ. Let H ∈ Cα(Ω̄)

and ϕ ∈ C2,α(Γ) be given. Assume that there exists a C2,α immersion

ι : Ω̄→Mn+1 transverse to the vertical fibers. If

sup
Ω
|H | ≤ inf

Γ
HK , (2)

then there exists an unique function z ∈ C2,α(Ω̄) satisfying z|Γ = ϕ whose

Killing graph has mean curvature H.

The hypothesis on the existence of the immersion ι is used simultane-

ously to introduce a set of coordinates well suited to the problem and to

define properly the notion of graph. Also ι(Ω̄) is used as barrier to producing

an initial minimal graph by the direct method in Calculus of Variations.

In the case of higher-dimensional Heisenberg spaces there exists a mini-

mal leaf transverse to the flow lines of the vertical vector field. Thus, there is
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no need of the hypothesis in this particular case. By contrast, if we consider

the example of odd-dimensional spheres submersed in the complex projec-

tive spaces, it is not guaranteed that always exist such minimal graphs with

respect to the Hopf fibers.

We remark that submersions with totally geodesic fibers constitute an

important example where we may construct initial Killing graphs. In fact,

if we also assume that the solid cylinder over Ω̄ is complete, then geodesic

cones with boundary in K and vertex at the mean convex side of K may

be taken as initial Killing graphs after smoothing around the vertex. Thus,

in this case we may rule out the hypothesis.

The above result has a very interesting application even for Euclidean

space as we discuss next.

Let Pn be a Riemannian manifold endowed with a Killing vector field

S0. Given a positive function % ∈ C∞(P) so that S0(%) = 0, consider the

warped product manifold

Mn+1 = Pn ×% R.

Then, the lift S of S0 by the projection

(u, t) ∈Mn+1 7→ u ∈ Pn

is a Killing vector field in Mn+1. Thus, given constants a, b ∈ R with b 6= 0,

it is easy to see that

Y = aS + bT

is a Killing field in Mn+1, where T = ∂t. The following theorem was ob-

tained in.7

Theorem 3.2. Let Ω be a C2,α bounded domain in Mn. Assume that HK ≥
0 and RicM |TΩ ≥ −n infΓH

2
K . Let H ∈ Cα(Ω) and ϕ ∈ C2,α(Γ) be given

such that

|H | ≤ inf
Γ
HK .

Then, there exists an unique function z ∈ C2,α(Ω̄) satisfying z|Γ = ϕ whose

(helicoidal) graph has mean curvature function H and boundary data ϕ.

Assume that P2 = R2 is endowed with a rotationally invariant metric.

More precisely, we have polar coordinates r, θ such that the metric is written

as

ds2 = dr2 + ψ2(r) dθ2
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for some positive smooth function ψ. Given the Killing vector field ∂θ in P2

and a, b ∈ R with b 6= 0, it follows that

Y = a∂θ + b∂t

is a Killing vector field in M3.

We define a submersion π : M3 → P2 by identifying points in the same

orbit through a point of P2. Then, it turns out that π : M3 → P2 is a

Riemannian submersion if we consider in P2 the metric

ds2 = dr2 +
b2ψ2

a2ψ2 + b2
dθ2

which coincides with the Euclidean metric when a = 0 and ψ(r) = r.

Corollary 3.1. Let Ω ⊂ R2 be a C2,α bounded domain with boundary Γ

such that HK ≥ 0. Let H ∈ Cα(Ω) and ϕ ∈ C2,α(Γ) be given such that

|H | ≤ inf
Γ
HK .

Then, there exists an unique function z ∈ C2,α(Ω̄) satisfying z|Γ = ϕ whose

helicoidal graph in R3 has mean curvature H and boundary data ϕ.

Notice that the Corollary 4 above reduces to Serrin’s theorem if we take

a = 0. Similar results may be stated for helicoidal graphs in hyperbolic

spaces and spheres with respect to linear combinations of Killing vector

fields generating translations along a geodesic and rotations.

4. Conformal Killing graphs

Next, we deal with conformal Killing vector fields and the corresponding

notion of graph. The result extends Theorem 1 in4 and gives a substantial

improvement of the results proved in.1 In fact, the method used here allows

us to discard or weaken several assumptions that appear in Theorem 2 and

Theorem 3 in.1 In particular, the conformal Killing field we consider does

not have to be closed.

Let Mn+1 denote a Riemannian manifold endowed with a conformal

Killing vector field Y whose orthogonal distribution is integrable. Thus,

there exists a function ρ ∈ C∞(M) such that we have the conformal Killing

equation

〈∇̄V Y,W 〉+ 〈∇̄WY, V 〉 = 2ρ〈V,W 〉, (3)

where V,W ∈ TM̄ . If the conformal Killing field Y is closed we have

〈∇̄V Y,W 〉 = ρ〈V,W 〉.
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The leaves of the orthogonal distribution are totally umbilical hypersur-

faces. In particular, if Y is closed, the leaves are spherical.

We denote the flow generated by Y by

Φ : I× Pn →Mn+1,

where I = (−∞, a) is an interval with a > 0 and Pn is an arbitrarily fixed

integral leaf which we label as t = 0. It may happen that a = +∞, i.e., that

the vector field Y is complete. Notice that this situation occurs when the

trajectories of Y are circles and we pass to the universal cover.

Since Φt = Φ(t, · ) is a conformal map for any fixed t ∈ I, there exists a

positive function λ ∈ C∞(I) such that λ(0) = 1 and

Φ∗
t ḡ = λ2(t)ḡ.

It is a standard fact that the functions λ and ρ are related by

ρ(t) = (λt/λ)(t). (4)

Denoting

‖Y (t, u)‖2 = 1/γ̄(t, u)

and γ(u) = γ̄(0, u), we have from (3) and (4) that

γ̄(t, u) = γ(u)/λ2(t).

It follows from (3) and the integrability of the orthogonal distribution that

〈∇̄XY, Z〉 = ρ(t)〈X,Z〉 (5)

for X,Z ⊥ Y . Thus, the leaves Pt = Φt(P) are totally umbilical and the

principal curvature k(t, u) of Pt with respect to the unit normal vector field

−Y/|Y | is

k(t, u) =
ρ

‖Y ‖ =
λt
√
γ

λ2
.

The metric in Mn+1 has the form

ds2 = λ2(t)(γ−1(u)dt2 + dσ2) (6)

where (σij) is the local expression for the metric dσ2 in Pn. Hence, Mn+1

is conformal with conformal factor λ(t) to the Riemannian warped product

manifold Pn ×1/
√
γ I. Moreover, after the change of variable

r = r(t) =

∫ t

0

λ(τ)dτ
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we see that (6) takes the form of a Riemannian twisted product

ds2 = γ−1(u)dr2 + ψ2(r)dσ2

where ψ(r) = λ(t(r)).

Example 4.1. Let α ∈ C∞(P) be any positive function.

(i) Then,

M̄n+1 = R+ × Pn, ds2 = α2(u) dr2 + r2dσ2

is isometric to

M̃n+1 = R× Pn, ds̃2 = e2t(α2(u) dt2 + dσ2)

by means of the change of variable et = r.

(ii) Then,

Mn+1 = R× Pn, ds2 = α2(u) dr2 + e2rdσ2

is isometric to

M̃n+1 = (−∞, 1)× Pn, ds̃2 =
1

(1− t)2 (α2(u) dt2 + dσ2)

by means of the change of variable t = 1− e−r.
(iii) If c > 0 and b−1 = tanh (c/2), then

Mn+1 = R+ × Pn, ds2 = α2(u) dr2 + (sinh t)2dσ2

is isometric to

M̃n+1 = (−∞, c+ log b)× Pn,

ds̃2 = (sinh(2 argtanh b−1es−c))2(α2(u) dt2 + dσ2)

by means of the change of variable t = c+ log(b tanh (t/2)).

If the conformal Killing field Y is closed, i.e.,

〈∇̄V Y,W 〉 = ρ〈V,W 〉,
we may assume that γ(u) = 1. Thus Mn+1 has a warped product structure

and is conformal to the Riemannian product manifold R ×Mn with con-

formal factor λ(t). Observe the leaves of D are now spherical, that is, they

have constant mean curvature k(t).

The partial differential equation for a prescribed mean curvature func-

tion H in Ω̄ to be solved is the quasilinear elliptic equation of divergence

form

div

( ∇z√
γ + |∇z|2

)
− 1√

γ + |∇z|2

( 〈∇z,∇γ〉
2γ

+
nγλt
λ

)
+ nλH = 0.
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If the Killing field is closed (γ = constant, say γ = 1) the equation reduces

to

div

( ∇z√
1 + |∇z|2

)
+ n

(
λH − λt

λ
√

1 + |∇z|2

)
= 0.

At this respect, the following result was obtained in.5

Let Ω0 denote the largest open subset of points of Ω that can be joined

to Γ by a unique minimizing geodesic. At points of Ω0, we denote

RicradM̄ (x) = RicM̄ (η, η)

where RicM̄ is the ambient Ricci tensor and η ∈ TxM is a unit vector

tangent to the the uniqueminimizing geodesic from x ∈ Ω0 to Γ.

Theorem 4.1. Let Ω ⊂ M be a C2,α bounded domain such that RicradM̄ ≥
−n infΓH

2
K . Assume λt ≥ 0 and (λt/λ)t ≥ 0. Let H ∈ Cα(Ω) and φ ∈

C2,α(Γ) be such that infΓHK ≥ H ≥ 0 and φ ≤ 0. Then, there exists

a unique function z ∈ C2,α(Ω̄) whose conformal Killing graph has mean

curvature function H and boundary data φ.

Theorem 4.1 has the following consequence.

Corollary 4.1. Theorem 4.1 holds if the Ricci curvature assumption is

replaced by

nRicradM ≥ −(n− 1)2 inf
Γ
H2

Γ

when the conformal Killing field Y is closed.

In comparison with the Theorem 2 in,1 we observe that Corollary 4.1

above allows us to remove the restriction on the Ricci curvature to be min-

imal in the direction of the conformal Killing field and rule out conditions

on λ. Moreover, it permits to attain equality in |H | ≤ infΓHK thus ap-

plying successfully to product ambient spaces. In this sense, Corollary 4.1

generalizes the main result in1 which applies in turn to graphs of constant

mean curvature and initial condition Γ.
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1. Introduction

Let f : Mn → Rn+p be an isometric immersion with codimension p of an

n-dimensional Riemannian manifold into Euclidean space. A basic problem

in submanifold theory is to understand when f fails to be unique. Clearly,

if T : Rn+p → Rn+p is a rigid motion then f̂ = T ◦ f : Mn → Rn+p is

also an isometric immersion, so uniqueness should be understood up to this

trivial equivalence relation. The usual terminology for uniqueness in this

sense is rigidity . Thus, f is said to be rigid if any isometric immersion

f̂ : Mn → Rn+p is given in this way. Otherwise, f is said to be isometri-

cally deformable. Hence, the problem is (at least to start with) to classify

the isometrically deformable isometric immersions f : Mn → Rn+p, and

possibly to describe the set of its isometric deformations.

A similar problem can be posed for conformal immersions f : Mn →
Rn+p of manifolds with a conformal structure, with rigid motions of Rn+p

replaced by conformal (Möbius) transformations.

Our aim in this article is to survey on classical results and some re-

cent developments on this topic, with emphasis on the theory of genuine
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deformations of submanifolds, introduced by Dajczer and Florit6 for the

isometric case, and recently extended to the conformal realm by Florit and

the author.19

2. The hypersurface case

Let us start with a brief discussion of the only case in which our problem

is well understood, namely, the case of hypersurfaces.

2.1. Local theory for the isometric case

In the study of isometric deformability of a hypersurface f : Mn → Rn+1,

a crucial rôle is played by the rank of its shape operator, the so-called type

number of f . Recall that the shape operator AN of f with respect to a unit

normal vector field N is the endomorphism of the tangent bundle TM given

by ANX = −∇XN for every X ∈ TM , where ∇ stands for the derivative

in Euclidean space. Then, the type number τ(x) of f at x is the rank of

AN at x.

The study of isometric deformability of Euclidean hypersurfaces

f : Mn → Rn+1 of dimension n ≥ 3 started with the following classical

result due to Beez and Killing.

Theorem 2.1. Any hypersurface f : Mn → Rn+1 with τ ≥ 3 everywhere

is rigid.

On the other hand, hypersurfaces with τ ≤ 1 are flat, and hence, highly

deformable. Thus, the interesting case in the study of local isometric defor-

mations of hypersurfaces occurs when τ ≡ 2.

Locally isometrically deformable hypersurfaces with τ ≡ 2 were classi-

fied by Sbrana25 and Cartan,2 and are now called Sbrana-Cartan hypersur-

faces. They split into 4 classes. The simplest one consists of hypersurfaces

that are cylinders L2×Rn−2 over surfaces L2 ⊂ R3 or products CL2×Rn−3,

where CL2 ⊂ R4 denotes the cone over a surface L2 ⊂ S3 in the sphere

S3 ⊂ R4. The deformations of such hypersurfaces are given by deformations

of the corresponding surface L2. The second class is that of ruled hypersur-

faces, i.e., hypersurfaces that admit a codimension one foliation by (open

subsets of) affine subspaces of Rn+1. Hypersurfaces in this class are highly

deformable, the deformations being parameterized by smooth real functions

on an open interval.

The most interesting classes are the two remaining ones. Both can be

described as envelopes of certain two-parameter families of affine subspaces,
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but whereas hypersurfaces in one class admit a one-parameter family of iso-

metric deformations, those in the other have exactly one such deformation.

A modern account of the classification of Sbrana-Cartan hypersurfaces

was given in,12 where also some questions left open in the works by Sbrana

and Cartan were answered, as the existence of hypersurfaces of the discrete

type and the possibility of gluing together hypersurfaces of distinct classes.

2.2. Global theory of isometrically deformable

hypersurfaces

A fundamental result in the study of global deformability of hypersurfaces

was obtained by Sacksteder.24

Theorem 2.2. A compact hypersurface f : Mn → Rn+1, n ≥ 3, is rigid

unless the subset of totally geodesic points of f disconnects Mn.

Recall that totally geodesic points are those where the shape operator

vanishes identically. Sacksteder theorem was later extended to complete

hypersurfaces by Dajczer and Gromoll:11

Theorem 2.3. Let f : Mn → Rn+1, n ≥ 3, be an isometric immersion of

a complete Riemannian manifold Mn that does not contain an open subset

L3 × Rn−3 with L3 unbounded. Then f admits (nondiscrete) isometric de-

formations only along ruled strips. Furthermore, if f is nowhere completely

ruled and the subset of totally geodesic points of f does not disconnect Mn,

then f is rigid.

An isometric immersion f : Mn → Rn+p is said to be completely ruled

if it is ruled with complete rulings. In this case, the leaves in each connected

component of M (called a ruled strip) form an afine vector bundle over a

curve with or without end points. An important open problem in this topic

is whether there exists a complete nonruled deformable hypersurface M 3

in R4 with type number τ ≡ 2 almost everywhere.

2.3. Digression: Extending intrinsic isometries

An interesting problem that is closely related to isometric rigidity is whether

an intrinsic isometry of an Euclidean submanifold can be extended to a rigid

motion of Euclidean space. More precisely, given an isometric immersion

f : Mn → Rn+p and an isometry g of Mn, does there exist a rigid motion

G of Rn+p such that f ◦ g = G ◦ f?
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It is easy to produce examples showing that the answer is “No”, in

general. On the other hand, the answer is clearly “Yes” whenever f is rigid:

it suffices to apply the rigidity of f to the pair of isometric immersions f

and f ◦ g.
It was recently shown in20,23 that, for compact Euclidean hypersurfaces

of dimension n ≥ 3, the answer is in fact “Yes” for any intrinsic isometry

that belongs to the identity component of the isometry group, regardless of

the hypersurface being rigid or not:

Theorem 2.4. Let f : Mn → Rn+1, n ≥ 3, be a compact hypersurface.

Then the identity component Iso0(Mn) of the isometry group of Mn admits

an orthogonal representation Φ: Iso0(Mn)→ SO(n+ 1) such that f ◦ g =

Φ(g) ◦ f for all g ∈ Iso0(Mn).

2.4. Local theory of conformal deformations of

hypersurfaces

The local theory of conformally deformable hypersurfaces turns out to be

quite similar to that of the isometric case, starting with the following anal-

ogous due to Cartan3 of the Beez-Killing theorem.

Theorem 2.5. A hypersurface f : Mn → Rn+1, n ≥ 5, is conformally

rigid if all principal curvatures have multiplicity less than n−2 everywhere.

At the other extreme, hypersurfaces with a principal curvature of multi-

plicity at least n−1 everywhere are locally conformally flat, that is, locally

conformal to an open subset of Euclidean space, hence, highly conformally

deformable.

Conformally deformable hypersurfaces with a principal curvature of con-

stant multiplicity n−2 were classified by Cartan.3 As in the isometric case,

they split into four classes: surface-like, conformally ruled, the ones hav-

ing a 1–parameter family of deformations and those that admit only one

deformation.

3. Higher codimensions: Rigidity results

An important contribution to the study of isometric rigidity of Euclidean

submanifolds of higher codimensions was given by Allendoerfer,1 who

proved the following extension of Beez-Killing’s criterion for hypersurfaces.

Theorem 3.1. Any isometric immersion f : Mn → Rn+p with type num-

ber τ ≥ 3 everywhere is rigid.
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Here, the type number of an isometric immersion f : Mn → Rn+p at

a given x ∈ Mn is the integer 0 ≤ r ≤ n defined as follows. Take any

orthonormal basis ξ1, . . . , ξp of T⊥
x M and consider the maximum number

r of linearly independent vectors X1, . . . , Xr ∈ TxM such that the set

{AξjXi : 1 ≤ i ≤ r, 1 ≤ j ≤ p} is also linearly independent. This is

easily seen to be independent of the choice of the orthonormal normal basis.

Obviously, for p = 1 the type number is just the rank of the shape operator,

so in this case Allendoerfer theorem reduces to the Beez-Killing criterion.

Notice also that the assumption τ ≥ 3 imposes the restriction p ≤ n/3

on the codimension of f . A conformal version of Allendorfer theorem was

obtained by Silva26 by means of a suitable extension of the notion of type

number to the conformal realm.

3.1. The s-nullity and the conformal s-nullity

For submanifolds of low codimension, weaker conditions insuring isomet-

ric and conformal rigidity of Euclidean submanifolds were given by do

Carmo and Dajczer4 in terms of the so-called s-nullities and the confor-

mal s-nullities of the submanifold.

The s-nullity νs(x) of an immersion f : Mn → Rn+p at a point x ∈Mn

is defined for each 1 ≤ s ≤ p by

νs(x) = max{dim ker
(
αfV s(x)

)
: V s ⊂ T⊥

x M},

where αfV s(x) denotes the composition of the second fundamental form αf

of f at x with the orthogonal projection onto V s. Equivalently, νs(x) is

the maximal dimension of a subspace W ⊂ TxM for which there exists an

s-dimensional subspace V s ⊂ T⊥
x M such that Aξ|W = 0 for all ξ ∈ V s. In

particular, νp(x) = ν(x) = dim kerαf (x) is the index of relative nullity of

f at x.

Similarly, the conformal s-nullity νcs(x) of an immersion f : Mn → Rn+p

at a point x ∈Mn is given for any 1 ≤ s ≤ p by

νcs(x) = max{dim ker
(
αfV s(x) − 〈 , 〉f ζ

)
: V s ⊂ T⊥

x M, ζ ∈ Vs},

where 〈 , 〉f stands for the metric on Mn induced by f .

In other words, νcs(x) is the maximal dimension of a subspaceW ⊂ TxM
for which there exists an s-dimensional subspace V s ⊂ T⊥

x M and a normal

vector field ζ ∈ V s such that Aξ |W = 〈ξ, ζ〉I for all ξ ∈ V s. In particular,

νcp(x) = νc(x) is the conformal nullity of f at x.
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Theorem 3.2. (i) An isometric immersion f : Mn → Rn+p, p ≤ 5, is

rigid if

νs ≤ n− 2s− 1 for all 1 ≤ s ≤ p.
(ii) A conformal immersion f : Mn → Rn+p, p ≤ 4, is conformally rigid if

νcs ≤ n− 2s− 1 for all 1 ≤ s ≤ p.

For instance, an immersion f : Mn → Rn+2, n ≥ 5, is isometrically

rigid whenever ν ≤ n − 5 and rankAξ ≥ 3 for any normal direction ξ.

Accordingly, f is conformally rigid whenever νc ≤ n−5 and there exists no

normal direction ξ such that Aξ has a principal curvature of multiplicity

greater than n− 3.

3.2. A main tool: flat bilinear forms

Let f : Mn → Rn+p and f̂ : Mn → Rn+q be isometric immersions. Endow

the vector bundle T⊥
f M ⊕ T⊥

f̂
M with the indefinite metric of type (p, q)

given by 〈〈 , 〉〉T⊥
f M⊕T⊥

f̂
M = 〈 , 〉T⊥

f M − 〈 , 〉T⊥
f̂
M . Set

β = α⊕ α̂ : TM × TM → T⊥
f M ⊕ T⊥

f̂
M,

where α and α̂ denote the second fundamental forms of f and f̂ , respec-

tively. The Gauss equations for f and f̂ imply that β is flat with respect

to 〈〈 , 〉〉:
〈〈β(X,Y ), β(Z, T )〉〉 − 〈〈β(X,T ), β(Z, Y )〉〉 = 0

for all X,Y, Z, T ∈ TM . Flat bilinear forms were introduced by J. D.

Moore21 as an outgrowth of Cartan’s exteriorly orthogonal forms. The fun-

damental result on flat bilinear forms is the following lemma, whose most

general form appears in,10 extending several previous cases.

Lemma 3.1. Let β : V n × V n → W p,q be a flat symmetric bilinear form.

If min{p, q} ≤ 5 and the subspace S(β) spanned by the image of β is non-

degenerate, then dim ker(β) ≥ n− dim S(β).

It has been conjectured by Dajczer for some time that the lemma should

hold without the restrictions on min{p, q}. However, in10 a counterexample

was given showing that the lemma is actually false if min{p, q} ≥ 6.

As an illustration of how the lemma is used to derive rigidity results,

let us consider the simplest case of Beez-Killing theorem. Namely, given

another isometric immersion f̂ : Mn → Rn+1, the assumption rankαf ≥ 3
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implies that β = αf ⊕ αf̂ satisfies dim ker(β) ≤ n − 3. Hence S(β) is

degenerate by Lemma 3.1. Choosing unit normal vectors N and N̂ to f

and f̂ , respectively, so that N + N̂ spans S(β) ∩ S(β)⊥, we obtain from

〈〈αf ⊕ αf̂ , N + N̂〉〉 = 0 that AN = ÂN̂ , and the Beez-Killing criterion

follows from the fundamental theorem of hypersurfaces.

3.3. Conformal geometry in the light cone

A basic tool for studying conformal deformations of Euclidean submani-

folds, in particular for proving conformal rigidity theorems, is the model of

Euclidean space Rn as a paraboloid in the light-cone

Vn+q+1 = {x ∈ Ln+q+2 : 〈x, x〉 = 0}

of the (n + q + 2)–dimensional Lorentz space Ln+q+2. Namely, for a fixed

e0 ∈ Vn+q+1, let H be the degenerate affine hyperplane

H = {x ∈ Ln+q+2 : 〈x, e0〉 = 1}.

Then, one can define an explicit isometric embedding Ψ: Rn+q → Ln+q+2

such that Ψ(Rn+q) = En+q := Vn+q+1 ∩ H. The usefulness of the model is

summarized by the following facts:

• If f : Mn → Rn+q is a conformal immersion with conformal factor

ϕ ∈ C∞(M) of a Riemannian manifold, then

I(f) := ϕ−1Ψ ◦ f : Mn → Vn+q+1 ⊂ Ln+q+2

is an isometric immersion, called the isometric light cone representative

of f .

• If g : Mn → Vn+q+1 is an isometric immersion such that g(Mn) ⊂
Vn+q+1 \Re0 , where Re0 = {te0 : t > 0}, then C(g) : Mn → Rn+q given

by

Ψ ◦ C(g) = 〈g, e0〉−1g

is a conformal immersion with conformal factor 〈g, e0〉−1.

• Two conformal immersions f, g : Mn → Rn+q are conformaly con-

gruent if and only if their isometric light cone representatives

I(f), I(g) : Mn → Vn+q+1 ⊂ Ln+q+2 are isometrically congruent in

Ln+q+2.
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4. The general deformation problem

All results we have discussed so far, concerning submanifolds of codimension

greater than one, were sufficient criteria in terms of algebraic conditions on

the second fundamental form that insure rigidity or conformal rigidity of a

submanifold with low codimension. One might foresee higher-dimensional

versions of the Sbrana and Sbrana-Cartan theories of isometrically and

conformally deformable hypersurfaces, at least in the next simplest case

p = 2. However, such a theory is far from being fully developed (see7 for

some partial results in the isometric case).

A basic observation when one goes into that problem is the following.

Start with a (nontrivial) isometric (conformal) deformation F̂ : Nn+1 →
Rn+2 of a Sbrana-Cartan (Cartan) hypersurface F : Nn+1 → Rn+2. Take

any isometric (conformal) immersion j : Mn → Nn+1. Then f̂ = F̂ ◦ i is

an isometric (conformal) deformation of f = F ◦ i.

Mn Nn+1 (1)

Rn+2

Rn+2

f

f̂

F

F̂

j �
��

@
@R

������1

PPPPPPq

-�
�

In other words, any hypersurface of a deformable hypersurface is also

deformable. Thus, deformable submanifolds that arise in this way should

be regarded as “nongenuine”, and one should only pay attention to sub-

manifolds that admit “genuine” deformations. Before one can turn this

observation into a precise definition, it is convenient to put our deforma-

tion problem in a more general form, by allowing deformations to take place

in possibly different codimensions:

The general deformation problem: For fixed p > 0 and q ≥ 0, classify

isometric (conformal) immersions f : Mn → Rn+p that admit isometric

(conformal) deformations g : Mn → Rn+q (and possibly describe, in some

sense, such deformations).

Notice that the problem makes sense even for q = 0: in the isometric

(conformal) case, it amounts to classifying flat (conformally flat) submani-

folds in Rn+p.

A much more inspiring example, however, is the following: consider the

standard umbilical inclusion i : U ⊂ Sn → Rn+1 and let h : W ⊃ i(U) →
Rn+p be any isometric immersion. Then one can produce “trivial” isomet-

ric immersions f : U ⊂ Sn → Rn+p as compositions f = h ◦ i:
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U ⊂ Sn

W ⊂ Rn+1

Rn+p

i

f

h

?

������1

PPPPPPq

A natural and interesting problem is whether every isometric immersion

f : U ⊂ Sn → Rn+p is given in this way. The answer turns out to be “Yes”

whenever p ≤ n−2, at least on connected components of an open and dense

subset of U . This was shown in,14 extending a previous result for p = 2 due

to Erbacher.18

On the other hand, it was shown in21 and15 that the answer is “No”

for p = n − 1. More precisely, it was proved in15 that the set of “genuine”

isometric deformations in R2n−1 of the umbilic inclusion i : U ⊂ Sn → Rn+1

is in correspondence with the set of solutions of a system of nonlinear PDE’s

called the Generalized elliptic sinh-Gordon equations. Thus, the umbilic

inclusion i : U ⊂ Sn → Rn+1 is “genuinely rigid” in Rn+p for p ≤ n − 2,

but not for p = n− 1.

5. Genuine deformations

The ideas in the preceding section can be made precise by the following

definitions, introduced by Dajczer and Florit6 in the isometric case.

Definition 5.1. A pair {f, f̂} of isometric (conformal) immersions

f : Mn → Rn+p and f̂ : Mn → Rn+q is said to extend isometrically (con-

formally) when there exist an isometric (conformal) embedding j : Mn →
Nn+r, with r ≥ 1, and isometric (conformal) immersions F : Nn+r →
Rn+p and F̂ : Nn+r → Rn+q such that f = F ◦ j and f̂ = F̂ ◦ j.

Mn Nn+r (1)

Rn+p

Rn+q

f

f̂

F

F̂

j �
��
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@R
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Definition 5.2. (Genuine deformation) We say that f̂ : Mn → Rn+q

is a genuine isometric (conformal) deformation of f : Mn → Rn+p if there
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is no open subset U ⊂Mn along which the restrictions f |U and f̂ |U extend

isometrically (conformally).

Definition 5.3. (Genuine rigidity) An isometric (conformal) immer-

sion f : Mn → Rn+p is genuinely isometrically (conformally) rigid in Rn+q

for a fixed integer q > 0 if, for any given isometric (conformal) immersion

f̄ : Mn → Rn+q, there is an open dense subset U ⊂Mn such that the pair

{f |U , f̄ |U} extends isometrically (conformally).

The deformation problem revisited: For fixed p > 0 and q ≥ 0, clas-

sify isometric (conformal) immersions f : Mn → Rn+p that admit genuine

isometric (conformal) deformations g : Mn → Rn+q .

The relevant geometric property related to existence of genuine isomet-

ric deformations turns out to be the following.

Definition 5.4. (Ruled immersions) An immersion f : Mn → Rn+p is

Dd- ruled if Mn carries an integrable d-dimensional distribution Dd ⊂ TM
whose leaves are mapped diffeomorphically by f onto open subsets of affine

subspaces of Rn+p.

Given a Dd- ruled isometric immersion f : Mn → Rn+p, set

LD(x) = LD(f)(x) = span {αf (Z,X) : Z ∈ Dd(x) and X ∈ TxM}.

Dajczer and Florit6 have shown that admitting genuine isometric defor-

mations imposes strong restrictions on a submanifold.

Theorem 5.1. Let f̂ : Mn → Rn+q be a genuine isometric deformation

of f : Mn→ Rn+p with p + q < n and min {p, q} ≤ 5. Then, along each

connected component of an open dense subset of Mn, the immersions f

and f̂ are mutually Dd-ruled with

d ≥ n− p− q + 3 `D,

and Dd = kerαf
L⊥ ∩ kerαf̂

L̂⊥ , where L := LD(f), L̂ := LD(f̂) and `D :=

rankL = rank L̂. Moreover, there exists a parallel vector bundle isometry

T : L→ L̂ such that αf̂
L̂

= T ◦ αfL.

Theorem 5.1 yields the following sufficient conditions for genuine rigid-

ity.

Corollary 5.1. Let f : Mn → Rn+p be an isometric immersion and q ∈ N

with p+ q < n and min{p, q} ≤ 5. Then the following holds:
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(i) If f is nowhere (n−p−q)-ruled, f is genuinely rigid in Rn+q.

(ii) If RicM > 0, then f is genuinely rigid in Rn+q.

5.1. Ruled extensions

The proof of Theorem 5.1 follows by a careful study of when a pair of iso-

metric immersions f : Mn → Rn+p and f̂ : Mn → Rn+q admits isometric

ruled extensions.

Given a pair {f, f̂} of isometric immersions as in the statement, one can

show (after hard work!) that there exist vector subbundles L` ⊂ T⊥
f M and

L̂` ⊂ T⊥
f̂
M and a vector bundle isometry T : L` → L̂` such that

• Dd = kerαf
L⊥ ∩kerαf̂

L̂⊥ defines a smooth integrable subbundle of TM .

• T is parallel and preserves second fundamental forms.

• The subbundles L and L̂ are parallel alongD in the normal connections.

• d ≥ n− p− q + 3`.

Then, one proves that if f and f̂ are not D-ruled, they admit non-trivial

∆-ruled isometric extensions F : N → Rn+p and F̂ : N → Rn+q , with ∆ ∩
TM = D, contradicting the fact that f̂ is a genuine isometric deformation

of f . The estimate on d follows since LD ⊂ L by the definition of D.

5.2. Genuine conformal deformations of submanifolds

The conformal version of the property of a submanifold being ruled is the

following.

Definition 5.5. An immersion f : Mn → Rn+p is Dd- conformally ruled if

Mn carries an integrable d-dimensional distribution Dd ⊂ TM whose leaves

are mapped diffeomorphically by f onto open subsets of affine subspaces or

round spheres of Rn+p.

Given a Dd-conformally ruled submanifold f : Mn → Rn+p, one now

defines βf = βf (x) : TxM × TxM → T⊥
x M by

βf (Z,X) := αf (Z,X)− 〈Z,X〉η(x),

where η(x) is the normal component of the mean curvature vector of the

(image by f of) the leaf of D through x, and set

LD(x) = LD(f)(x) = span {βf (Z,X) : Z ∈ Dd(x) and X ∈ TxM}.

Then, one has the following conformal version of Theorem 5.1.19
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Theorem 5.2. Let f̄ : Mn → Rn+q be a genuine conformal deformation

of f : Mn → Rn+p, with p + q ≤ n − 3 and min {p, q} ≤ 5. Then, along

each connected component of an open dense subset of Mn, the immersions

f and f̄ are mutually conformally Dd-ruled, with

d ≥ n− p− q + 3`cD,

and Dd = kerβf
L⊥ ∩ kerβf̄

L̄⊥ , where L := LcD(f), L̄ := LcD(f̄) and `cD :=

rankL = rank L̄. Moreover, there exists a parallel vector bundle isometry

T : L→ L̄ such that βf̄
L̄

= ϕT ◦βfL, where ϕ is the conformal factor relating

the metrics induced by f and f̄ .

Theorem 5.2 yields an immediate criterion for genuine conformal rigid-

ity.

Corollary 5.2. Let f : Mn → Rn+p be a conformal immersion and let q

be a positive integer with p + q ≤ n − 3 and min {p, q} ≤ 5. If f is not

(n−p−q)–conformally ruled on any open subset of Mn, then f is genuinely

conformally rigid in Rn+q.

To get a better understanding of the content of Theorem 5.2, let us

see how it implies several previous results on conformal deformations of

submanifolds, starting with Cartan’s conformal rigidity theorem.

Namely, for p = 1 = q, the estimate on d in Theorem 5.2 implies that

`cD = 0 and that d ≥ n−2. Thus, if {f, f̄} is a pair of (nowhere conformally

congruent) conformal hypersurfaces, then f and f̄ must carry principal

curvatures of multiplicity at least n− 2 (with common eigenspaces).

For p ≤ n− 3 and q = 0 (hence `cD = 0), the estimate gives d ≥ n− p.
This yields Moore’s result22 that a conformally flat n-dimensional Euclidean

submanifold of codimension p ≤ n− 3 must have νfc ≥ n− p.
The estimate on d for p = q = 2 gives `cD ≤ 1. This yields d ≥ n − 4 if

`cD = 0 and d ≥ n−1 if `cD = 1. In both cases, the conformal nullity νc = νc2
of both immersions satisfies νc ≥ n− 4. Therefore, under the assumptions

that n ≥ 7 and νcf ≤ n − 5 everywhere, we conclude that f is genuinely

conformally rigid.

Here, this means that if f̄ is a conformal deformation of f , then there

exists an open and dense subset of Mn on each connected component of

which either f̄ is conformally congruent to f , or f can be extended to either

a conformally flat or a Cartan hypersurface and f̄ is induced by a conformal

deformation of such hypersurface. This was first proved in.17

One of the main applications of Theorem 5.2, however, is an extension

of do Carmo and Dajczer conformal rigidity theorem.
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Corollary 5.3. Let f : Mn → Rn+p be an immersion and let q be a positive

integer with p ≤ q ≤ n− p− 3. Suppose that p ≤ 5 and that f satisfies

νcs ≤ n+ p− q − 2s− 1 for all 1 ≤ s ≤ p.

For q ≥ p+5 assume further that νc1 ≤ n−2(q−p)+1. Then, any immersion

f̄ : Mn → Rn+q conformal to f is locally a composition, i.e., there exists

an open dense subset V ⊆Mn such that the restriction f̄ to any connected

component U of V satisfies f̄ |U = h ◦ f |U , where h : W ⊂ Rn+p → Rn+q is

a conformal immersion of an open subset W ⊃ f(U).

U

W ⊂ Rn+p

Rn+q

f

f̄

h

?

������1

PPPPPPq

5.3. Constructing conformal pairs from isometric ones

The discussion in this section sheds some light on the reason behind the

similarity between the theories of isometric and conformal deformations of

submanifolds.

Let Nn+1 be a Riemannian manifold that admits an isometric immer-

sion F ′ : Nn+1 → Rn+p and an isometric embedding F̂ : Nn+1 → Ln+q+2

transversal to the light cone Vn+q+1. Then, set

Mn := F̂−1(F̂ (Nn+1) ∩ Vn+q+2),

f = F ′ ◦ i and f̄ = C(F̂ ◦ i), where i : Mn → Nn+1 is the inclusion map.

The following result from19 states that any genuine conformal pair (f, f̄)

can be constructed in this way, as soon as the codimensions of both immer-

sions are low enough and f̄ is not conformally congruent to an isometric

deformation of f on any open subset.
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F̂−1(F̂ (Nn+1) ∩ Vn+q+2) := Mn -
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Theorem 5.3. Let f : Mn → Rn+p, p ≥ 1, and f̄ : Mn → Rn+q form

a genuine conformal pair, with p + q ≤ n − 3 and min {p, q} ≤ 5. Sup-

pose further that f̄ is nowhere conformally congruent to an immersion that

is isometric to f . Then (locally on an open dense subset of Mn) there

exist a Riemannian manifold Nn+1 that admits an isometric immersion

F ′ : Nn+1 → Rn+p and an isometric embedding F̂ : Nn+1 → Ln+q+2

transversal to the light cone Vn+q+1, and a conformal diffeomorphism

i : Mn → F̂−1(F̂ (Nn+1) ∩ Vn+q+1) such that {F ′, F̂} is a genuine iso-

metric pair, f = F ′ ◦ i, and f̄ = C(F̂ ◦ i).

The case p = 1 is particularly interesting. Roughly speaking, it says that

any hypersurface f : Mn→ Rn+1 that admits a genuine conformal (but not

isometric) deformation in Rn+q can be locally produced as the intersection

of an (n+ 1)-dimensional flat submanifold of Ln+q+2 with the light cone.

Corollary 5.4. Let f : Mn→ Rn+1 and f̄ : Mn → Rn+q form a conformal

pair, with q ≤ n− 4. Assume that f̄ is neither conformally congruent to an

isometric deformation of f nor a composition on any open subset. Then,

(locally on an open dense subset of Mn) there exist an isometric embedding

F̂ : U ⊂ Rn+1 → Ln+q+2 transversal to the light cone Vn+q+1 and a con-

formal diffeomorphism τ : Mn → M̄n := F̂−1(F̂ (U) ∩ Vn+q+1) ⊂ U such

that f = i ◦ τ and f̄ = C(F̂ ◦ τ), where i : M̄n → U is the inclusion map.
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F̂−1(F̂ (U) ∩ Vn+q+1) := Mn -
U ⊂ Rn+1 Ln+q+2

F̂i -

In the special case q = 1, Corollary 5.4 was proved in,13 and can be re-

garded as a nonparametric description of Cartan’s conformally deformable

hypersurfaces.

For q = 0, Theorem 5.3 reduces to a geometric construction of confor-

mally flat submanifolds f : Mn → Rn+p of codimension p ≤ n− 3 that are

free of flat points, first obtained in.9

F̂−1(F̂ (Nn+1) ∩ Vn+1) := Mn -
������������*
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In the first part of this expository article, the most important constructions and
classification results concerning totally geodesic submanifolds in Riemannian
symmetric spaces are summarized. In the second part, we describe the results
of our classification of the totally geodesic submanifolds in the Riemannian
symmetric spaces of rank 2.

1. Totally geodesic submanifolds

A submanifold M ′ of a Riemannian manifold M is called totally geodesic,

if every geodesic of M ′ is also a geodesic of M . In this article, we will

discuss totally geodesic submanifolds in Riemannian symmetric spaces; in

such spaces, a connected, complete submanifold is totally geodesic if and

only if it is a symmetric subspace.

There are several important construction principles for totally geodesic

submanifolds in Riemannian symmetric spaces M . First, we note that the

connected components of the fixed point set of any isometry f of M are

totally geodesic submanifolds (this is in fact true in any Riemannian mani-

fold, see Ref. 11, Theorem II.5.1, p. 59). This construction principle is es-

pecially important in the case where f is involutive (i.e. f ◦ f = idM );

the totally geodesic submanifolds resulting in this case are called reflective

submanifolds; they have been studied extensively, for example by Leung

(see below).

Further constructions of totally geodesic submanifolds in Riemannian

symmetric spaces of compact type M were introduced by Chen and

Nagano:2,4 For p ∈ M , the connected components 6= {p} of the fixed

point set of the geodesic reflection of M at p are called polars or M+-

submanifolds of M ; note that they are in particular reflective submani-

folds of M . A pole of M is a polar which is a singleton. It has been shown
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by Chen/Nagano4 that for every polar M+ of M and every q ∈ M+

there exists another reflective submanifold M− of M with q ∈ M− and

TqM− = (TqM+)⊥ ; M− is called a meridian or M−-submanifold of M .

For p1, p2 ∈ M , a point q ∈ M is called a center point between p1 and

p2 if there exists a geodesic joining p1 with p2 so that q is the middle

point on that geodesic. If p2 is a pole of p1 , then the set C(p1, p2) of cen-

ter points between p1 and p2 is called the centrosome of p1 and p2 ; its

connected components are totally geodesic submanifolds of M (see Ref. 2,

Proposition 5.1).

Moreover, every symmetric space of compact type can be embedded in

its transvection group as a totally geodesic submanifold: Let M = G/K

be such a space, then there exists an involutive automorphism σ of G so

that Fix(σ)0 ⊂ K ⊂ Fix(σ) . Because of this property, the Cartan map

f : G/K → G, gK 7→ σ(g) · g−1

is a well-defined covering map onto its image, which turns out to be a

totally geodesic submanifold of G . If M is a “bottom space”, i.e. there

exists no non-trivial symmetric covering map with total space M , then we

have K = Fix(σ) , and therefore f is an embedding. In this setting f is

called the Cartan embedding of M .

It is a significant and interesting problem to determine all totally

geodesic submanifolds in a given symmetric space. Because totally geodesic

submanifolds are rigid (i.e. if M ′
1,M

′
2 are connected, complete totally

geodesic submanifolds of M with p ∈ M ′
1 ∩ M ′

2 and TpM
′
1 = TpM

′
2 ,

then we already have M1 = M2 ), they can be classified by determining

those linear subspaces U ⊂ TpM which occur as tangent spaces of totally

geodesic submanifolds of M .

The elementary answer to the latter problem is the following: There

exists a totally geodesic submanifold of M with a given tangent space

U ⊂ TpM if and only if U is curvature invariant (i.e. we have R(u, v)w ∈ U
for all u, v, w ∈ U , denoting by R the Riemannian curvature tensor of M ).

Therefore the classification of totally geodesic submanifolds of M re-

duces to the purely algebraic problem of the classification of curvature in-

variant subspaces of TpM . However, because of the algebraic complexity of

the curvature tensor, classifying the curvature invariant subspaces is by no

means an easy task, and therefore also the classification of totally geodesic

submanifolds remains a significant problem.

This problem has been solved for the Riemannian symmetric spaces of

rank 1 by Wolf in Ref. 19, §3. Chen/Nagano claimed a classification for
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the complex quadrics (which are symmetric spaces of rank 2) in Ref. 3, and

then for all symmetric spaces of rank 2 in Ref. 4, using their construction

of polars and meridians described above. However, it turns out that their

classifications are incorrect: For several spaces of rank 2, totally geodesic

submanifolds have been missed, and also some other details are faulty. In my

papers Refs. 7–10 I discuss these shortcomings and give a full classification

of the totally geodesic submanifolds in all irreducible symmetric spaces of

rank 2; Section 2 of the present exposition contains a summary of these

results. For symmetric spaces of rank ≥ 3 , the full classification problem

is still open.

However, there are several results concerning the classification of special

classes of totally geodesic submanifolds. Probably the most significant result

of this kind is the classification of reflective submanifolds in all Riemannian

symmetric spaces due to Leung; his results are found in final form in

Ref. 14, but also see Refs. 12,13. Another important problem of this kind

is the classification of the totally geodesic submanifolds M ′ of M = G/K

with maximal rank (i.e. rk(M ′) = rk(M) ); this problem has been solved

for the symmetric spaces with rk(M) = rk(G) by Ikawa/Tasaki,6 and

then for all irreducible symmetric spaces by Zhu/Liang.20

Further important classification results concern Hermitian symmetric

spaces M : In them, the complex totally geodesic submanifolds have been

classified by Ihara.5 Moreover, the real forms of M (i.e. the totally real,

totally geodesic submanifolds M ′ of M with dimIR(M ′) = dimC(M) ) are

all reflective; due to this fact Leung was able to derive a classification of

the real forms of all Hermitian symmetric spaces from his classification of

reflective submanifolds.15

Finally we mention a result by Wolf concerning totally geodesic sub-

manifolds M ′ of (real, complex or quaternionic) Grassmann manifolds

Gr(IK
n) with the property that any two distinct elements of M ′ have zero

intersection, regarded as r-dimensional subspaces of IKn . Wolf showed18,19

that any such totally geodesic submanifold is isometric either to a sphere

or to a projective space over IR , C or IH ; he was also able to describe em-

beddings for these submanifolds explicitly and to calculate their maximal

dimension depending on r and n .

2. Maximal totally geodesic submanifolds in the

Riemannian symmetric spaces of rank 2

In the following, I list the isometry types corresponding to all the congru-

ence classes of totally geodesic submanifolds which are maximal (i.e. not

strictly contained in another connected totally geodesic submanifold) in
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all Riemannian symmetric spaces of rank 2. In many cases I also briefly

describe totally geodesic embeddings corresponding to these submanifolds.

This is a summary of my work in Refs. 7–10, where it is proved that the

lists given here are complete, and where the totally geodesic embeddings

are described in more detail.

The invariant Riemannian metric of an irreducible Riemannian sym-

metric space is unique only up to a positive constant. In the sequel, we

use the following notations to describe the metric which is induced on the

totally geodesic submanifolds: For ` ∈ IN and r > 0 we denote by S`r the

`-dimensional sphere of radius r , and for κ > 0 we denote by IRP`κ , CP`κ ,

IHP`κ and OP2
κ the respective projective spaces, their metric being scaled

in such a way that the minimal sectional curvature is κ . ( IRP`κ is then of

constant sectional curvature κ , CP`κ is of constant holomorphic sectional

curvature 4κ , and we have the inclusions IRP`κ ⊂ CP`κ ⊂ IHP`κ of totally

geodesic submanifolds). For symmetric spaces of rank 2, we describe the ap-

propriate metric by stating the length a of the shortest restricted root of

the space as a subscript srr=a . For the three infinite families of Grassmann

manifolds G+
2 (IRn) , G2(C

n) and G2(IH
n) , we also use the notation srr=1∗

to denote the metric scaled in such a way that the shortest root occurring

for large n has length 1 , disregarding the fact that this root might vanish

for certain small values of n .

The spaces in which the totally geodesic submanifolds are classified

below are always taken with srr=1∗ (for the Grassmann manifolds) or srr=1

(for all others).

2.1. G+
2 (IRn+2)

(a) G+
2 (IRn+1)srr=1∗

The linear isometric embedding IRn+1 → IRn+2, (x1, . . . , xn+1) 7→
(x1, . . . , xn+1, 0) induces a totally geodesic, isometric embedding

G+
2 (IRn+1)→ G+

2 (IRn+2) .

(b) Snr=1

Fix a unit vector v0 ∈ IRn+2 , and let S := { v ∈ IRn+2 | 〈v, v0〉 =

0, ‖v‖ = 1 } ∼= Snr=1 . Then the map S → G+
2 (IRn+2), v 7→ IRv ⊕ IRv0

is a totally geodesic, isometric embedding.

(c) (S`r=1 × S`
′

r=1)/ZZ2 , where `+ `′ = n

The map S`r=1 × S`
′

r=1 → G+
2 (IRn+2) given by

((x0 , . . . , x`), (y0, . . . , y`′)) 7→ IR (x0, . . . , x`, 0, . . . , 0) ⊕ IR (0, . . . , 0, y0, . . . , y`′)
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is a totally geodesic, isometric immersion, and a two-fold covering map

onto its image in G+
2 (IRn+2) .

(d) For n ≥ 4 even: CP
n/2
κ=1/2

Let us fix a complex structure J on IRn+2 . Then the complex-1-

dimensional linear subspaces of (IRn+2, J) are in particular real-2-

dimensional oriented linear subspaces of IRn+2 . Therefore the com-

plex projective space IP ∼= CPn/2 over (IRn+2, J) is contained in

G+
2 (IRn+2) ; it turns out to be a totally geodesic submanifold.

(e) For n = 2 : CP1
κ=1/2 × IRP1

κ=1/2

The image of the Segré embedding CP1 × CP1 → CP3 (see for exam-

ple Ref. 17, p. 55f.) is a 2-dimensional complex quadric in CP3 ; such a

quadric is isometric to G+
2 (IR4) . Thereby we see that G+

2 (IR4) is iso-

metric to CP1
κ=1/2×CP1

κ=1/2 . Let C be the trace of a (closed) geodesic

in CP1
κ=1/2 ; then C is isometric to IRP1

κ=1/2 , and CP1
κ=1/2 × C is

a totally geodesic submanifold of CP1
κ=1/2 × CP1

κ=1/2
∼= G+

2 (IR4) .

(f) For n = 3 : S2
r=

√
5

To describe this totally geodesic submanifold, as well as similar to-

tally geodesic submanifolds occurring in G2(C
6) and G2(IH

7) (see

Sections 2.2(g) and 2.3(f) below), we note that there is exactly one

irreducible, 14-dimensional, quaternionic representation of Sp(3) (see

Ref. 1, Chapter VI, Section (5.3), p. 269ff.). It can be constructed

as follows: The vector representation of Sp(3) on C6 induces a rep-

resentation of Sp(3) on
∧3

C6 . This 20-dimensional representation

decomposes into two irreducible components: One, 6-dimensional, is

equivalent to the vector representation of Sp(3) ; the other, acting on

a 14-dimensional linear space V , is the irreducible representation we

are interested in.

It turns out that the restriction of the representation of Sp(3) on V

to an SO(3) embedded in Sp(3) in the canonical way, is a real repre-

sentation, and that in any real form VIR of V , two linear independent

vectors are left invariant. By splitting off the subspace of V ′ spanned by

these vectors, we get a real-5-dimensional representation V ′
IR of SO(3) ,

which turns out to be irreducible (and equivalent to the Cartan rep-

resentation SO(3) × End+(IR3)0 → End+(IR3)0, (B,X) 7→ BXB−1 ).

It turns out that the corresponding action of SO(3) on G+
2 (V ′

IR) ∼=
G+

2 (IR5) has exactly one totally geodesic orbit; this orbit is isometric

to S2
r=

√
5
.
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2.2. G2(C
n+2)

(a) G2(C
n+1)srr=1∗

The linear isometric embedding Cn+1 → Cn+2, (z1, . . . , zn+1) 7→
(z1, . . . , zn+1, 0) induces a totally geodesic, isometric embedding

G2(C
n+1)→ G2(C

n+2) .

(b) G2(IR
n+2)srr=1∗

The map G2(IR
n+2) → G2(C

n+2), Λ 7→ Λ ⊕ iΛ is a totally geodesic,

isometric embedding.

(c) CPnκ=1

Fix a unit vector v0 ∈ Cn+2 . Then the map CP((Cv0)
⊥) →

G2(C
n+2), Cv 7→ Cv ⊕Cv0 is a totally geodesic, isometric embedding.

(d) CP`κ=1 × CP`
′

κ=1 with `+ `′ = n

Let Cn+2 = W 	W ′ be a splitting of Cn+2 into complex-linear sub-

spaces of dimension `+1 resp. `′+1 ; here 	 denotes an orthogonal di-

rect sum. Then CP(W )×CP(W ′)→ G2(C
n+2), (Cv,Cv′) 7→ Cv⊕Cv′

is a totally geodesic, isometric embedding.

(e) For n even: IHP
n/2
κ=1/2

Let us fix a quaternionic structure τ on Cn+2 (i.e. τ : Cn+2 → Cn+2

is anti-linear with τ2 = −id ). Then the quaternionic-1-dimensional

linear subspaces of (Cn+2, τ) are in particular complex-2-dimensional

linear subspaces of Cn+2 . Therefore the quaternionic projective space

IP ∼= IHPn/2 over (Cn+2, τ) is contained in G2(C
n+2) ; it turns out

that IP is a totally geodesic submanifold of G2(C
n+2) .

(f) For n = 2 : G+
2 (IR5)srr=

√
2 and (S3

r=1/
√

2
× S1

r=1/
√

2
)/ZZ2

Note that G2(C
4)srr=1∗ is isometric to G+

2 (IR6)srr=
√

2 . This isometry

can be exhibited via the Plücker map G2(C
m) → CP(

∧2
Cm), Cu ⊕

Cv 7→ C(u∧v) , which is an isometric embedding for any m ; for m = 4

its image in CP(
∧2

C4) ∼= CP5 turns out to be a 4-dimensional com-

plex quadric; such a quadric is isomorphic to G+
2 (IR6) . Thus G2(C

4)

is isometric to G+
2 (IR6) , hence its maximal totally geodesic submani-

folds are those given in Section 2.1 for n = 4 , namely: G+
2 (IR5)srr=

√
2 ,

(S3
r=1/

√
2
×S1

r=1/
√

2
)/ZZ2 , (S2

r=1/
√

2
×S2

r=1/
√

2
)/ZZ2 , S4

r=1/
√

2
, CP2

κ=1 .

The first two of these submanifolds are those which are listed under

this point; the remaining submanifolds have already been listed above

(note that (S2 × S2)/ZZ2 and S4 are isometric to G2(IR
4) and IHP1 ,

respectively).

(g) For n = 4 : CP2
κ=1/5

Let us consider the 14-dimensional quaternionic, irreducible represen-
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tation V of Sp(3) described in Section 2.1(f). The restriction of that

representation to a SU(3) canonically embedded in Sp(3) leaves a to-

tally complex 6-dimensional linear subspace VC of V invariant; the

resulting 6-dimensional representation VC of SU(3) is irreducible. It

turns out that the induced action of SU(3) on G2(VC) ∼= G2(C
6) has

exactly one totally geodesic orbit; this orbit is isometric to CP2
κ=1/5 .

2.3. G2(IH
n+2)

(a) G2(IH
n+1)srr=1∗

The linear isometric embedding IHn+1 → IHn+2, (q1, . . . , qn+1) 7→
(q1, . . . , qn+1, 0) induces a totally geodesic, isometric embedding

G2(IH
n+1)→ G2(IH

n+2) .

(b) G2(C
n+2)srr=1∗

We fix two orthogonal imaginary unit quaternions i and j , and let

C = IR⊕ IRi . Then the map G2(C
n+2) → G2(IH

n+2), Λ 7→ Λ⊕ Λj is

a totally geodesic, isometric embedding.

(c) IHPnκ=1

Fix a unit vector v0 ∈ IHn+2 . Then the map IHP((v0IH)⊥) →
G2(IH

n+2), vIH 7→ vIH ⊕ v0IH is a totally geodesic, isometric embed-

ding.

(d) IHP`κ=1 × IHP`
′

κ=1 with `+ `′ = n

Let IHn+2 = W 	W ′ be a splitting of IHn+2 into quaternionic-linear

subspaces of dimension `+1 resp. `′ +1 . Then IHP(W )× IHP(W ′)→
G2(IH

n+2), (vIH, v′IH) 7→ vIH ⊕ v′IH is a totally geodesic, isometric

embedding.

(e) For n = 2 : Sp(2)srr=
√

2 and (S5
r=1/

√
2
× S1

r=1/
√

2
)/ZZ2

Let U ∈ G2(IH
4) be given, then U⊥ is the only pole corresponding to

U in G2(IH
4) . The centrosome between this pair of poles is a totally

geodesic submanifold of G2(IH
4) which is isometric to Sp(2) . This

Sp(2) is also a reflective submanifold of G2(IH
4) , the complementary

reflective submanifold is isometric to (S5
r=1/

√
2
× S1

r=1/
√

2
)/ZZ2 .

(f) For n = 5 : IHP2
κ=1/5

We again consider the irreducible, quaternionic 14-dimensional repre-

sentation V of Sp(3) introduced in Section 2.1(f); we now view V as

a quaternionic-7-dimensional linear space. The representation of Sp(3)

on V induces an action of Sp(3) on the quaternionic 2-Grassmannian

G2(V ) ∼= G2(IH
7) ; again it turns out that this action has exactly one

totally geodesic orbit, which is isometric to IHP2
κ=1/5 .
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(g) For n = 4 : S3
r=2

√
5

According to the present list, two of the maximal totally geodesic sub-

manifolds of the 2-Grassmannian G2(IH
7) are isometric to G2(IH

6) and

IHP2
κ=1/5 , respectively. The intersection of these two totally geodesic

submanifolds is a totally geodesic submanifold of G2(IH
6) , which turns

out to be isometric to S3
r=2

√
5
.

2.4. SU(3)/SO(3)

(a) (S2
r=1 × S1

r=
√

3
)/ZZ2 (b) IRP2

κ=1/4

2.5. SU(6)/Sp(3)

(a) IHP2
κ=1/4 (b) CP3

κ=1/4

(c) SU(3)srr=1

The map SU(3) → SU(6)/Sp(3), B 7→
(
B 0
0 B−1

)
· Sp(3) is a totally

geodesic embedding of this type.

(d) (S5
r=1 × S1

r=
√

3
)/ZZ2

2.6. SO(10)/U(5)

In the descriptions of the embeddings for this symmetric space, we consider

both U(5) and SO(10) as acting on C5 ∼= IR10 ; in the latter case, this

action is only IR-linear.

(a) CP4
κ=1 (b) G2(C

5)srr=1

(c) CP3
κ=1 × CP1

κ=1

Let G := SO(6)× SO(4) be canonically embedded in SO(10) in such

a way that its intersection with U(5) is maximal. Then G/(G∩U(5))

is a totally geodesic submanifold of SO(10)/U(5) which is isometric to

(SO(6)/U(3)) × (SO(4)/U(2)) ∼= CP3 × CP1 .

(d) G+
2 (IR8)srr=

√
2

Let G := SO(8) be canonically embedded in SO(10) in such a way

that its intersection with U(5) is maximal. Then G/(G ∩ U(5)) is

a totally geodesic submanifold of SO(10)/U(5) which is isometric to

SO(8)/U(4) ∼= G+
2 (IR8) .

(e) SO(5)srr=1

The map SO(5) → SO(10)/U(5), B 7→
(
B 0
0 B−1

)
· U(5) is a totally

geodesic embedding of this type.

2.7. E6/(U(1) · Spin(10))

(a) OP2
κ=1/2 (b) CP5

κ=1 × CP1
κ=1 (c) G+

2 (IR10)srr=
√

2

(d) G2(C
6)srr=1 (e) (G2(IH

4)/ZZ2)srr=1 (f) SO(10)/U(5)srr=1
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2.8. E6/F4

(a) OP2
κ=1/4 (b) IHP3

κ=1/4

(c) ((SU(6)/Sp(3))/ZZ3)srr=1 (d) (S9
r=1 × S1

r=
√

3
)/ZZ4

2.9. G2/SO(4)

(a) SU(3)/SO(3)srr=
√

3 (b) (S2
r=1 × S2

r=1/
√

3
)/ZZ2

(c) CP2
κ=3/4 (d) S2

r=
2
3

√
21

2.10. SU(3)

(a) SU(3)/SO(3)srr=1

The Cartan embedding f : SU(3)/SO(3)→ SU(3) is a totally geodesic

embedding of this type.

(b) (S3
r=1 × S1

r=
√

3
)/ZZ2

(c) CP2
κ=1/4

The Cartan embedding f : SU(3)/S(U(2)×U(1))→ SU(3) is a totally

geodesic embedding of this type.

(d) IRP3
κ=1/4

2.11. Sp(2)

(a) G+
2 (IR5)srr=1

The Cartan embedding f : Spin(5)/(Spin(2) × Spin(3)) → Spin(5) ∼=
Sp(2) is a totally geodesic embedding of this type.

(b) Sp(1)× Sp(1)

The canonically embedded Sp(1)×Sp(1) ⊂ Sp(2) is a totally geodesic

submanifold of this type.

(c) IHP1
κ=1/2

The Cartan embedding f : Sp(2)/(Sp(1)× Sp(1))→ Sp(2) is a totally

geodesic embedding of this type.

(d) S3
r=

√
5

2.12. G2

(a) G2/SO(4)srr=1

The Cartan embedding f : G2/SO(4) → G2 is a totally geodesic em-

bedding of this type.

(b) (S3
r=1 × S3

r=1/
√

3
)/ZZ2

(c) SU(3)srr=
√

3

Regard G2 as the automorphism group of the division algebra of the

octonions O and fix an imaginary unit octonion i . Then the subgroup
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{ g ∈ G2 | g(i) = i } is isomorphic to SU(3) and a totally geodesic

submanifold of this type.

(d) S3

r=
2
3

√
21

Acknowledgments

This work was supported by a fellowship within the Postdoc-Programme

of the German Academic Exchange Service (DAAD).

References
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A cohomogeneity one action is an isometric action on a Riemannian mani-

fold whose principal orbits are hypersurfaces. A submanifold is homogeneous

if it is an orbit of an isometric action. Thus, the study of cohomogeneity one

actions is essentially equivalent to the study of homogeneous hypersurfaces.

The investigation of the orbits of cohomogeneity one actions goes back to

Segre12 who proved that any isoparametric hypersurface in the Euclidean

space is homogeneous. Then, any such hypersurface is a tube around an

affine subspace of the Euclidean space. Cartan8 generalized this result to the

real hyperbolic space. A homogeneous hypersurface of the real hyperbolic

space is a horosphere or a tube around a totally geodesic real hyperbolic

space of lower dimension. A result by Hsiang and Lawson10 implies that a

hypersurface in the sphere Sn is homogeneous if and only if it is a principal

orbit of the isotropy representation of an (n + 1)-dimensional semisimple

symmetric space of rank two. Hence, the classification of homogeneous hy-

persurfaces in Sn follows from Cartan’s classification of symmetric spaces.

Takagi13 showed that a real hypersurface of CP n is homogeneous if

and only if it is a principal orbit of an action induced via the Hopf map

S2n+1 → CPn by a cohomogeneity one action on a sphere. A remarkable

consequence is that each homogeneous hypersurface in CP n is a Hopf hy-

persurface. Berndt1 classified the homogeneous Hopf hypersurfaces in CHn,

but surprisingly, a homogeneous hypersurface in the complex hyperbolic

space is not necessarily Hopf. Lohnherr gave the first counterexample.
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Recently, Berndt and Tamaru6 obtained the classification of homoge-

neous hypersurfaces in CHn (see Section 1 for explicit definitions).

Theorem 0.1. A connected real hypersurface in CHn, n ≥ 2, is homoge-

neous if and only if it is holomorphically congruent to one of the following:

(A) a tube around a totally geodesic CHk for some k ∈ {0, . . . , n− 1};
(B) a tube around a totally geodesic RHn;

(H) a horosphere in CHn;

(S) the real hypersurface W 2n−1 or one of its equidistant hypersurfaces;

(W) a tube around the minimal ruled submanifold W 2n−k
ϕ for some ϕ ∈

(0, π/2] and k ∈ {2, . . . , n− 1}, where k is even if ϕ 6= π/2.

The first aim of this paper is to study the geometry of these hyper-

surfaces and the corresponding cohomogeneity one actions on CHn. We

accomplish this task in Section 1.

It is a major problem in submanifold geometry to characterize homo-

geneous hypersurfaces of a manifold. The motivation for our investigations

originates from the question: Is every real hypersurface with constant prin-

cipal curvatures in CHn an open part of a homogeneous hypersurface?

Segre12 solved this problem for the Euclidean space and Cartan8 gave an

affirmative answer in the real hyperbolic space. Remarkably, this is not true

in spheres (see e.g. Ref. 9). The problem in CP n has been addressed by Tak-

agi14 who proved that a hypersurface of the complex hyperbolic space with

2 or 3 constant principal curvatures is homogeneous. There are homoge-

neous hypersurfaces in CP n with 5 principal curvatures. However, it is not

known whether the number of constant principal curvatures of a hypersur-

face in CP n is 2, 3 or 5. No examples of inhomogeneous hypersurfaces with

constant principal curvatures are known in the complex projective space.

In Section 2 of this paper we review the known facts about hypersurfaces

with constant principal curvatures in the complex hyperbolic space.

1. The geometry of the orbits

We first summarize some basic facts about the complex hyperbolic space.

For details we refer to Ref. 7.

Let CHn be the n-dimensional complex hyperbolic space equipped with

the Bergman metric 〈·, ·〉 of constant holomorphic sectional curvature −1

and let J be its complex structure. We denote by CHn(∞) the ideal bound-

ary of CHn. Each x ∈ CHn(∞) is an equivalence class of asymptotic

geodesics in CHn. For each o ∈ CHn and x ∈ CHn(∞) there exists a
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unique unit speed geodesic γox such that γox(0) = o and limt→∞ γox(t) = x.

The connected component of the isometry group of CHn is the special uni-

tary group G = SU1,n. We fix o ∈ CHn and let K be the isotropy group

of G at o. Then K ∼= S(U1 × Un) and CHn = G/K. Let g = k + p be the

Cartan decomposition of the Lie algebra g of G with respect to o. We now

fix x ∈ CHn(∞). Let a be the 1-dimensional linear subspace of p spanned

by γ̇ox(0). Let g = g−2α+g−α+g0 +gα+g2α be the root space decomposi-

tion of g induced by a. Then, n = gα + g2α is a 2-step nilpotent subalgebra

isomorphic to the (2n−1)-dimensional Heisenberg algebra; its center is the

1-dimensional subalgebra g2α. Moreover, g = k+a+n is an Iwasawa decom-

position of g. We denote by A and N the connected subgroups of G with

Lie algebras a and n, respectively. The solvable subgroup AN acts simply

transitively on CHn. Thus we can identify a+n with ToCH
n. The metric on

CHn induces an inner product 〈·, ·〉 on a+n, and we may identify CHn with

the solvable Lie group AN equipped with the left-invariant metric induced

from 〈·, ·〉. The complex structure J induces a complex structure on a + n

that we also denote by J . We define B = γ̇ox(0) ∈ a and Z = JB ∈ g2α.

Note that gα is J-invariant. The Lie algebra structure on a + n is given by

the trivial skew-symmetric bilinear extension of the relations [B,Z] = Z,

2[B,U ] = U and [U, V ] = 〈JU, V 〉Z, with U, V ∈ gα.

It is clear that a homogeneous hypersurface has constant principal curva-

tures. Let M be a hypersurface of CHn with constant principal curvatures.

We denote by Tλ the distribution associated with eigenspaces of a principal

curvature λ. If ξ ∈ Γ(νM), then Jξ is called the Hopf vector field. If Jξ is

a principal curvature vector, then M is said to be a Hopf hypersurface.

(A) The action of S(U1,k × Un−k)

The group S(U1,k ×Un−k) ⊂ SU1,n (k ∈ {0, . . . , n− 1}) acts on CHn with

cohomogeneity one. This action has exactly one singular orbit: a totally

geodesic CHn[k] ⊂ CHn. If M is one principal orbit of this action then M

is a tube of certain radius r > 0 around the singular orbit. Standard Jacobi

vector field theory shows that M has three principal curvatures

λ1 =
1

2
tanh

r

2
, λ2 =

1

2
coth

r

2
, λ3 = coth r,

with multiplicities m1 = 2(n− k − 1), m2 = 2k and m3 = 1. Furthermore,

Tλ1 and Tλ2 are complex distributions and the Hopf vector field is a prin-

cipal curvature vector of λ3. Thus, M is a Hopf hypersurface. If k = 0, the

singular orbit is a point and the principal orbits are geodesic spheres with
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two eigenvalues λ1 = 1
2 tanh r

2 and λ3 = coth r and multiplicities 2(n− 1)

and 1. Similarly, if k = n − 1, M has two constant principal curvatures

λ2 = 1
2 coth r

2 and λ3 = coth r with multiplicities 2(n− 1) and 1.

(B) The action of SO0
1,n

The group SO0
1,n ⊂ SU1,n acts on CHn with cohomogeneity one. This

action has one singular orbit which is a totally geodesic RHn ⊂ CHn. Let

M be a principal orbit of this action. Then, M is a tube of certain radius

r > 0 around the singular orbit. It has three principal curvatures

λ1 =
1

2
tanh

r

2
, λ2 =

1

2
coth

r

2
, λ3 = tanh r,

with multiplicities m1 = n− 1, m2 = n− 1 and m3 = 1. The distributions

Tλ1 and Tλ2 are real and the Hopf vector field is a principal curvature vector

of λ3. If r = log(2+
√

3), there are two principal curvatures λ1 =
√

3/6 and

λ2 = λ3 =
√

3/2 with multiplicities n− 1 and n.

(H) The horosphere foliation

Let k + a + n be the Iwasawa decomposition of the isometry group of CHn

with respect to o ∈ CHn and x ∈ CHn(∞). The groupN acts on CHn with

cohomogeneity one and all its orbits are principal. The resulting foliation

is called the horosphere foliation. A horosphere is constructed as follows.

Let γ be a unit speed geodesic with γ(0) = o. The Busemann function with

respect to γ, Bγ : CHn → R, is defined by Bγ(p) = limt→∞(d(p, γ(t))− t),
where d is the Riemannian distance function. The level sets of this function

are horospheres centered at the point of infinity x.

A horosphere has exactly two distinct principal curvatures

λ1 = 1/2 and λ2 = 1,

with corresponding multiplicities m1 = 2(n− 1) and m2 = 1. The distribu-

tion Tλ1 is complex and each horosphere is a Hopf hypersurface.

(S) The solvable foliation

Let k + a + n be the Iwasawa decomposition of the isometry group of CHn

with respect to some o ∈ CHn and x ∈ CHn(∞). Let w be a linear hy-

perplane in gα. Then s = a + w + g2α is a Lie subalgebra of a + n of

codimension one. If S is the connected Lie subgroup whose Lie algebra is s,

then S acts on CHn with cohomogeneity one. This action has no singular
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orbits and therefore induces a foliation on CHn. We call it the solvable

foliation (Ref. 2). Different choices of w lead to congruent actions.

The orbit S · o is a minimal homogeneous ruled real hypersurface which

we denote by W 2n−1. It can be seen as a particular case of the submanifolds

W 2n−k
ϕ described below. Any other orbit of the action of S is an equidistant

hypersurface to this one. Let M(r) denote an orbit of S at a distance r ≥ 0

from S · o. The shape operator of M(r) has exactly three eigenvalues

λ1/2 =
3

4
tanh

r

2
± 1

2

√
1− 3

4
tanh2 r

2
, λ3 =

1

2
tanh

r

2
,

with corresponding multiplicities m1 = 1, m2 = 1 and m3 = 2n − 3. The

Hopf vector field Jξ has nontrivial projection onto Tλ1 and Tλ2 .

The subspace a + w⊥ + Jw⊥ + g2α is a subalgebra of a + n, and the

orbit through o of the corresponding connected subgroup of AN is a totally

geodesic CH2. The action of the connected subgroup of S with Lie algebra

a + Jw⊥ + g2α induces the solvable foliation on this totally geodesic CH2.

The “slice” CH2 contains the relevant information of the solvable foliation.

Theorem 1.1. The leaves of the solvable foliation on CH2 are diffeomor-

phic to R3 and are foliated orthogonally by a 1-dimensional totally geodesic

foliation and a 2-dimensional foliation whose leaves are Euclidean planes.

(W) The ruled submanifolds W 2n−k
ϕ and their tubes

We follow Ref. 5. Let k+a+n be the Iwasawa decomposition of SU1,n with

respect to o ∈ CHn and x ∈ CHn(∞). Let w be a linear subspace of gα
such that w⊥ = gα	w has constant Kähler angle ϕ ∈ [0, π/2], i.e. for each

0 6= v ∈ gα the angle between w⊥ and the real span of v is constantly equal

to ϕ. Then s = a+w+g2α is a subalgebra of a+n. Denote by S the connected

subgroup of AN with Lie algebra s and by N 0
K(S) the identity component

of its normalizer in K. Then N0
K(S)S acts with cohomogeneity one. The

orbit W 2n−k
ϕ = N0

K(S)S · o = S · o is a (2n− k)-dimensional submanifold of

CHn, where k = dim w⊥. As CHn is a two-point homogeneous space, the

construction of the submanifolds W 2n−k
ϕ does not depend on the choice of

o ∈ CHn and x ∈ CHn(∞).

If ϕ = 0, then W 2n−k
0 is a totally geodesic CHn−k′ , where k = 2k′. If

ϕ = π/2, then w⊥ is a k-dimensional real subspace of gα. If k = 1, then

W 2n−1
π/2 is the hypersurface W 2n−1 described above. If k > 1, W 2n−k

π/2 is a

(2n − k)-dimensional homogeneous submanifold of CHn with totally real

normal bundle of rank k. We denote W 2n−k = W 2n−k
π/2 .
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We investigate the geometry of the submanifolds W 2n−k
ϕ , 0 < ϕ ≤ π/2.

Note that k is even if 0 < ϕ < π/2. Let Cw⊥ be the complex span of w⊥

and d = Cw⊥ 	w⊥. As ϕ > 0, we have k = dimC Cw⊥ = dim w⊥ = dim d.

For each ξ ∈ w⊥ we decompose Jξ ∈ Cw⊥ = d + w⊥ into Jξ = Pξ + Fξ

with Pξ ∈ d and Fξ ∈ w⊥. Then d has constant Kähler angle ϕ as well. We

denote by c the maximal complex subspace of s. We have the orthogonal

decomposition a + n = c + d + w⊥. We denote by A, C, D and W⊥ the

left-invariant distributions on CHn along W 2n−k
ϕ induced by a, c, d and

w⊥, respectively. By construction, C + D = TW 2n−k
ϕ and W⊥ = νW 2n−k

ϕ .

Proposition 1.1. The submanifold W 2n−k
ϕ , 0 < ϕ ≤ π/2, satisfies:

(i) The maximal holomorphic subbundle C of TW 2n−k
ϕ is autoparallel

and the leaves of the induced foliation on W 2n−k
ϕ are totally geodesic

CHn−k ⊂ CHn. Hence W 2n−k
ϕ is a ruled submanifold of CHn.

(ii) The following statements are equivalent:

(a) the distribution D on W 2n−k
ϕ is integrable;

(b) the distribution A + D on W 2n−k
ϕ is integrable;

(c) the normal bundle W⊥ is flat;

(d) ϕ = π/2.

In this case, the leaves of the foliation induced by A + D are totally

geodesic RHk+1 ⊂ CHn and the leaves of the foliation induced by D

are horospheres with center x in these totally geodesic RHk+1.

(iii) For each 0 6= ξ ∈ w⊥ the distribution A + RPξ is autoparallel and the

leaves of the induced foliation are totally geodesic RH2 ⊂ CHn.

(iv) For each 0 6= ξ ∈ w⊥ the distribution RPξ is integrable and the leaves

of the induced foliation are horocycles with center x in the totally

geodesic RH2 ⊂ CHn given by the distribution A + RPξ.

(v) Let ξ, η ∈ w⊥, U, V ∈ c	 (a+g2α) and a, b, x, y ∈ R. Then, the second

fundamental form II of W 2n−k
ϕ is given by

2II(aB + U + Pξ + xZ, bB + V + Pη + yZ) = (sin2 ϕ)(yξ + xη).

As a consequence, W 2n−k
ϕ is a minimal ruled submanifold of CHn. The

second fundamental form characterizes the submanifolds W 2n−k
ϕ :

Theorem 1.2 (Rigidity of the submanifold W 2n−k
ϕ ). Let M be a

(2n − k)-dimensional connected submanifold in CHn, n ≥ 2, with nor-

mal bundle νM ⊂ TCHn of constant Kähler angle ϕ ∈ (0, π/2]. Assume

that there exists a unit vector field Z tangent to the maximal complex dis-

tribution on M such that the second fundamental form II of M is given by
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the trivial symmetric bilinear extension of

2II(Z, Pξ) = (sin2 ϕ) ξ, for all ξ ∈ νM,

where Pξ is the tangential component of Jξ. Then M is holomorphically

congruent to an open part of the ruled minimal submanifold W 2n−k
ϕ .

In order to investigate the geometry of orbits of the cohomogeneity one

actions of type (W) we deal with two possibilities: ϕ = π/2 or ϕ ∈ (0, π/2).

Constant Kähler angle ϕ = π/2

In this case w⊥ is real and νW 2n−k is totally real. The eigenvalues of the

shape operator of W 2n−k with respect to a unit vector ξ ∈ νW 2n−k are

1/2, −1/2 and 0, with multiplicities 1, 1 and 2n− 2− k, and corresponding

principal curvature spaces R(Z+Jξ), R(Z−Jξ) and TW 2n−k	(RZ+RJξ).

Let M(r) be the tube of radius r > 0 around W 2n−k. Take a unit

speed geodesic γ with γ̇(0) = ξ ∈ νW 2n−k
ϕ . For X ∈ TCHn let PX be the

parallel transport of X along γ. The shape operator of M(r) with respect

to −γ̇(r) and the orthogonal decomposition Tγξ(r)M(r) = PRZ+RJξ(r) +

PTW 2n−k	(RZ+RJξ)(r) + PνW 2n−k	Rξ(r) is given by

S(r) =
1

2




tanh3 r
2 −sech3 r

2

−sech3 r
2 2
(
1 + 1

2 sech2 r
2

)
tanh r

2

(tanh r
2 )I2n−2−k

(coth r
2 )Ik−1




Then M(r) has 4 principal curvatures

λ1/2 =
3

4
tanh

r

2
± 1

2

√
1− 3

4
tanh2 r

2
, λ3 =

1

2
tanh

r

2
, λ4 =

1

2
coth

r

2
.

The Hopf vector field on M has nontrivial orthogonal projection onto Tλ1

and Tλ2 . If r = ln(2 +
√

3) there are 3 principal curvatures λ1 = 0, λ2 =

λ4 =
√

3/2 and λ3 =
√

3/6 with multiplicities 1, k and 2n− k − 2.

The interesting part of the shape operator of both W 2n−k and M(r)

concerns the vectors Z and Jξ. More precisely, consider the subalgebra

g̃ = a + Rξ + RJξ + g2α and let G̃ be the connected subgroup of AN with

Lie algebra g̃. The orbit G̃ · o is a totally geodesic CH2 in CHn. This CH2

defines a “slice” of the action of N 0
K(S)S through o. Next, s̃ = s ∩ g̃ is a

subalgebra of g̃ of codimension one. Let S̃ be the connected subgroup of G̃

with Lie algebra s̃. Then S̃ acts on CH2 ∼= G̃ · o with cohomogeneity one

and gives the solvable foliation of CH2 described above. The action of G

on CHn on the slice CH2 is equivalent to the action of H̃ on CH2.
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Constant Kähler angle ϕ ∈ (0, π/2)

The eigenvalues of the shape operator with respect to a unit ξ ∈ νW 2n−k
ϕ

are (sinϕ)/2, −(sinϕ)/2 and 0, with multiplicities 1, 1 and 2n − k − 2. If

P̄ ξ = Pξ/ sin(ϕ) and F̄ ξ = Fξ/ cos(ϕ), then, the corresponding eigenspaces

are R(Z + P̄ ξ), R(−Z + P̄ ξ) and TW 2n−k
ϕ 	 (RZ + RP̄ ξ).

The shape operator S(r) of the orbit M(r) at a distance r from W 2n−k
ϕ

in the direction −γ̇(r), where γ is a geodesic with γ̇(0) = ξ ∈ νW 2n−k
ϕ , is

S(r) =



s(r)

1
2 tanh r

2 I2n−k−2

1
2 coth r

2 Ik−2


 ,

with respect to Tγ(r)M(r) = PRZ+RP̄ ξ+RF̄ ξ(r) + PTW 2n−k
ϕ 	(RZ+RP̄ ξ)(r) +

PνW 2n−k
ϕ 	(Rξ+RF̄ ξ)(r). Here s(r) is a 3 × 3 matrix whose characteris-

tic polynomial has 3 distinct real roots for any r. We define βr,ϕ =

27(sin2 ϕ) tanh2 r
2 sech4 r

2 − 2. Let uir,ϕ, i ∈ {1, 2, 3}, denote each cubic root

of the complex number (βr,ϕ +
√
β2
r,ϕ − 4)/2. Then, the eigenvalues of s(r)

are

λi(r) = −1

6

((
uir,ϕ +

1

uir,ϕ

)
coth

r

2
− csch

r

2
sech

r

2
− 4 tanh

r

2

)
,

i ∈ {1, 2, 3}. Neither 1
2 tanh r

2 nor 1
2 coth r

2 are eigenvalues of s(r), so M(r)

has 5 distinct constant principal curvatures when k > 2 and 4 when k = 2.

Let v0 ⊂ gα be a two-dimensional subspace with constant Kähler angle

ϕ. Then, g̃ = a + C v0 + g2α is a Lie subalgebra of a + n. Let G̃ be the

connected Lie subgroup of AN whose Lie algebra is g̃. Then, G̃·o is a totally

geodesic CH3 in CHn containing o. The Lie subalgebra s̃ = a + v0 + g2α

of g̃ has codimension two. Denote by S̃ the connected Lie subgroup of G̃

whose Lie algebra is s̃. We know that N0
K(S̃)S̃ acts on G̃ · o ∼= CH3 with

cohomogeneity one and its orbit through o is exactly S̃ · o ∼= W 4
ϕ. This

cohomogeneity one action is of the type described in this subsection.

Let M(r) denote the tube around W 4
ϕ ⊂ CH3 at distance r > 0. For

each p ∈M(r) there exists a unique unit vector ξ(p) ∈ νW 4
ϕ such that p =

exp(r ξ(p)). Let γξ(p)(t) = exp(t ξ(p)) be the unique geodesic perpendicular

to W 4
ϕ that joins W 4

ϕ and p. For any X ∈ Tγξ(p)(0)CH
3 we denote by PpX(r)

the parallel displacement of X to p along γξ(p). We have

Theorem 1.3. The following two statements hold.

(i) Let D be the distribution on M(r) defined by PpB(r), p ∈ M(r), and

denote by D⊥ its orthogonal complement in TM(r). Then D and D⊥
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are integrable and D is autoparallel. If p ∈M(r) and RH2 is the totally

geodesic real hyperbolic plane determined by ξ(p) and Bo, where o ∈W 4
ϕ

is the footpoint of ξ(p), then the leaf of D through p is parametrized by

the parallel curve through p in RH2 of the geodesic in RH2 through o

and in direction Bo.

(ii) Let E be the distribution on M(r) defined by RPpB(r) + RPpPFξ(p)(r).
Then E is autoparallel and each integral manifold has constant curva-

ture −(1/4)sech(r/2). If p ∈ M(r) and RH3 is the totally geodesic real

hyperbolic space determined by ξ(p), PFξ(p) and Bo, where o ∈W 4
ϕ is

the footpoint of ξ(p), then the leaf of E through p is the parallel sur-

face through p in RH3 of the totally geodesic RH2 in RH3 through o

determined by PFξ(p) and Bo.

2. Hypersurfaces with constant principal curvatures

In this section we summarize the known facts about real hypersurfaces of

CHn with constant principal curvatures.

Theorem 2.1. Let M be a connected real hypersurface with constant prin-

cipal curvatures in CHn and g its number of principal curvatures. Then:

(i) There are no umbilical hypersurfaces in CHn, i.e. g = 1 is not possible.

(ii) If g = 2 then M is an open part of one of:

(a) A geodesic sphere.

(b) A tube around a totally geodesic CHn−1.

(c) A tube of radius r = log(2 +
√

3) around a totally geodesic RHn.

(d) A horosphere in CHn.

(iii) If g = 3 then M is an open part of one of:

(a) A tube around a totally geodesic CHk for some k ∈ {1, . . . , n−2}.
(b) A tube of radius r 6= log(2 +

√
3) around a totally geodesic RHn.

(c) The hypersurface W 2n−1 or one of its equidistant hypersurfaces.

(d) A tube of radius r = log(2 +
√

3) around the minimal ruled sub-

manifold W 2n−k for some k ∈ {2, . . . , n− 1}.

Part (i) was proved by Tashiro and Tachibana.15 Part (ii) follows from

the work by Montiel11 for n ≥ 3 and from Ref. 4 for n = 2. Part (iii) follows

from Ref. 3 for n ≥ 3 and from Ref. 4 for n = 2. In particular we have:

Corollary 2.1. Any complete real hypersurface with constant principal

curvatures in the complex hyperbolic plane is homogeneous.
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For g ≥ 4 not much is known. However, Theorem 1.2 characterizes the

singular orbits of cohomogeneity one actions of type (W) in terms of their

second fundamental form. The classification of Hopf hypersurfaces with

constant principal curvatures is due to Berndt.1

Theorem 2.2. A connected Hopf real hypersurface of CHn with constant

principal curvatures is holomorphically congruent to an open part of a Hopf

homogeneous hypersurface of type (A), (B) or (H) in Theorem 0.1.

To conclude this section we give a list of open problems

(a) Determine the possible number of principal curvatures for a real hy-

persurface with constant principal curvatures in CHn. If there were no

non-homogeneous examples the answer would be 2, 3, 4 or 5.

(b) Find examples of non-homogenous hypersurfaces with constant principal

curvatures in CHn or prove that such examples do not exist.

(c) Classify hypersurfaces with constant principal curvatures in CHn. An

answer for 4 or 5 distinct principal curvatures would be of interest.
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1. Introduction

The well-known Alexandrov theorem (1) claims that any compact without

boundary hypersurface embedded into the Euclidean space Rn+1 with con-

stant mean curvature (CMC) is a geodesic sphere. Later, A. Ros (14) proved

that the result also holds for hypersurfaces of the hyperbolic space Hn+1

and the open half sphere Sn+1
+ .

In these results, the assumption that the hypersurface is embedded is

crucial. Indeed, the results are false for immersed hypersurfaces. For in-

stance, the so-called Wente’s torus (see18) is an example of (non-embedded)

immersed surface in R3 with constant mean curvature which is not a

geodesic sphere. Other examples of higher genus are known (10).

For surfaces in R3, Hopf (8) proved that CMC immersed spheres are

geodesic spheres. Here again, the result is not true in general since, we

know examples of CMC spheres in higher dimension which are not geodesic

spheres (see9).

The goal of this article is to find an alternative assumption to the em-

bedding such that under this assumption, CMC hypersurfaces are geodesic

spheres. It is a well-known fact that if the mean curvature H and the

scalar curvature Scal are both constant, then the hypersurface is a geodesic
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sphere. We will show a stability result associated with this assertion.

Namely, we have the following result which was proved for δ = 0 in (16).

The cases δ > 0 and δ < 0 are new.

Theorem 1.1. Let (Mn, g) be a compact without boundary, connected and

oriented Riemannian manifold, isometrically immersed into the simply con-

nected space form Mn+1
δ of constant sectional curvature δ. Let R be the

extrinsic radius of M . If δ > 0, we assume that R < π
4
√
δ
. Let h > 0 and

θ ∈]0, 1[. Then, there exists ε(n, h,R, θ) > 0 such that if

• |H − h| < ε and

• |Scal − s| < ε for a constant s,

then
∣∣∣h2 − s

n(n−1) + δ
∣∣∣ 6 Aε, for a positive constant A depending on n, h, δ

and R, and M is diffeomorphic and θ-almost isometric to a geodesic sphere

in Mn+1
δ of radius t−1

δ

(
1
h

)
, where tδ is the function defined in Section 2.

Remark 1.1. By θ-almost isometric, we mean that there exists a diffeo-

morphism F from M into a geodesic sphere of appropriate radius such that
∣∣|dFx(u)|2 − 1

∣∣ ≤ θ,
for any x ∈M and any unit vector u ∈ TxM .

Remark 1.2. The extrinsic radius of M is the radius of the smallest closed

ball in Mn+1
δ containing M .

Then, from this stability result, we will deduce a new characterization of

geodesic spheres in Rn+1 with a weaker assumption on the scalar curvature

(see Section 4).

2. Preliminaries

Let (Mn, g) be a n-dimensional compact, connected, oriented Riemann-

ian manifold without boundary, isometrically immersed into the (n + 1)-

dimensional Euclidean space (Rn+1, can), where can is the canonical metric

of Rn+1. The (real-valued) second fundamental form B of the immersion is

the bilinear symmetric form on Γ(TM) defined for two vector fields X,Y

by

B(X,Y ) = −g
(
∇Xν, Y

)
,

where ∇ is the Riemannian connection on Rn+1 and ν a normal unit vector

field on M . When M is embedded, we choose ν as the inner normal field.
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From B, we can define the mean curvature,

H =
1

n
tr (B).

Now, we recall the Gauss formula. For X,Y, Z,W ∈ Γ(TM),

R(X,Y, Z,W ) = R(X,Y, Z,W )+〈AX,Z〉 〈AY,W 〉−〈AY,Z〉 〈AX,W 〉 (1)

where R and R are respectively the curvature tensor of M and Mn+1
δ , and

A is the Weingarten operator defined by AX = −∇Xν.
By taking the trace and for W = Y , we get

Ric(Y ) = Ric(Y )−R(ν, Y, ν, Y ) + nH 〈AY, Y 〉 −
〈
A2Y, Y

〉
. (2)

Since, the ambient space is of constant sectional curvature δ, by taking the

trace a seconde time, we have

Scal = n(n− 1)δ + n2H2 − |A|2, (3)

or equivalently

Scal = n(n− 1)
(
H2 + δ

)
− |τ |2, (4)

where τ = B −HId is the umbilicity tensor.

Now, we define the higher order mean curvatures, for k ∈ {1, · · · , n},
by

Hk =
1(
n

k

)σk(κ1, · · · , κn),

where σk is the k-th elementary symmetric polynomial and κ1, · · · , κn are

the principal curvatures of the immersion.

From the definition, it is obvious that H1 is the mean curvature H . We

also remark from the Gauss formula (1) that

H2 =
1

n(n− 1)
Scal − δ. (5)

On the other hand, we have the well-known Hsiung-Minkowski formula∫

M

(
Hk+1 〈Z, ν〉+ cδ(r)Hk

)
= 0, (6)

where r(x) = d(p0, x) is the distance function to a base point p0, Z is the

position vector defined by Z = sδ(r)∇r, and the functions cδ and sδ are

defined by

cδ(t) =





cos(
√
δt) if δ > 0

1 if δ = 0

cosh(
√
−δt) if δ < 0

and sδ(t) =





1√
δ

sin(
√
δt) if δ > 0

t if δ = 0
1√
−δ sinh(

√
−δt) if δ < 0 .
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Finally, we define the function tδ = sδ

cδ
.

We finish this section of preliminaries by the following recollection about

the first eigenvalue of the Laplacian. In (7), Heintze proved the following

upper bound for λ1(∆)

λ1(∆) 6 n(||H ||2∞ + δ), (7)

with equality for geodesic spheres. Grosjean (6) proved a stability result

associated with Heintze’s estimate. Precisely, he proved the following

Theorem 2.1 (Grosjean, 2007). Let M be compact without boundary,

connected and oriented hypersurface of Mn+1
δ . If δ > 0, we assume that M

is contained in an open ball of Mn+1
δ of radius π

4
√
δ
. Let θ ∈]0, 1[, then there

exitst a constant Cθ(n, ||B||∞, V (M), δ) > 0 such that if

n(||H ||2∞ + δ)− Cθ < λ1(∆),

then M is diffeomorphic and θ-almost isometric to a geodesic sphere of

radius
√

n
λ1

.

Now, we have all the ingredients to prove Theorem 1.1.

3. Proof of Theorem 1.1

We begin the proof of Theorem 1.1 by the following lemma.

Lemma 3.1. Let h and s be two positive constants. If the mean curvature

and the scalar curvature satisfy

• |H − h| < ε and

• |Scal − s| < ε,

for some positive ε, then
∣∣∣h2 − s

n(n− 1)
+ δ
∣∣∣ 6 Aε,

where A is a positive constante depending on h, R, n and δ.

Proof. The proof of this lemma comes directly from the Hisung-Minkowski

formula (6). Indeed, the Hisung-Minkowski formula for k = 1 is the follow-

ing
∫

M

(
H2 〈Z, ν〉+ cδ(r)H

)
= 0. (8)
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Since we assume that |Scal − s| < ε, we get easily from (5) that
∣∣∣∣∣H2 −

(
s

n(n− 1)
− δ
) ∣∣∣∣∣ <

1

n(n− 1)
ε. (9)

For more convenience, we will denote h2 = s
n(n−1) − δ. Then, from (8)

0 =

∫

M

(
H2 〈Z, ν〉+ cδ(r)H

)

=

∫

M

(
h2 〈Z, ν〉+ cδ(r)H

)
+

∫

M

(H2 − h2) 〈Z, ν〉

=
h2

h

∫

M

h 〈Z, ν〉+
∫

M

cδ(r)H +

∫

M

(H2 − h2) 〈Z, ν〉

=
h2

h

∫

M

H 〈Z, ν〉+ h2

h

∫

M

(h−H) 〈Z, ν〉+
∫

M

cδ(r)h+

∫

M

cδ(r)(H − h)

+

∫

M

(H2 − h2) 〈Z, ν〉 .

Now, we use the Hsiung-Minkowski formula for k = 0, that is
∫

M

(
H 〈Z, ν〉+ cδ(r)

)
= 0, (10)

to get

0 = −h2

h

∫

M

cδ(r) +
h2

h

∫

M

(h−H) 〈Z, ν〉+
∫

M

cδ(r)h+

∫

M

cδ(r)(H − h)

+

∫

M

(H2 − h2) 〈Z, ν〉

=

(
h− h2

h

)∫

M

cδ(r) +
h2

h

∫

M

(h−H) 〈Z, ν〉+
∫

M

cδ(r)(H − h)

+

∫

M

(H2 − h2) 〈Z, ν〉 .

Then, since sδ is an increasing function, we deduce

∣∣∣h− h2

h

∣∣∣
∫

M

cδ(r) 6
h2

h
ε

∫

M

sδ(R) + ε

∫

M

cδ(r) +
ε

n(n− 1)

∫

M

sδ(R) .

Using the fact that |H2| 6 H2, we deduce from the assumptions on h and

h2 that

|h2| 6 h2 +A1(n, h, δ)ε,
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and then we have
∣∣∣h− h2

h

∣∣∣
∫

M

cδ(r) 6 ε

∫

M

cδ(r) +A2(n, h, δ)

∫

M

sδ(R) .

We conclude using the fact that V(M) 6
∫
M
cδ(r) 6 A3(n, δ, R)V(M),

which yields

|h2 − h2| 6 A4(n, h,R, δ)ε,

which gives the wanted assertion.

Let 0 < ε < 1. We will choose a particular ε later. We assume |H − h| < ε

and |Scal − s| < ε, then from (3) and Lemma 3.1, we have

|τ |2 = n(n− 1)H2 − Scal (11)

6 A′(n, h,R, δ)ε.

This means that M is almost umbilical. Moreover, since |H − h| 6 ε, In-

equality (11) is equivalent to

|B − hId | 6 A′′(n, h,R, δ)ε. (12)

This last inequality combining with the Gauss formula (2) yields
∣∣∣Ric(Y )− (n− 1)(h2 + δ)|Y |2

∣∣∣ 6 A′′′(n, h,R, δ)ε. (13)

Now, we use the Lichnerowicz formula (11) to obtain the following lower

bound of the first eigenvalue of the Laplacian on M

λ1(∆) > n(h2 + δ)− α1(ε), (14)

or equivalently

λ1(∆) > n(||H ||2∞ + δ)− α2(ε), (15)

where the positive functions α1 and α2 depend on n, h,R and δ and tend to

0 when ε tends to 0. Now, we fix θ ∈]0, 1[. Since α2 tends to 0 when ε tends

to 0, there exists ε1(n, h,R, δ) > 0, such that α2(ε1) 6 θ
2 . Then, we use

Theorem 2.1 to conclude that M is diffeomorphic and θ
2 -almost isometric

to a geodesic sphere of radius
√

n
λ1

. Moreover, because of the pinching of

λ1(∆), the radii 1
h and

√
n
λ1

are close. So, there exists ε2(n, h,R, δ) > 0 such

that geodesic spheres of radii 1
h and

√
n
λ1

are θ
2 -almost isometric. Then, we

take ε = inf{ε1, ε2} and then M is θ-quasi-isometric to a geodesic sphere

of radius 1
h . �
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4. Rigidity results in the Euclidean space

For the Euclidean case, that is δ = 0, we can obtain from Theorem 1.1 new

characterizations of geodesic spheres. Namely, we have the following

Corollary 4.1. Let (Mn, g) be a compact, connected and oriented Rie-

mannian manifold without boundary isometrically immersed into Rn+1. Let

h be a positive constant. Then, there exists ε(n, h) > 0 such that if

(a) H = h and

(b) |Scal − s| 6 ε,

for some constant s, then M is a geodesic sphere of radius 1
h .

Remark 4.1. Note that in this result, ε does not depend on the extrinsic

radius R. Indeed, since the mean curvature is constant, from (10), we have∫
M 〈Z, ν〉 = 1

hV(M). So we do not have to control the extrinsic radius.

Proof. This corollary is a direct consequence of Theorem 1.1. Indeed, we

know that there exists a diffeomorphism F from M to Sn
(

1
h

)
. But, in the

Euclidean space, this diffeomorphism is explicit. Namely,

F (x) =
1

h

φ(x)

|φ(x)| ,

where φ is the immersion on M into Rn+1. See (3) to get this expression.

The fact that F is a diffeomorphism implies that the immersion φ is

necessarly a one-to-one map, that is an embedding. Since M is embedded

with constant mean curvature, it is a geodesic sphere by the Alexandrov

theorem.

Now, we state a second characterization of geodesic spheres.

Corollary 4.2. Let (Mn, g) be a compact, connected and oriented Rie-

mannian manifold without boundary isometrically immersed into Rn+1. Let

s be a positive constant. Then, there exists ε(n, s) > 0 such that if

(a) Scal = s

(b) |H − h| 6 ε,

for some constant h, then M is a geodesic sphere of radius
√

n(n−1)
s .

Proof. The proof is the same, using an Alexandrov type theorem for the

scalar curvature due to Ros (14).
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This second corollary gives a partial answer to a conjecture by Yau which

states that the only immersed hypersurfaces of the Euclidean space with

constant scalar curvature are geodesic spheres.
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1. Introduction

It has been an important issue in geometry and in topology to determine

when a map f : Σ1 → Σ2 between manifolds can be homotopically deformed

to a constant one. If each Σi has a Riemannian structure gi, the curvature of

these spaces may give an answer. This is particularly more complex if both

Σi are compact. For Σi noncompact, by a famous result due to Gromov,8

Σi admits a Riemannian metric of negative sectional curvature and also

one of positive sectional curvature. In each of these cases, if Σi is complete

and simply connected, then Σi is diffeomorphic to a contractible space,

by the Cartan-Hadmard theorem and by a result of Cheeger and Gromoll,

respectively (see in [4]). Hence, if this is the case for one of the Σi, then f

is obviously homotopically trivial.

A deformation problem of an initial map can be handled using some

geometric evolution equation, obtaining homotopic deformations of a cer-
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tain type and with geometrical and analytical meaning, namely, giving at

infinite time a solution of a certain partial differential equation. We recall

the great discovery of Eells and Sampson,7 a first example of this kind, on

using the heat flow to deform a map to a harmonic one:

Theorem 1.1 (Eells and Sampson (1964)). If Σ1 and Σ2 are closed

and Σ2 has nonpositive sectional curvature then f is homotopic to a har-

monic map f∞. Furthermore, if the Ricci tensor of Σ1 is nonnegative then

f∞ is totally geodesic and if it is positive somewhere, then f∞ is constant.

The last part of this theorem can be seen as a Bernstein-type theorem, and

it was obtained from a Weitzenböck formula for the Laplacian of ‖df∞‖2.
We recall that Bernstein-type theorems are theorems that give conditions

that ensures that a solution of certain P.D.Es. with geometrical meaning,

must be a “trivial” solution, as for example a totally geodesic or a constant

map.

In this note, a survey of our main results in [10–12], we will show how to

use the mean curvature flow and a Bernstein-Calabi type result for spacelike

graphs to obtain a deformation of a map between Riemannian manifolds to

a totally geodesic or a constant one.

The Bernstein-Calabi result is obtained by computing the Laplacian of

a positive geometric quantity, the hyperbolic cosine of the hyperbolic angle

of a spacelike graph, and analyzing the sign of this Laplacian, based on an

idea of Chern5 on computing a similar quantity in the Riemannian case.

Furthermore, we also will show that under somehow more general curva-

ture conditions as in the above theorem, we can obtain a direct proof of the

homotopy to a constant map, with no need to use a Bernstein-type result.

This approach was started by Wang14 for the graph Γf of the map f , consid-

ered as a submanifold of the Riemannian product Σ1 ×Σ2 of closed spaces

with constant sectional curvature, and take its mean curvature flow and

show that under certain conditions the flow preserves the graphic structure

of the submanifold and converges to the graph of a constant map. The main

difference with our approach is that we consider the pseudo-Riemannian

structure on Σ1 × Σ2 instead the Riemannian one. Our assumption on Γf
to be a spacelike submanifold is essentially identical to the assumptions on

the eigenvalues of f∗g2 imposed in [13,14] in the corresponding Riemann-

ian setting. Our advantage is that the pseudo-Riemannian setting turns

out to be a more natural one, since it allows less restrictive assumptions on

the curvature tensors (and that include the case of any negative sectional

curvature for Σ2) and on the map f itself after a suitable rescaling of the
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metric of Σ2, and long time existence and convergence of the flow are easier

obtained. In [14] it is necessary to use a White’s regularity theorem, based

on a monocity formula due to Huisken, to detect possible singularities of

the mean curvature flow, while in the pseudo-Riemannian case, because of

good signature in the evolution equations, we have better regularity. This

will become clear in equations (1), (3) and (4) below.

Let (Σ1, g1) and (Σ2, g2) be Riemannian manifolds of dimension m ≥ 2

and n ≥ 1 respectively, and of sectional curvatures Ki and Ricci tensors

Riccii. On M = Σ1 × Σ2 we consider the pseudo-Riemannian metric g =

g1 − g2. We assume Σ1 oriented. Given a map f , we assume the graph,

Γf : Σ1 → M , Γf (p) = (p, f(p)), is a spacelike submanifold that is, g :=

Γ∗
f ḡ = g1 − f∗g2 is a Riemannian metric on Σ1. Thus, the eigenvalues of

f∗g2, at p ∈ M , λ2
1 ≥ . . . ≥ λ2

m ≥ 0, are bounded from above by 1− δ(p),
where 0 < δ(p) ≤ 1 is a constant depending on p. The hyperbolic angle θ of

Γf is given by one of the equivalent definitions:

cosh θ =
1√

Πi(1− λ2
i )

= V olΣ1(π1(e1), . . . , π1(em)) =
V ol(Σ1,g1)

V ol(Σ1,g)

where π1 : M → Σ1 is the projection and ei is a direct o.n. basis of TΓf ,

and V ol(Σ1,g) is the volume element of (Σ1, g). Then cosh θ ≡ 1 iff f is

constant, that is Γf is a slice.

2. Bernstein-Calabi and Heinz-Chern type results

The classic Bernstein theorem says that an entire minimal graph in R3 is

a plane. This result was generalized to codimension one graphs in Rm+1

for m ≤ 7, and for higher dimensions and codimensions under additional

conditions by many other authors. Calabi2 considered the same problem

for the maximal (the mean curvature H = 0) spacelike hypersurfaces M in

the Lorentz-Minkowski space Rm+1
1 with the metric ds2 =

∑m
i=1(dxi)

2 −
(dxm+1)

2. If M is given by the graph of a function f on Rm with |Df | < 1,

the equation H = 0 has the form

m∑

i=1

∂

∂xi

(
∂f/∂xi√
1− |Df |2

)
= 0.

Calabi showed that for m ≤ 4, the graph of any entire solution to the above

equation is a hyperplane. The same conclusion was established by Cheng

and Yau3 for any m. A further generalization of this problem to Rm+n
n has

been obtained by some authors (see for instance in [9]).
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Another natural generalization is to consider maximal spacelike graphic

submanifolds in a non flat ambient space and in higher codimension. We

consider a spacelike graph Γf , for a map f : Σ1 → Σ2.

We can take ai an orthonormal basis of TpΣ1 and eα of Tf(p)Σ2, 1 ≤
i ≤ m, m+ 1 ≤ α ≤ m+ n, such that df(ai) = −λiam+i (λi = 0 if i > n).

Then ei = (1−λ2
i )

−1/2(ai+λiam+i) and em+i = (1−λ2
i )

−1/2(am+i+λiai),

eα = aα if α > 2m, define o.n.bs. of T(p,f(p))Γf , and of the normal bundle

at (p, f(p)) respectively. Assuming Γf has parallel mean curvature, in this

basis we have

∆ cosh θ = cosh θ{||B||2 + 2
∑

k

∑

i<j

λiλjh
m+i
ik hm+j

jk

−2
∑

k

∑

i<j

λiλjh
m+j
ik hm+i

jk (1)

+
∑

i

( λ2
i

(1−λ2
i )
Ricci1(ai, ai)+

∑

j 6=i

λ2
iλ

2
j

(1−λ2
i )(1−λ2

j )
[K1(Pij)−K2(P

′
ij)])}

where Pij = span{ai, aj} and P ′
ij = span{am+i, am+j}. Here hαij are the

components of the second fundamental form B of Γf in the basis ei, eα.

Theorem 2.1 ([10,12]). Let M = Γf be a spacelike graph submanifold

of M with parallel mean curvature vector. We assume for each p ∈ Σ1,

Ricci1(p) ≥ 0 and for any two-dimensional planes P ⊂ TpΣ1, P
′ ⊂ Tf(p)Σ2,

K1(P ) ≥ K2(P
′). We have:

(i) If n = 1 and cosh θ ≤ o(r) when r → +∞, where r is the distance

function to a point p ∈ (Σ1, g1), and Σ1 is complete, then M is maximal.

(ii) If M is compact, then it is totally geodesic. Moreover, if Ricci1(p) > 0

at some point, then M is a slice, that is f is constant;

(iii) If M is complete, noncompact, and K1, K2 and cosh θ are bounded,

then M is maximal.

(iv) If M is a complete maximal spacelike surface, then M is totally

geodesic. Moreover, (a) if K1(p) > 0 at some point p ∈ M , then M is

a slice; (b) If Σ1 = R2 and Σ2 = Rn, then M is a plane; (c) if Σ1 is flat

and K2 < 0 at some point f(p), then either M is a slice or the image of f

is a geodesic of Σ2.

We obtain (i) by applying a Heinz-Chern inequality derived in [12], for the

absolute norm of H ,

m‖H‖ ≤ sup
Br(p)

cosh θ h(Br(p)),
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where h(Br(p)) = infD Vm−1(∂D)/Vm(D), is the Cheeger constant of the

open geodesic ball of center p and radius r, where D runs all over the

bounded domains of the ball with smooth boundary ∂D. Since Ricci1 ≥ 0,

h(Br(p)) ≤ C/r, when r → +∞, where C > 0 is a constant. For Σ1 the

m-hyperbolic space (with non-zero Cheeger constant), we give examples in

[12] of foliations of Hm × R by complete spacelike graphic hypersurfaces

with bounded hyperbolic angle and with constant mean curvature any real

c, the same for all leaves, or parameterized by the leaf.

The proof of (ii) and (iii) consists on showing that, under the curvature

conditions, one has ∆ ln cosh θ ≥ δ‖B‖2, where δ > 0 is a constant that does

not depend on p and in (iii) showing that the Ricci tensor of M is bounded

from below, and applying the Omori-Cheng-Yau maximum principle for

noncompact manifolds. (i) and (iii) are obtained by different approaches.

If M is a maximal Riemannian surface, (iv) gives a generalization of the

Bernstein type theorem of Albujer-Aĺıas1 for maximal graphic spacelike

surfaces in a Lorentzian three manifold Σ1 × R to higer codimension. As

in [1,5] the proof is based on a parabolicity argument for surfaces with

nonnegative Gauss curvature. In fact, in this case, we have that ∆( 1
cosh θ) ≤

0 and the Gauss curvature of M satisfies

KM = 1
(1−λ2

1)(1−λ2
2)

[K1 − λ2
1λ

2
2K2(a3, a4)] +

∑

α

[(hα11)
2 + (hα12)

2] ≥ 0.

The conclusion that B = 0 comes from analyzing the vanishing of the term

involving the components of B in the expression of ∆(1/ cosh θ). Our proof

for (iv)(b), gives a simpler proof of the same result of Jost and Xin9 for de

case of surfaces, but using their result that any entire maximal graph in

Rm+n
n is complete.

We also derive in [11] a Simons’ type identity for the absolute norm of

the second fundamental form ‖B‖2 of a spacelike submanifold M of any

pseudo-Riemannian manifold M ,

∆||B||2=2||∇B||2+
∑
ijα2hαijH

α
,ij−

∑
ijα2hαij [

∑
k(∇̄jR̄)αkik+

∑
k(∇̄kR̄)αijk ]

+
∑
ijαβ2{∑k(4R̄

α
βkih

β
kjh

α
ij − R̄αkβkhαijhβij) + R̄αiβjH

βhαij}
+
∑
ijklα4(R̄lijkh

α
ijh

α
kl + R̄lkikh

α
ljh

α
ij)−

∑
ijkαβ2hαijh

α
jkh

β
kiH

β

+2
∑
ijαβ(

∑
k(h

α
ikh

β
jk − h

β
ikh

α
jk))

2
+ 2

∑
αβ(

∑
ijh

α
ijh

β
ij)

2 .

3. The mean curvature flow

The mean curvature flow of an immersion F0 : M → M is a family of

immersions Ft : M → M defined in a maximal interval t ∈ [0, T ) evolving
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according to
{

d
dtF (x, t) = H(x, t) = ∆gtFt(x)

F (·, 0) = F0
(2)

whereHt is the mean curvature ofMt = Ft(M) = (M, gt = F ∗
t ḡ). The mean

curvature flow of hypersurfaces in a Riemannian manifold has been exten-

sively studied. Recently, mean curvature flow of submanifolds with higher

co-dimensions has been paid more attention. In [14], the graph mean cur-

vature flow is studied in Riemannian product manifolds, and it is proved

long-time existence and convergence of the flow under suitable conditions.

When M is a pseudo-Riemannian manifold, it is considered the mean cur-

vature flow of spacelike submanifolds. This flow for spacelike hypersurfaces

has also been largely studied, but very little is known on mean curvature

flow in higher codimensions except in a flat space Rn+m
n [15]. In [11] we

consider (2) with M any pseudo-Riemannian manifold and F0 any space-

like submanifold, and we derive the evolution of the following quantities at

a given point (x, t) with respect to an o.n. frame eα of the normal bundle

of Mt and a coordinate chart xi of M , normal at x relatively to the metric

gt,

d
dtgij = 2Hαhαij

d
dtV olMt = ‖H‖2V olMt

d
dt ||B||2 = ∆||B||2 − 2||∇B||2 +

∑
ijα2hαij(

∑
k(∇̄jR̄)αkik + (∇̄kR̄)αijk)

−∑ijkαβ2(4R̄αβkih
β
kjh

α
ij − R̄αkβkhαijhβij)

+
∑
ijklα4(R̄lijkh

α
ijh

α
kl + R̄lkikh

α
ljh

α
ij)

−2
∑
ijαβ(

∑
k(h

α
ikh

β
jk − h

β
ikh

α
jk))

2
− 2

∑
α,β(

∑
ijh

α
ijh

β
ij)

2.

In this section we assume (Σ1, g1) closed and (Σ2, g2) complete, and the

curvature tensor R2 of Σ2 and all its covariant derivatives are bounded. We

consider the mean curvature flow on the pseudo-Riemannian manifold M =

Σ1×Σ2, when the initial immersed submanifold F0 = Γf : M = Σ1 →M is

a spacelike graph submanifold. Furthermore, we assume, as in Theorem 2,

Ricci1(p) ≥ 0, and K1(p) ≥ K2(q) ∀p ∈ Σ1, q ∈ Σ2.

This means that either K1(p) ≥ K+
2 (q) = max{K2(q), 0}, or Ricci1(p) ≥ 0

and K1(p)(P ) < 0 for some two-plane P and K1(p) ≥ K2(q) with

K2(q) < 0, ∀p, q.
We recall the mais steps of [11].
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For t > 0 sufficiently small, Ft is near F0 and so it is a spacelike graph

with λ2
i (t) ≤ 1− δ(t). We derive the evolution of the hyperbolic angle

d

dt
ln(cosh θ) = ∆ ln(cosh θ)

−{||B||2−∑
k,i

λ2
i (h

m+i
ik )2−2

∑

k,i<j

λiλjh
m+j
ik hm+i

jk

︸ ︷︷ ︸
≥δ(t)‖B‖2

} (3)

−
∑

i

λ2
i(

1

(1−λ2
i )
Ricci1(ei, ei)︸ ︷︷ ︸

≥0

+
∑

i6=j

λ2
j

(1−λ2
i )(1−λ2

j)
[K1(Pij)−K2(P

′
ij)]︸ ︷︷ ︸

≥0

).

Therefore, d
dt ln(cosh θ) ≤ ∆ ln(cosh θ) − δ(t)‖B‖2 ≤ ∆ ln(cosh θ), and by

the maximum principle for parabolic equations, maxΣ1 cosh θt is a non-

decreasing function on t, and in particular Ft remains a spacelike graph

Ft = Γft for a smooth map ft : Σ1 → M . On what follows, ci denotes

positive constants. We may take a uniform bound δ = δ(0), such that

λ2
i (t) ≤ 1−δ for all t as long as the flow exists. Consequently gt = g1−f∗

t g2
are uniformly equivalent metrics on Σ1 and V olMt are uniformly bounded,

and from the above evolution equations V olMt = e
∫ t
0
‖Hs‖2dsV olM0 , what

implies
∫ T
0

supΣ1
‖Ht‖2dt < c0. From the evolution equations one gets

d

dt
||B||2 ≤∆||B||2+c1||B||+c2||B||2−

2

n
||B||4 ≤∆||B||2− 1

n
||B||4+c3. (4)

This is the point where regularity theory is better in the pseudo-Riemannian

setting than the Riemannian one (note the negative coefficient of the high-

est power of ‖B‖, that holds in the pseudo-Riemannian case and not in

the Riemannian case). From the above inequality we may use a result of

Ecker and Huisken6 to conclude that ‖B‖2 is uniformly bounded. From

this inequality we may apply an interpolation formula due to Hamilton and

applying parabolic maximum principles we conclude ‖∇kB‖2 is uniformly

bounded forall k.

For each t, it is defined on M a Riemannian metric ĝt = ḡ|TpMt
−

ḡ|
TpM⊥

t

that makes ei, eα an orthonormal basis. These metrics are uniformly

equivalent to the natural Riemannian metric ḡ+ = g1 + g2 of M = Σ1 ×
Σ2, for we have some positive constants c(δ) and c′(δ), depending only

on δ, such that c(δ)ḡ+ ≤ ĝ ≤ c′(δ)ḡ+ holds. We observe that the Levi-

Civita connections of (M, ḡ+) and of (M, ḡ) are the same and ‖∇̄B‖2ĝ ≤
c22‖B‖4 + ‖∇B‖2. By induction on k we see that ∇̄kB are ĝ and so ḡ+-

uniformly bounded for all k ≥ 0, that is all derivatives of B in M are
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also bounded for the Riemannian structure. Then we can apply Schauder

theory, by embedding isometrically (Σi, gi) into an Euclidean space RNi .

The spaces Ck+σ(Σ1,M), k ∈ N, 0 ≤ σ < 1 are Banach manifolds and can

be seen as closed subsets of the Banach space Ck+σ(Σ1,R
N1+N2) with the

Hölder norms. Equation (2) in local coordinates is of the form

∑

ij

aij
∂2F a

∂xi∂xj
−
∑

k

bk
∂F a

∂xk
= Ḡ(x, t)a +

dF a

dt

where aij = gij , bk = gijΓkij , Ḡ(x, t)a = (Γ̄abc ◦ Ft)∂F
b

∂xi

∂F c

∂xj
. From the uni-

form bounds of ∇̄kB and of ∇̄kH we have that the coefficients aij , bj are

Ck−1+σ(Σ1)- uniformly bounded, and if Ft lies on a compact set of M then

‖F (·, t)‖C1+σ(Σ1,M) ≤ c−1, ‖F (·, t)‖C2+k+σ(Σ1,M) ≤ ck, k ≥ 0

for some positive constants ci that do not depend on t. Standard use of

Ascoli-Arzela’s theorem to Ft leads to the conclusion that T = +∞ (by

assuming T < +∞ one has Ft = F0 +
∫ t
0 H lies in a compact set and gets

an extension of the maximal solution Ft to t = T , what is a contradiction).

We also note that the assumption of R2 and its derivatives to be bounded

is necessary to guarantee the existence of a maximal solution of the flow,

as well the trick of DeTurck can also be applied in the pseudo-Riemannian

case like in the Riemannian case, to reparametrize Ft in a suitable way to

convert the above system in one of strictly parabolic equations (see [16] p.

17). This is necessary since the coefficients bk also depend on the second

derivatives of Ft, and so it can give a degenerated system.

Theorem 3.1 ([11]). The mean curvature flow of the spacelike graph of

f remains a spacelike graph of a map ft : Σ1 → Σ2 and exists for all time

t ≥ 0.

Since
∫ +∞
0 supΣ1

‖Ht‖2dt ≤ c12, then ∃tN → +∞ such that HtN → 0.

Assuming ft lies in a compact set of Σ2 we obtain a subsequence Ftn that

C∞-converges at infinity to a map F∞ ∈ C∞(Σ1,M), necessarily a space-

like graph of a map f∞ ∈ C∞(Σ1,Σ2), and maximal, for H∞ = 0. From

Bernstein theorem 2, we conclude

Theorem 3.2 ([11]). If Σ2 is also compact there is a sequence tn → +∞
such that the sequence Γftn

of the flow converges at infinity to a spacelike

graph Γf∞ of a totally geodesic map f∞, and if Ricci1(p) > 0 at some point

p ∈ Σ1, the sequence converges to a slice.
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Finally we consider the case Ricci1 > 0 everywhere. In this case we will see

that we can droop the compactness assumption of Σ2. From (3)

d

dt
ln(cosh θ) ≤ ∆ ln(cosh θ)− c15

∑
iλ

2
i ,

what implies d
dt ln(cosh θ) ≤ ∆ ln(cosh θ)− c15(1− 1

cosh2 θ
), and conse-

quently,
{

1 ≤ maxΣ1 cosh θ ≤ 1 + c16e
−2c15t

λ2
i (p, t) ≤ c16e

−2c15t

(1+c16e−2c15t)
≤ c16e

−2c15t =: (1− δ(t))
(5)

that is, we have for each t a constant δ(t) explicitly defined, and that

approaches one in an exponentially decreasing way, and

d

dt
cosh θ ≤ ∆ cosh θ − δ(t) cosh θ||B||2.

Setting p(t) = 1√
nc16

ec15t and ψ = e
1
2 c15t coshp(t) θ‖B‖2, we have

d

dt
ψ ≤ ∆ψ − 2 cosh−p θ∇ coshp θ∇ψ − c17

{
e

1
2 c15tψ2 − e 1

4 c15tψ
1
2 − ψ

}
.

In [11] we show this implies ‖B‖ ≤ c18e−τt, where τ is a positive constant.

Since Ft = F0 +
∫ t
0 H and the mean curvature is exponentially decreasing

we can conclude that Ft(p) lies on a compact region of M , and for any

sequence tN → +∞ we obtain a subsequence tn such that Ftn converges

uniformly to a spacelike graph of a map f∞. By (5) this map must be

constant. Furthermore, in this case the limit is the same, for any sequence

tN → +∞ we take. This gives the next theorem, obtained with no need of

using Bernstein results:

Theorem 3.3 ([11]). If Ricci1 > 0 everywhere and K1 ≥ K2, Σ2 not

necessarily compact, all the flow converges to a unique slice.

4. Homotopy to a constant map

We will give some applications of theorem 5. We assume in this section

Σ1 is closed and Σ2 is complete with R2 bounded and its derivatives. We

also assume either K1 > 0 everywhere, or Ricci1 > 0 and K2 ≤ −c < 0

everywhere.

Given a constant ρ > 0 we consider a new metric g1−g′2 onM = Σ1×Σ2

where g′2 = ρ−1g2. Now if f : Σ1 → Σ2 satisfies f∗g2 < ρg1, means Γf is

a timelike submanifold w.r.t. g1 − g′2. Then the curvature conditions in

theorem 5 demands K1 ≥ ρK2, that can be translated in the following
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Theorem 4.1 ([11]). There exist a constant 0 ≤ ρ ≤ +∞, such that any

map f : Σ1 → Σ2 satisfying f∗g2 < ρg1 is homotopically trivial. If K1 > 0

everywhere we may take ρ ≤ minΣ1 K1/supK2
K+

2 . For K2 ≤ −c every-

where, we may take ρ = +∞.

Note that, for Ricci > 0, K2 ≤ −c < 0 everywhere, then ρ ≥
maxΣ1 K

−
1 /infΣ2 −K2, where K− = max{−K, 0}. This means we may

take ρ = +∞ if K2 ≤ −c as in case supK2
K+

2 = 0 and K1 > 0. This

is the case n = 1. The homotopy is given by the flow, namely, since

Ft(p) = (φt(p), ft(φt(p))), where φt : Σ1 → Σ1 is a diffeomorphism with

φ0 = idΣ1 , then K(t, p) = ft(φt(p)) is the homotopy. This gives a new proof

of the classic Cartan-Hadmard theorem:

Corollary 4.1. If K2 ≤ 0, m ≥ 2, any map f : Sm → Σ2 is homotopically

trivial.

The condition given in [14], det(g1 + f∗g2) < 2 implies
∑

i λ
2
i + 1 ≤∏i(1 +

λ2
i ) < 2 and so Γf is a spacelike submanifold. The next theorem, obtained in

the Riemannian context, can be seen as a reformulated corollary of theorem

5:

Theorem 4.2 ([13,14]). Assume both Σi are closed and with constant sec-

tional curvature Ki and satisfying K1 ≥ |K2|, K1 +K2 > 0.

(1) If det(g1 + f∗g2) < 2, then Γf can be deformed by a family of graphs to

the one of a constant map.

(2) If f is an area decreasing map, that is λ1λj < 1 for i 6= j, then it is

homotopically trivial.

The area decreasing condition is a slightly more general condition than

spacelike graph for n ≥ 2. In case n = 1 any map is area decreasing, but

it is included in the case K2 ≤ 0. We note that in the previous theorem it

is used the Riemannian structure, and in this setting K2 cannot be given

arbitrarily negative, a somehow artificial condition, that can be dropped if

one uses the pseudo-Riemannian structure of the product.
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1. Introduction

Many questions in Riemannian geometry involve constructing geometric

realizations of algebraic objects where the objects in question are invariant

under the action of the structure group G. We present several examples

to illustrate this point. We first review previously known results. Section

1.1 deals with Riemannian algebraic curvature tensors, Section 1.2 deals

with Osserman tensors, and Section 1.3 deals with generalized algebraic

curvature operators.
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In Section 1.4 we present the new results of this paper that deal with

a mixture of affine and Riemannian geometry; this mixture has not been

considered previously. The results in the real analytic context can perhaps

be considered as extensions of previous results in affine geometry; the results

in the Cs context are genuinely new and require additional estimates. We

refer to Section 1.4 for further details. To simplify the discussion, we shall

assume that the underlying dimension m is at least 3 as the 2-dimensional

case is a bit exceptional. We adopt the Einstein convention and sum over

repeated indices henceforth.

1.1. Realizing Riemannian algebraic curvature tensors

Let V be an m-dimensional real vector space and let r(V ) ⊂ ⊗4V ∗ be the

set of all Riemannian algebraic curvature tensors; A ∈ r(V ) if and only if A

has the symmetries of the Riemannian curvature tensor of the Levi-Civita

connection:

A(x, y, z, w) = −A(y, x, z, w), A(x, y, z, w) = A(z, w, x, y),

A(x, y, z, w) +A(y, z, x, w) +A(z, x, y, w) = 0 .
(1)

Let A ∈ r(V ) and let 〈·, ·〉 be a non-degenerate symmetric bilinear form on

V of signature (p, q). The triple M := (V, 〈·, ·〉, A) is said to be a pseudo-

Riemannian algebraic curvature model; let Ξ(V ) be the set of such models.

Let M := (M, g) be a pseudo-Riemannian manifold. Let ∇g be the

associated Levi-Civita connection and let RgP ∈ ⊗4T ∗
PM be the curvature

tensor at a point P of M . Since RgP satisfies the symmetries of Equation

(1), MP (M) := (TPM, gP , R
g
P ) ∈ Ξ(TPM).

The following result shows every M ∈ Ξ(V ) is geometrically realizable;

in particular, the symmetries of Equation (1) generate the universal sym-

metries of the curvature tensor of the Levi-Civita connection.

Theorem 1.1. Let M ∈ Ξ(V ). There exists a pseudo-Riemannian mani-

fold M, a point P ∈ M , and an isomorphism φ from TPM to V so that

MP (M) = φ∗M.

1.2. Osserman geometry

The relevant structure group which arises in this context is the orthogonal

group O(V, 〈·, ·〉); one can ask geometric realization questions concerning

any O(V, 〈·, ·〉) invariant subset of r(V ). If M = (V, 〈·, ·〉, A) ∈ Ξ(V ), the

Jacobi operator JM ∈ End(V )⊗ V ∗ is characterized by the relation:

〈JM(x)y, z〉 = A(y, x, x, z) .
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If p > 0, then M is said to be timelike Osserman if the spectrum of JM

is constant on the pseudo-sphere of unit timelike vectors in V . The notion

spacelike Osserman is defined similarly if q > 0. If p > 0 and if q > 0,

work of N. Blažić et al.1 and of Garćıa-Rı́o et al.2 shows these two notions

are equivalent and thus we shall simply say M is Osserman in this con-

text. As this definition is invariant under the action of the structure group

O(V, 〈·, ·〉), it extends to the geometric setting. Thus a pseudo-Riemannian

manifoldM will be said to be Osserman provided that the associated model

MP (M) is Osserman for every P ∈M .

Work of Chi3 shows there are 4-dimensional Osserman Riemannian alge-

braic curvature tensors which are not geometrically realizable by Osserman

manifolds. The field is a vast one and we refer to Nikolayevsky4 for further

details in the Riemannian setting and to Garćıa-Rı́o et al.5 for a discussion

in the pseudo-Riemannian setting; it is possible to construct many examples

of Osserman tensors in the algebraic context which have no corresponding

geometrical analogues.

1.3. Affine geometry

Let ∇ be a torsion free connection onM . The associated curvature operator

R ∈ T ∗M ⊗ T ∗M ⊗ End(TM) is a (3, 1) tensor which has the symmetries

R(x, y)z = −R(y, x)z, R(x, y)z +R(y, z)x+R(z, x)y = 0 . (2)

As we are in the affine setting, there is no analogue of the additional cur-

vature symmetry A(x, y, z, w) = A(z, w, x, y) which appears in the pseudo-

Riemannian setting. In the algebraic context, let A(V ) ⊂ V ∗⊗V ∗⊗End(V )

be the set of (3, 1) tensors satisfying the relations of Equation (2). An ele-

ment A ∈ A(V ) is said to be a generalized algebraic curvature operator.

If ∇ is a torsion free connection and if P ∈ M , then R∇
P ∈ A(TPM).

The following geometric realizability result is closely related to Theorem

1.1. It shows that any universal symmetry of the curvature tensor of an

affine connection is generated by the summetries of Equation (2).

Theorem 1.2. Let A ∈ A(V ). There exists a torsion free connection ∇ on

a smooth manifold M , a point P ∈ M , and an isomorphism φ from TPM

to V so that R∇
P = φ∗A.

We contract indices to define the Ricci tensor ρ(A) ∈ V ∗⊗V ∗ by setting

ρ(A)(x, y) := Trace{z → A(z, x)y} .
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The decomposition V ∗⊗V ∗ = Λ2(V ∗)⊕S2(V ∗) sets ρ(A) = ρa(A)+ρs(A)

where ρa(A) and ρs(A) are the antisymmetric and symmetric Ricci tensors.

The natural structure group for A(V ) is the general linear group GL(V ).

The Ricci tensor defines a GL(V ) equivariant short exact sequence

0→ ker(ρ)→ A(V )→ V ∗ ⊗ V ∗ → 0 .

Strichartz6 showed this short exact sequence is GL(V ) equivariantly split

and gives a GL(V ) equivariant decomposition

A(V ) = ker(ρ)⊕ Λ2(V ∗)⊕ S2(V ∗)

into irreducible GL(V ) modules. The Weyl projective curvature operator

P(A) is the projection of A on ker(ρ); A is said to be projectively flat if

P(A) = 0, A is said to be Ricci symmetric if ρa(A) = 0, and A is said to

be Ricci antisymmetric if ρs(A) = 0. These notions for a connection are

defined similarly. There are 8 natural geometric realization questions which

arise in this context and whose realizability7 may be summarized in the

following table – the possibly non-zero components being indicated by ?:

ker(ρ) S2(V ∗) Λ2(V ∗) ker(ρ) S2(V ∗) Λ2(V ∗)

? ? ? yes 0 ? ? yes

? ? 0 yes 0 ? 0 yes

? 0 ? yes 0 0 ? no

? 0 0 yes 0 0 0 yes

Thus, for example, if A is projectively flat and Ricci symmetric, then A
can be geometrically realized by a projectively flat Ricci symmetric torsion

free connection. But if A 6= 0 is projectively flat and Ricci antisymmet-

ric, then A can not be geometrically realized by a projectively flat Ricci

antisymmetric torsion free connection.

1.4. Torsion free connections and Riemannian geometry

We now combine the settings of Sections 1.1 and 1.3. Let 〈·, ·〉 be a non-

degenerate symmetric inner product on V of signature (p, q). Fix a basis

{ei} for V and let gij := 〈ei, ej〉 give the components of 〈·, ·〉. Let gij be

the inverse matrix. If A ∈ A(V ), expand A(ei, ej)ek = Aijk`e`. The scalar

curvature τ and trace free Ricci tensor are then given, respectively, by

τ(A, 〈·, ·〉) := gijAkij k, ρ0(A, 〈·, ·〉) := ρs(A)− τ(A,〈·,·〉)
m 〈·, ·〉 .

Let S2
0(V ∗, 〈·, ·〉) be the space of trace free symmetric bilinear forms. One

has an O(V, 〈·, ·〉) invariant decomposition of V ∗ ⊗ V ∗ into irreducible
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O(V, 〈·, ·〉) modules

V ∗ ⊗ V ∗ = Λ2(V ∗)⊕ S2
0(V ∗, 〈·, ·〉)⊕ R .

This decomposition leads to 8 geometric realization questions which are

natural with respect to the structure group O(V, 〈·, ·〉) and which can all be

solved either in the real analytic category or in the Cs category of s-times

differentiability for any s ≥ 1. The following is the main result of this paper;

as our considerations are local, we take M = V and P = 0.

Theorem 1.3. Let g be a Cs (resp. real analytic) pseudo-Riemannian met-

ric on V . Let A ∈ A(V ). There exists a torsion free Cs (resp. real analytic)

connection ∇ defined on a neighborhood of 0 in V such that:

(a) R∇
0 = A.

(b) ∇ has constant scalar curvature.

(c) If A is Ricci symmetric, then ∇ is Ricci symmetric.

(d) If A is Ricci antisymmetric, then ∇ is Ricci antisymmetric.

(e) If A is Ricci traceless, then ∇ is Ricci traceless.

The subspace ker(ρ) ⊂ A(V ) is not an irreducible O(V, 〈·, ·〉) module

but decomposes as the direct sum of 5 additional irreducible factors – see

Bokan.8 This decomposition will play no role in our further discussion and

studying the additional realization questions which arise from this decom-

position is a topic for future investigation.

2. The proof of Theorem 1.3

We assume s ≥ 1 and m ≥ 3 henceforth; fix A ∈ A(V ). We introduce

the following notational conventions. Choose a basis {ei} for V to identify

M = V = Rm and let {x1, ..., xm} be the associated coordinates.

For δ > 0, let Bδ := {x ∈ Rm : |x| < δ} where |x| is the usual Euclidean

norm on Rm. Let Csδ be the set of functions on Bδ which are s-times dif-

ferentiable. Let α = (α1, ..., αm) be a multi-index. Set

∂i := ∂
∂xi

, ∂αx := (∂1)
α1 ...(∂m)αm , |α| = α1 + ...+ αm .

If Z is a real vector space, let Csδ (Z) be the set of Cs functions on Bδ with

values in Z. Fix a basis {fσ} for Z and expand P ∈ Csδ (Z) as P = P σfσ for

P σ ∈ Csδ . Let ν ∈ R. Set

|P | := sup
σ
|P σ| ∈ C0

δ and ||P ||δ,ν,−1 := 0 .
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For 0 ≤ r ≤ s, define ||P ||δ,ν,r ∈ [0,∞] by setting

||P ||δ,ν,r := sup
|α|=r, |x|<δ

|∂αxP (x)| · |x|−ν .

Thus ||P ||δ,ν,r ≤ C implies |∂αxP (x)| ≤ C|x|ν for |α| = r and |x| < δ. Let

G := S2((Rm)∗)⊗ Rm, S := S2((Rm)∗), and A := A(Rm) .

We use the basis {ei} and the coordinate frame {∂i} to determine the com-

ponents of tensors of all types; if computing relative to some orthonormal

frame {Ei}, we shall make this explicit. Thus, for example, if S ∈ S, then

Sij = S(ei, ej) while if S ∈ Csδ (S), then Sij := S(∂xi , ∂xj ). If Γ, E ∈ Csδ (G),

define L(Γ) ∈ Cs−1(A) and Γ ? E ∈ Csδ (A) by setting

L(Γ)ijk
l := ∂iΓjk

l − ∂jΓikl,
(Γ ? E)ijk` := Ein`Γjkn + Γin

`Ejkn − Ejn`Γikn − Γjn
`Eikn .

(3)

If Γ ∈ Csδ (G), let ∇(Γ) be the Cs torsion free connection on Bδ with

Christoffel symbol Γ. One has:

R∇(Γ) = L(Γ) + 1
2Γ ? Γ,

ρ(Γ ? Γ)jk = 2Γ`n
`Γjk

n − 2Γjn
`Γ`k

n = ρ(Γ ? Γ)kj ,

ρa(R∇(Γ))jk = ρa(L(Γ))jk = 1
2

{
∂kΓji

i − ∂jΓkii
}
.

(4)

One says that Γ is normalized if

(1) Γ(0) = 0 and R∇(Γ) = A+O(|x|2).
(2) ρs(R∇(Γ)) is Cs.

(3) ρa(R∇(Γ))(∂i, ∂j) = ρa(A)(ei, ej) on Bδ .

We remark that Assertion (2) is non-trivial as R∇(Γ) need only be Cs−1.

This is a technical condition used subsequently to avoid loss of smoothness.

Theorem 1.2 follows from the following observation which forms the

starting point in our proof of Theorem 1.3:

Lemma 2.1. If Γuv
l := 1

3 (Awuvl +Awvul)xw, then Γ is normalized.

Proof. Since Γ(0) = 0, one has:

R∇(Γ)
0 (∂i, ∂j)∂k =

{
∂iΓjk

l(0)− ∂jΓikl(0)
}
∂`

= 1
3

{
Aijk l +Aikj l −Ajikl −Ajkil

}
∂`

= 1
3

{
Aijk l −Akij l +Aijkl −Ajkil

}
∂` = Aijk l∂` .

By Equation (4), ρa(R∇(Γ))ij = ρa(L(Γ))ij = ρa(R∇(Γ)
0 )ij = ρa(A)ij .
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We continue our analysis with the following basic solvability result:

Lemma 2.2. If Θ ∈ Csδ (S), then there exists E ∈ Csδ (G) so ρ(L(E)) = Θ,

so Eij j = 0, and so ||E||δ,ν+1,r ≤ ||Θ||δ,ν,r + r||Θ||δ,ν+1,r−1.

Proof. By assumption, m ≥ 3. For each pair of indices {i, j}, not neces-

sarily distinct, choose k = k(i, j) = k(j, i) with k 6= i and k 6= j. Set

Eij ` :=

{∫ xk

0 Θij(x1, ..., xk−1, u, xk+1, ..., xm)du if ` = k,

0 if ` 6= k .

Since k 6= j, Eij j = 0. Consequently Equation (3) yields

ρ(L(E))ij = ∂`Eij ` = Θij .

Expand ∂αx = ∂µk ∂
β
x where β does not involve the index k. Then:

∂αx Eijk =

{∫ xk

0
∂αxΘij(x1, ..., xk−1, u, xk+1, ..., xm)du if µ = 0,

µ∂µ−1
k ∂βxΘij if µ > 0 .

Assume that |∂αxΘij(x)| ≤ C|x|ν for all x ∈ Bδ and all |α| = j. Then

|
∫ xk

0
∂αxΘij(x1, ..., xk−1, u, xk+1, ..., xm)du|

≤ |xk|
∫ 1

0 |∂αxΘij(x1, ..., xk−1, txk, xk+1, ..., xm)|dt
≤ |xk| · C|x|ν ≤ C|x|ν+1 .

The estimates of the Lemma now follow.

Let g be a Cs pseudo-Riemannian metric on Bδ for δ < 1, let {Ei} be a

Cs g-orthonormal frame for the tangent bundle of Bδ , and let ei := Ei(0).

Let Γ ∈ Csδ (G). Define Θ = Θ(Γ) ∈ Csδ (S) by:

Θij := ρs(R∇(Γ))(Ei, Ej)− ρs(A)(ei, ej) . (5)

Use Lemma 2.2 to define E = E(Γ) ∈ Csδ (G) so that ρs(L(E)) = −Θ. We

use Lemma 2.1 to choose an initial Christoffel symbol Γ1 ∈ Csδ (G) which is

normalized. Inductively, set

Θν := Θ(Γν), Eν+1 := E(Γν), Γν+1 := Γν + Eν+1 .

We will set Γ∞ := Γ1 + E2 + ..., we will establish convergence, and we will

show Γ∞ defines a connection with the desired properties. We begin by

using Equation (4) to compute:

Θν+1,ij = ρs(Rν)(Ei, Ej)− ρs(A)(ei, ej) + ρs(L(Eν+1))ij

+ ρs(L(Eν+1))(Ei, Ej)− ρs(L(Eν+1))ij

+ ρs{(Γν + 1
2Eν+1) ? Eν+1}(Ei, Ej) .
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As ρs(L(Eν+1)) = −Θν , the first line vanishes and

Θν+1,ij = −Θν(Ei, Ej) + Θν,ij + ρs{(Γν + 1
2Eν+1) ? Eν+1}(Ei, Ej) . (6)

Choose κ ≥ 1 so we have the following estimates for any x ∈ Bδ:
|S(Ei, Ej)− Sij | ≤ κ|S| · |x|2 ∀ S ∈ C0

δ (S),

|ρs(Γ ? E)(Ei, Ej)| ≤ κ{|Γ| · |E|} ∀ Γ, E ∈ C0
δ (G) .

Lemma 2.3. Adopt the notation established above. Then Γν is normalized

for all ν. Furthermore, there exists δ0 > 0 and there exist constants Cr > 0

for 0 ≤ r ≤ s so for ν = 1, 2, ... we have the estimates:

(a) ||Γν ||δ0,1−r,r ≤ 1
4κCr.

(b) ||Θν ||δ0,2ν−r,r ≤ Cνr .
(c) ||Eν+1||δ0,2ν+1−r,r ≤ Cνr + rCνr−1.

Proof. By assumption Γ1 is normalized. We assume inductively Γν is nor-

malized and show Γν+1 is normalized. As Eν+1,ij
j = 0, Equation (4) yields

ρa(Rν+1)ij = ρa(Rν)ij = ρa(A)ij on Bδ . (7)

Since Θν = ρs(Rν)(Ei, Ej)− ρs(A)ij = O(|x|2), Eν+1 = O(|x|3) and

Rν+1 = Rν +O(|x|2) = A+O(|x|2) .
As Γν is normalized, Θν ∈ Csδ (S). Hence Eν+1 ∈ Csδ (G) and Γν+1 ∈ Csδ (G).

Since ρs(L(Eν+1)) = −Θν is Cs, we may conclude that ρs(Rν+1) is Cs even

though Rν+1 need only be Cs−1. Thus Γν+1 is normalized.

We establish the estimates by induction on r and then on ν; Assertion

(3)ν,r follows from Assertions (2)ν,r and (2)ν,r−1 and from Lemma 2.2.

Suppose first that r = 0; this is, somewhat surprisingly, the most difficult

case. As Γ1 is normalized, R1 = A + O(|x|2). One has Ei(0) = ∂i. Thus

Θ1 = O(|x|2). As Γ1 = O(|x|), by shrinking δ, we may choose C̄0 so

|Γ1|(x) ≤ C̄0|x| and |Θ1|(x) ≤ C̄0|x|2 on Bδ .

Choose C0 and δ0 < δ < 1 so that

C̄0 + 1 < 1
4κC0 < C0, κ+ 1

4C0 + 1
2κ ≤ C0, δ20C0 <

1
2 .

If ν = 1, then Assertions (1) and (2) follow from the choices made. Assume

the Assertions hold for µ ≤ ν where ν ≥ 1. Then

|Γν+1| ≤ |Γ1|+ |E2|+ ...+ |Eν+1| ≤ C̄0|x|+ C0|x|3 + C2
0 |x|5 + ...

≤ C̄0|x|+ |x| C0|x|2
1−C0|x|2 ≤ (C̄0 + 1)|x| ≤ 1

4κC0 .
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We use Equation (6) to complete the induction step for r = 0 by checking

|Θν+1| ≤ κ{|x|2 · |Θν |+ (|Γν |+ |Eν+1|)|Eν+1|}
≤ κ{Cν0 |x|2ν+2 + ( 1

4κC0|x|+ Cν0 |x|2ν+1)Cν0 |x|2ν+1}
≤ Cν0 |x|2ν+2{κ+ 1

4C0 + 1
2κ} ≤ Cν+1

0 |x|2ν+2 .

We now suppose r = 1; we get 1 less power of |x| in the decay estimates.

We choose C̄1 so |∂kΓ1| ≤ C̄1 and |∂kΘ1| ≤ C̄1|x|; the desired estimates

then hold for ν = 1 for C1 sufficiently large. We proceed by induction on

ν. We then have for sufficiently large C1 and small δ0 that:

|∂kΓν+1| ≤ |∂kΓ1|+ |∂kE2|+ ...+ |∂kEν+1|
≤ C̄1 + {C1 + C0}|x|2 + {C2

1 + C2
0}|x|4 + ... ≤ 1

4κC1 .

We differentiate Equation (6) to obtain

∂kΘν+1,ij = −(∂kΘν)(Ei, Ej) + ∂kΘν,ij −Θν(∂kEi, Ej)−Θν(Ei, ∂kEj)

+ρs{(∂kΓν + 1
2∂kEν+1) ? Eν+1 + (Γν + 1

2Eν+1) ? ∂kEν+1}(Ei, Ej)
+ρs{(Γν + 1

2Eν+1) ? Eν+1}{(∂kEi, Ej) + (Ei, ∂kEj)} .

Thus for a suitably chosen constant κ1 = κ1(A, E,Γ1) which is independent

of ν and for suitably chosen C1 > C0, we have

|∂kΘν+1| ≤ κ1{|x|2|∂kΘν |+ |x| · |Θν |+ (|∂kΓν |+ |∂kEν+1|)|Eν+1|
+(|Γν |+ |Eν+1|) · |∂kEν+1|+ (|Γν |+ |Eν+1|) · |Eν+1|}
≤ κ1|x|2ν+1{Cν1 + Cν0 + ( 1

4κC1 + (Cν1 + Cν0 )|x|2ν)Cν0
+( 1

4κC0 + Cν0 |x|2ν)(Cν1 + Cν0 ) + ( 1
4κC0|x|+ Cν0 |x|2ν+1)Cν0 } .

A crucial point is that there are no Cν+1
1 terms present. The desired es-

timate now follows for C1 sufficiently large and δ0 sufficiently small. This

completes the proof of the case r = 1; the higher order derivatives are

estimated similarly.

Since |∂αx Eν+1| ≤ Cνr |x|2ν+1−r, the series E2 +E3 + ... converges geomet-

rically for small x and thus the sequence Γν converges in the Cr topology

to a limit Γ∞. Note that as we have to shrink δ at each stage, we do not

get convergence in the C∞ topology even if the initial metric is smooth.

We use Equation (5) to see that for small x we have:

ρa(R∞(x))ij = lim
ν→∞

ρa(Rν(x))ij = ρa(A)ij . (8)
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This controls the antisymmetric part of the Ricci tensor. To control the

symmetric part of the Ricci tensor, we use the g-orthonormal frame {Ei}.
We compute, using Equation (7), that:

ρs(R∞(x))(Ei, Ej) = limν→∞ ρs(Rν(x))(Ei, Ej)
= limν→∞ Θν,ij(x) + ρs(A)ij = ρs(A)ij .

(9)

The frame {Ei} is g-orthonormal. Thus R∞ has constant scalar curvature.

By Equation (8) if A is Ricci symmetric, then so is R∞. By Equation (9),

if A is Ricci antisymmetric or is Ricci tracefree, so is R∞. This completes

the proof of Theorem 1.3 in the Cs category.

In the real analytic category, we complexify and consider the complex

ball of radius δ in Cm. Since C0 convergence of holomorphic functions gives

convergence in the holomorphic setting, Theorem 1.3 follows in the real

analytic context as well.
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1. Introduction

The group of isometries of any Riemannian two-point-homogeneous space

acts transitively on the unit sphere bundle. This implies that any Riemann-

ian two-point-homogeneous manifold is Osserman, i.e., the eigenvalues of

the Jacobi operator are constant on the unit sphere bundle. Moreover, the

converse was conjectured by Osserman and proved to be true in dimen-

sion different from 16.1–3 Later, the Osserman condition was extended

to the conformal setting by means of the conformal Jacobi operator. Re-

markably, in dimensions greater than 5 and different from 16, both the

Osserman and conformally Osserman conditions are equivalent for Einstein

manifolds. Moreover it has been recently shown that out of those dimen-

sions a Riemannian manifold is conformally Osserman if and only if it is

in the conformal class of an Osserman manifold;4 however, this equivalence
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fails to be true in the higher signature setting.5 We refer to Ref. 4–8 for

basic results on conformally Osserman manifolds.

The aim of this paper is to survey some known relations between ge-

ometric properties such as being Osserman or conformally Osserman and

the algebraic structure of the metric tensor, and extend them to multiply

warped product structures. More specifically, for each of the sections of this

paper, we recall the necessary results on warped products to classify mul-

tiply warped products with the analogous condition. Thus, after reviewing

some basic definitions in Section 2, we impose the conformally Osserman

condition on multiply warped products in Section 3, showing that they

are necessarily locally conformally flat. This motivates the analysis of local

conformal flatness carried out in Section 4 for these structures. Sections 5

and 6 are devoted to multiply warped products which are Osserman and of

constant curvature, respectively. Note that, on the one hand, the Osserman

condition is equivalent to the conformal Osserman and the Einstein condi-

tions,8 and, on the other hand, a manifold has constant sectional curvature

if and only if it is Einstein and locally conformally flat. Therefore, the re-

sults in Sections 5 and 6 can be derived from the corresponding results in

Sections 3 and 4 by imposing the Einstein condition.

Detailed information about the results included in this survey and other

related material can be found in Ref. 9–14.

2. Preliminaries

Let (M, g) be a Riemannian manifold of dimension n ≥ 4 and let R be the

associated Riemann curvature tensor. R decomposes as R = C • g + W ,

where C is the Schouten tensor, W is the Weyl tensor and • denotes de

Kulkarni–Nomizu product. Let

J (X)Y = R(X,Y )X, and JW (X)Y = W (X,Y )X

be the usual Jacobi operator and the conformal Jacobi operator, respec-

tively. (M, g) is said to be pointwise Osserman (respectively, conformally

Osserman) if for every p ∈M the Jacobi operator Jp (respectively, the con-

formal Jacobi operator JW ) has constant eigenvalues on the unit tangent

sphere Sp = {x ∈ TpM : gp(x, x) = 1}, where TpM is the space tangent to

M on p.

Let (B, gB), (F1, g1), . . . , (Fk, gk) be Riemannian manifolds. The prod-

uct manifold M = B × F1 × · · · × Fk equipped with the metric

g = gB ⊕ f2
1 g1 ⊕ · · · ⊕ f2

kgk
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where f1, . . . , fk : B −→ R are positive functions is called a multiply warped

product. B is the base, F1, . . . , Fk are the fibers and f1, . . . , fk are referred to

as the warping functions. In what follows we will denote a multiply warped

product manifold as above byM = B×f1F1×· · ·×fk
Fk. (See Ref. 15, 16 and

the references therein for more information on multiply warped products).

The special case of a multiply warped product with one fiber is referred to

as a warped product.

The possible order of the fibers is irrelevant for our purposes and, in

order to avoid ambiguity, we assume henceforth that warping functions are

nonconstant and fibers with the same warping function, up to a scale factor,

are joined in one fiber.

3. Conformally Osserman multiply warped products

The aim of this section is to classify multiply warped products which are

conformally Osserman. In order to attain that objective, as a first step we

investigate direct products. Then we study the warped product structure, as

the simplest case of a multiply warped product, to later obtain the complete

classification in the general context. We refer to Ref. 9 for detailed proofs

of the following lemmas.

Lemma 3.1. Let (M, g) be a conformally Osserman manifold which de-

composes as a direct product B × F . Then (M, g) is locally conformally

flat.

Given an arbitrary warped product manifold B ×f F with metric

gB ⊕ f2gF one considers the conformal change given by 1/f 2 to see that it

belongs to the conformal class of a direct product metric. Therefore, since

the conformal Osserman condition is invariant under conformal transforma-

tions,8 one gets the following result for warped products as a consequence

of Lemma 3.1.

Lemma 3.2. A warped product B ×f F is conformally Osserman if and

only if it is locally conformally flat.

Remark 3.1. Although this paper deals with positive definite signature,

we digress slightly in this remark to point out that Lemma 3.2 cannot be

extended with full generality to higher signature, see Ref. 9 for details;

however it remains true in dimension 4 for any possible signature.

Theorem 3.1. A multiply warped product B×f1 F1×· · ·×fk
Fk is confor-

mally Osserman if and only if it is locally conformally flat.
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Proof. A multiply warped product B ×f1 F1 × · · · ×fk
Fk can be thought

of as a warped product with base B ×f1 F1 × · · · ×fk−1
Fk−1 and fiber Fk.

Hence Lemma 3.2 directly applies.

4. Locally conformally flat multiply warped products

Motivated by the results in Section 3, it is natural to proceed studying

multiply warped products which are locally conformally flat. As we did in

the previous section, we begin by analyzing the simplest case which is that

of a warped product. See Ref. 10 and 11 for the proofs of the results in this

section.

Theorem 4.1. Let M = B ×f F be a warped product. Then the following

holds:

(i) If dim B = 1, then M = B×f F is locally conformally flat if and only

if (F, gF ) is a space of constant curvature.

(ii) If dim B > 1 and dim F > 1, then M = B×f F is locally conformally

flat if and only if

(ii.a) (F, gF ) is a space of constant curvature cF .

(ii.b) The function f : B → R+ defines a conformal change on B

such that (B, 1
f2 gB) is a space of constant curvature c̃B = −cF .

(iii) If dim F = 1, then M = B×f F is locally conformally flat if and only

if the function f : B → R+ defines a conformal change on B such that

(B, 1
f2 gB) is a space of constant curvature.

Before giving a detailed description of locally conformally flat multiply

warped products, we provide an upper bound on the number of different

fibers.

Theorem 4.2. Let M = B×f1F1×· · ·×fk
Fk be a multiply warped product.

If M is locally conformally flat then k ≤ 3 and the fibers (Fi, gFi) are

spaces of constant sectional curvature (provided that dimFi ≥ 2), for all

i = 1, . . . , k.

We divide the subsequent analysis in terms of the dimension of the

base. Thus, the following result provides a precise description of all locally

conformally flat manifolds M = I ×f1 F1 × · · · ×fk
Fk, where I is a real

interval.

Theorem 4.3. Let M = I×f1 F1×· · ·×fk
Fk be a multiply warped product.

M is locally conformally flat if and only if one of the following holds:
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(i) M = I ×f F is a warped product with fiber F of constant sectional

curvature (provided dim F ≥ 2) and any (positive) warping function

f .

(ii) M = I ×f1 F1 ×f2 F2 is a multiply warped product with two fibers of

constant sectional curvature (provided that dim Fi ≥ 2) and warping

functions

f1 = (ξ ◦ f)
1

f ′ , f2 =
1

f ′

where f is a strictly increasing function and ξ is a warping function

making I ×ξ F1 of constant sectional curvature (cf. Theorem 6.1) and

(ξ ◦ f) > 0.

(iii) M = I ×f1 F1 ×f2 F2 ×f3 F3 is a multiply warped product with three

fibers of constant sectional curvature (provided that dim Fi ≥ 2) and

warping functions

f1 = (ξ1 ◦ f)
1

f ′ , f2 = (ξ2 ◦ f)
1

f ′ , f3 =
1

f ′

where f is a strictly increasing function and ξi are warping functions

making I×ξ1 F1×ξ2 F2 of constant sectional curvature (as in Theorem

6.1) such that (ξi ◦ f) > 0, i = 1, 2.

For a general multiply warped product with base of dimension greater

than one, we do not have a classification like in the theorem above. However

we summarize next some interesting results for this case. We start with the

following theorem.

Theorem 4.4. Let M = Us×f1F1×· · ·×fk
Fk be a multiply warped product

with Us ⊂ Rs, s ≥ 2. Then M is locally conformally flat if and only if the

warping functions satisfy

fi(
−→x ) = ai‖−→x ‖2 + 〈−→b i,

−→x 〉+ ci (1)

for all −→x ∈ Us, where ai > 0, ci ∈ R and
−→
b i ∈ Rs and moreover the

warping functions are compatible in the sense that

〈−→b i,
−→
b j〉 = 2(aicj + ajci), i 6= j (2)

and the sectional curvature of each fiber of dimFi ≥ 2 is given by

KFi = ‖−→b i‖2 − 4aici, i, j = 1, . . . , k. (3)

Remark 4.1. Note that the previous theorem can be extended for not nec-

essarily flat locally conformally flat bases (B, gB) to get a local description
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of locally conformally flat multiply warped spaces. Since (B, gB) is locally

conformally flat, there exist local coordinates such that gB = Ψ2gUs . Hence,

when using such coordinates the multiply warped metric satisfies

gB ⊕ f2
1 g1 ⊕ · · · ⊕ f2

kgk = Ψ2

(
gUs ⊕ (

f1
Ψ

)2g1 ⊕ · · · ⊕ (
fk
Ψ

)2gk

)
.

Therefore the multiply warped product gB ⊕ f2
1 g1 ⊕ · · · ⊕ f2

kgk is locally

conformally flat if and only if so is gUs ⊕ ( f1
Ψ

)2g1⊕ · · ·⊕ ( fk

Ψ
)2gk. Hence the

warping functions are determined locally up to a conformal factor Ψ, since

the warping functions, in local coordinates where gB = Ψ2gUs , are given

by fi(x) = (ai‖−→x ‖2 + 〈−→b i,
−→x 〉+ ci)Ψ for all i = 1, . . . , k.

Remark 4.2. Locally conformally flat multiply warped spaces can now be

easily constructed as follows. Since any warping function of a locally confor-

mally flat multiply warped space M = Us×f1 F1× · · · ×fk
Fk is completely

determined by scalars ai, ci ∈ R and vectors
−→
b i = (bi1, . . . , bis) ∈ Rs, con-

sider the vectors
−→
ξ i = (bi1, . . . , bis, ai, ci) in Rs+2. Next, define a Lorentzian

inner product in Rs+2 by




1
. . .

s

1

0 −2

−2 0




and note that equations (2) and (3) at Theorem 4.4 are interpreted in terms

of the orthogonality
−→
ξ i ⊥

−→
ξ j (for all i 6= j) and KFi = ‖−→ξ i‖2 (whenever

dimFi ≥ 2), respectively. Hence it follows from Remark 4.1 that

(i) A locally conformally flat space M = B ×f1 F1 × · · · ×fk
Fk has, at

most, (s+ 2) different fibers, where s = dimB.

(ii) Let s = dimB. The sectional curvature of the fibers (Fi, gi) of a locally

conformally flat multiply warped space is as follows

(ii.1) There are at most (s+ 1) fibers of positive curvature.

(ii.2) There are at most one fiber of nonpositive curvature.

whenever dim Fi ≥ 2.

(iii) For any locally conformally flat manifold (Bs, gB), there exist (s + 2)

locally defined warping functions fi : U ⊂ B → R+ and (Fi, gi) spaces

of constant curvature such that M = U×f1F1×· · ·×fs+2 Fs+2 is locally

conformally flat.
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5. Osserman multiply warped products

Since the Osserman condition is equivalent to both the Einstein and the

conformal Osserman conditions, we take advantage of the results in Sec-

tion 3 to study the Osserman condition. Thus, the following result which

was proved in Ref. 9 is a consequence of Theorem 3.1.

Theorem 5.1. Let M = B ×f1 F1 × · · · ×fk
Fk be a manifold with local

structure of a multiply warped product. Then M is pointwise Osserman if

and only if it is a space of constant sectional curvature.

Every two-point-homogeneous space is Osserman, in particular CP n,

QPn, OPn, CHn, QHn and OHn are Osserman. Furthermore, they are

the only Osserman manifolds of dimensions n not equal to 4 and 16 which

do not have constant sectional curvature. Dimensions 4 and 16 are excluded

because for n = 4 there exist pointwise Osserman manifolds which are not

globally Osserman and for n = 16 the Cayley plane is Osserman. This re-

lation between Osserman manifolds and two-point-homogeneous manifolds

gives the following consequence of Theorem 5.1.

Corollary 5.1. Neither CP n, QPn, OPn nor their negative curvature du-

als may be decomposed as a multiply warped product.

6. Multiply warped products of constant curvature

As we did in Section 4, we first consider multiply warped products with

1-dimensional base, to then extend the classification results to the higher

dimensional setting.

The following theorem has been first obtained by Mignemi and

Schmidt;15 we refer to Ref. 11 for a proof following the line of our discus-

sion here. As a consequence of Theorem 4.2, if M = I ×f1 F1 × · · · ×fk
Fk

is a space of constant sectional curvature, then each fiber Fi must be of

constant sectional curvature.

Theorem 6.1. Let M = I×f1 F1×· · ·×fk
Fk be a multiply warped product.

Then M is of constant sectional curvature K if and only if k ≤ 2 and,

moreover, one of the following holds:

(i) If K = 0, then M = I ×α1 F1 or M = I ×α1 F1 ×α2 F2, with warping

functions given by

αi(t) = ai t+ bi, i = 1, 2.
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Moreover, the fibers (Fi, gi) are necessarily of constant sectional cur-

vature KFi = a2
i , provided that dimFi ≥ 2 (i = 1, 2), and the warping

functions satisfy the compatibility condition a1a2 = 0 in the case of

two fibers.

(ii) If K = c2, then M = I ×β1 F1 or M = I ×β1 F1 ×β2 F2, with warping

functions given by

βi(t) = ai sin ct+ bi cos ct, i = 1, 2.

Moreover, the fibers (Fi, gi) are necessarily of constant sectional cur-

vature KFi = c2(a2
i + b2i ), provided that dimFi ≥ 2 (i = 1, 2), and the

warping functions satisfy the compatibility condition a1a2 + b1b2 = 0

in the case of two fibers.

(iii) If K = −c2, then M = I×γ1 F1 or M = I×γ1 F1×γ2 F2, with warping

functions given by

γi(t) = ai sinh ct+ bi cosh ct, i = 1, 2.

Moreover, the fibers (Fi, gi) are necessarily of constant sectional cur-

vature KFi = c2(a2
i − b2i ), provided that dimFi ≥ 2 (i = 1, 2), and the

warping functions satisfy the compatibility condition a1a2 − b1b2 = 0

in the case of two fibers.

Remark 6.1. Two immediate consequences follow from previous theorem

on the multiply warped structure of a space of constant curvature. (Com-

pare with the bounds given in Theorem 4.2).

(a) No more than two fibers are admissible for a space I×f1 F1×· · ·×fk
Fk

to be of constant sectional curvature.

(b) The (constant) sectional curvatures of the fibers are subject to some

restrictions.

We turn back our attention to the case of multiply warped products

with base of dimension s ≥ 2. See Ref. 14 for a complete proof of the results

henceforth. Note from Theorem 4.2 that if M = B ×f1 F1 × · · · ×fk
Fk is a

space of constant curvature κ, then each fiber Fi must also have constant

sectional curvature. Moreover since the base inherits the geometry of the

whole manifold in a multiply warped product, the base B has constant

sectional curvature equal to κ.

Theorem 6.2. Let M = B×f1 F1×· · ·×fk
Fk be a multiply warped product

with B,F1, . . . , Fk of constant sectional curvature, s = dimB ≥ 2 and
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KB = κ. Then M is a space of constant sectional curvature (K = κ) if and

only if the warping functions have locally the expression

fi(
−→x ) =

−κ ci

4 〈
−→x ,−→x 〉+ 〈−→bi ,

−→x 〉+ ci

1 + κ
4 〈
−→x ,−→x 〉 , ci ∈ R,

−→
bi ∈ Rs,

with

(i) 〈−→bi ,
−→
bj〉+ κ ci cj = 0, i 6= j,

(ii) 〈−→bi ,
−→
bi〉+ κ c2i = KFi , if dimFi ≥ 2,

for all i, j = 1, . . . , k, where 〈·, ·〉 denotes the scalar product in the Euclidean

space Rs.

Remark 6.2. The local description of multiply warped product spaces of

constant curvature in the previous theorem leads to some restrictions on

the number and the geometry of the fibers. Consider vectors
−→
ξi = (

−→
bi , ci) =

(bi1, . . . , bic, ci) in Rs+1 endowed with the symmetric bilinear form given

by diag[1, . . . , 1, κ]. Then, conditions (i) and (ii) in Theorem 6.2 mean

that the vectors
−→
ξi , i = 1, . . . , k, must be orthogonal to each other and,

if dimFi ≥ 2, then the associated vector
−→
ξi must satisfy 〈−→ξi ,

−→
ξi 〉 = KFi .

Moreover, it follows that the above bilinear form is a scalar product in

Rs+1 of index (1, . . ., 1, κ|κ|) if κ 6= 0 and (1, . . ., 1, 0) if κ = 0. Now, if

κ = 0, Theorem 6.2 implies that the scaling functions are polynomials of

degree one, fi(
−→x ) = 〈−→bi ,

−→x 〉 + ci, and the corresponding vectors
−→
ξi are

orthogonal if and only if so are the vectors
−→
bi . This shows that no more

than s fibers may exist if κ = 0. (Recall that warping functions are assumed

to be nonconstant, and thus the case
−→
ξ = (

−→
0 , c) is excluded). Therefore,

proceeding as in Remark 4.2, we conclude:

(i) A multiply warped product M = B ×f1 F1 × · · · ×fk
Fk of constant

sectional curvature κ, with a (s ≥ 2)-dimensional base has, at most, s

fibers if κ = 0, and at most s+ 1 if κ 6= 0.

(ii) The sectional curvatures of the fibers Fi of a multiply warped product

of constant curvature and with s-dimensional base are as follows:

(ii.1) If κ > 0, then no more than s+ 1 fibers of dimension ≥ 2 and

positive sectional curvature are admissible and none fibers of

dimension ≥ 2 and negative sectional curvature may occur.

(ii.2) If κ < 0, then no more than s fibers of dimension ≥ 2 and

positive sectional curvature are admissible and none fibers of

dimension ≥ 2 and negative sectional curvature may occur.
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(ii.3) If κ = 0, then no more than s fibers of dimension ≥ 2 and

positive sectional curvature are admissible and no more than 1

fiber of dimension ≥ 2 and negative sectional curvature may

occur.

(iii) For any (s ≥ 2)-dimensional base (B, gB) of constant curvature κ,

there exist s + 1 (if κ 6= 0) or s (if κ = 0) locally defined scaling

functions fi : U ⊂ B → R+ and (Fi, gFi) spaces of constant curvature

so that M = U×f1 M1 × · · · ×fν Mν has constant sectional curvature.
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A Γ-symmetric space is a reductive homogeneous space M = G/H provided in
each of its points with a finite abelian group of “symmetries” isomorphic to Γ.
In case of Γ = Z

p
2
, the Lie algebra g of G is graded by Γ and this grading permits

to construct again the symmetries of M . An adapted Riemannian metric will
be a tensor metric for which the symmetries are isometries. We give in case of
p = 2 the classification of compact Z2

2
-symmetric spaces corresponding to G

compact simple. In particular we find again the oriented flag manifold. For this
class of nonsymmetric spaces and for the space SO(2m)/Sp(m) we describe all
these metrics. In particular we prove that in the definite positive case, these
metrics are not, in general, naturally reductive. We class also the Lorentzian
Z2

2
-symmetric metrics.

Keywords: Γ-symmetric spaces, adapted Riemannian metrics, graded Lie
algebras

1. Riemannian reductive homogeneous spaces

Let M = G/H be a homogeneous space where G is a connected Lie group

which acts effectively on M . It is a reductive space if the Lie algebra g of

G can be decomposed into a direct sum of vector spaces of the Lie algebra

h of H and an ad(H)-invariant subspace m, i.e., g = h + m, ad(H)m ⊂ m.

If H is connected, and we will assume it in all the following, the second

condition is equivalent to [h,m] ⊂ m.

We denote by ∇M (or simply ∇) the canonical G-invariant connection

on M . Recall that its torsion tensor T∇M and curvature tensor R∇M satisfy:





T∇M (X,Y )0 = [X,Y ]m, X, Y ∈ m (0 denotes the class of 1G in G/H),

(R∇M (X,Y )Z)0 = −[[X,Y ], Z], X, Y, Z ∈ m,

∇MT∇M = ∇MR∇M = 0.
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We denote by ∇̃M the natural (complete) torsion-free G-invariant connec-

tion on M . It admits the same geodesics as ∇M and it is defined by

∇̃M (X)(Y ) =
1

2
[X,Y ]m, X, Y ∈ m.

Let g be a G-invariant indefinite Riemannian metric on the reductive ho-

mogeneous space M = G/H. It is completely determinated by an ad(H)-

invariant non degenerate symmetric bilinear form B on m, the correspon-

dence is given byB(X,Y ) = g(X,Y )0, for all X,Y ∈ m. Recall that g is

positive definite if and only if B is positive definite. We denote by ∇g the

corresponding Riemannian connection. It coincides with the natural con-

nection ∇̃M if and only if we have B(X, [Z, Y ]m) + B([Z,X ]m, Y ) = 0,

∀X,Y, Z ∈ m. In this case the Riemannian reductive homogeneous space

M is said to be naturally reductive.

For example, if M is a symmetric space, that is the decomposition of g

satisfies g = h + m with[h, h] ⊂ h, [h,m] ⊂ m, [m,m] ⊂ h then the canonical

and the natural connections coincide. Moreover if ∇g is a Riemannian

symmetric connection, that is the symmetries of M are isometries, we have

∇M = ∇̃M = ∇g and M is naturally reductive.

2. Riemannian Γ-symmetric spaces

2.1. Γ-symmetric spaces

Let Γ be a finite abelian group. A Γ-symmetric space is a triple (G,H,ΓG)

where G is a connected Lie group, H a closed subgroup of G and ΓG an

abelian finite subgroup of the group of automorphisms of G isomorphic to

Γ: ΓG = {ργ ∈ Aut(G), γ ∈ Γ} such that H lies between GΓ, the closed

subgroup of G consisting of all elements left fixed by the automorphisms of

ΓG, and the identity component of GΓ. The elements of ΓG satisfy:




ργ1 ◦ ργ2 = ργ1γ2 , ∀γ1, γ2 ∈ Γ

ρe = Id where e is the unit of Γ

(ργ(g) = g ∀γ ∈ Γ)⇐⇒ g ∈ H.
We also suppose that H does not contain any proper normal subgroup of

G.

Given a Γ-symmetric space (G,H,ΓG), we construct for each point x of

M = G/H a subgroup Γx of Diff(M), the group of diffeomorphisms of M ,

isomorphic to Γ and which has x as an isolated fixed point. We denote by

ḡ the class of g ∈ G in M and by e the identity of G. We consider

Γē = {s(γ,ē) ∈ Diff(M), γ ∈ Γ},
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with s(γ,ē)(ḡ) = ργ(g). For another point x = g0 of M we have

Γx = {s(γ,x) ∈ Diff(M), γ ∈ Γ},

with s(γ,ḡ0)(y) = g0(s(γ,ē))(g
−1
0 y). All these subgroups Γx of Diff(M) are

isomorphic to Γ. The elements of Γx will be called the symmetries of M at

the point x or more generally the symmetries of M.

Remark. If (G,H,ΓG) is a Γ-symmetric space, we will also say that the

homogeneous space M = G/H is Γ-symmetric.

2.2. Γ-grading of the Lie algebra g of G

Let (G,H,ΓG) be a Γ-symmetric space. Let g (resp. h ) be the Lie algebra

of G (resp. H). Each automorphism ργ of G induces an automorphism τγ
of g and the set Γg = {τγ ∈ Aut(g), γ ∈ Γ} is a finite group isomorphic

to Γ such that (∀γ ∈ Γ, τγ(X) = X ) ⇔ X ∈ h. As each of the linear

morphism τγ is diagonalizable, the relation τγ ◦ τγ′ = τγ′ ◦ τγ implies that

g is a vectorial direct sum of root spaces gχ, χ ∈ Γ∗ where Γ∗ denotes the

dual group of Γ. As Γ is abelian, Γ∗ is isomorphic to Γ and we can identify

Γ and Γ∗. We deduce that g is Γ-graded, g = ⊕
γ∈Γ

gγ with ge = h where e is

the identity of Γ.

Conversely, we prove in1 that every Γ-graded Lie algebra g = ⊕
γ∈Γ

gγ

determines a Γ-symmetric space (G,H,Γ) where G (resp. H) is a connected

Lie group associated to g (resp. ge).

Theorem 2.1. Every Γ-symmetric space is a reductive homogeneous space.

In fact if M = G/H is a Γ-symmetric space, the Lie algebra g of G is

Γ-graded that is g = ⊕
γ∈Γ

gγ . Then we put h = ge and m = ⊕
γ∈Γ,γ 6=e

gγ . We

have [h,m] ⊂ m and [m,m] ⊂ h. If we assume that H is connected, this

implies that M = G/H is a reductive space

2.3. Riemannian and Indefinite Riemannian Γ-symmetric

spaces

Let M = G/H be a Γ-symmetric space. Recall that for all x ∈ M,Γx =

{s(γ, x), γ ∈ Γ} is a subgroup of Diff(M) isomorphic to Γ. Let S(γ, x) be

the tangent map Txs(γ, x). Thus S(γ, x) ∈ GL(TxM) and {S(γ, x), γ ∈ Γ}
is a finite subgroup of GL(TxM) isomorphic to Γ.
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Definition 2.1. A Riemannian (resp. Indefinite Riemannian) metric on M

is called a Γ-symmetric Riemannian (resp. Indefinite Riemannian) metric

if for all x ∈M , the linear symmetries S(γ, x), γ ∈ Γ are isometries.

Remark. If Γ = Z2 = Z/2Z, we find the classical notion of Riemannian

symmetric space again. When the Riemannian metric g is positive definite,

the natural and canonical connections coincide, and they are also equal to

the Riemannian connection associated to g. All these spaces are naturally

reductive. In general, this property is false for the Riemannian Γ-symmetric

spaces, when Γ is not isomorphic to Z2. We will see in the following section

examples of Z2
2-Riemannian spaces which are not naturally reductive.

2.4. Irreducible Riemannian Γ-symmetric spaces

Let (G,H,ΓG) be a Γ-symmetric space. Since G/H is a reducible homo-

geneous space with an ad (H)-invariant decomposition g = ge ⊕ m, the

Lie algebra of the holonomy group of ∇ is spanned by the endomorphisms

of m given by R(X,Y )0 for all X,Y ∈ m. Recall that (R(X,Y )Z)0 =

−[[X,Y ]h, Z] for all X,Y, Z ∈ m. In particular we have R(X,Y )0 = 0 as

soon as X ∈ gγ , Y ∈ gγ′ with γ, γ′ 6= e. For example, if Γ = Z2
2 then

g = ge ⊕ ga ⊕ gb ⊕ gc and R(ga, gb)0 = R(ga, gc)0 = R(gb, gc)0 = 0.

Lemma 2.1. Let g be a simple Lie algebra Z2
2-graded. Then

[ga, ga]⊕ [gb, gb]⊕ [gc, gc] = ge.

Proof. Let U denote [ga, ga]⊕ [gb, gb]⊕ [gc, gc]. Then I = U ⊕ ga⊕ gb⊕ gc
is an ideal of g. In fact, X ∈ I is decomposed as XU + Xa + Xb + Xc.

The main point is to prove that [XU , Y ] is in I for any Y ∈ ge. But XU is

decomposed as [Xa, Ya]+[Xb, Yb]+[Xc, Yc]. The Jacobi identity shows that

[[Xa, Ya], Y ] ∈ [ga, ga] and it is similar for the other components. Then I is

an ideal of g which is simple, and hence U = ge.

One should note that in any case, as soon as Γ is not Z2, the repre-

sentation ad ge is not irreducible on m. In fact, each component gγ is an

invariant subspace of m.

Definition 2.2. The representation ad ge on m is called Γ-irreducible if m

cannot be written m = m1 ⊕ m2 with ge ⊕m1 and ge ⊕m2 Γ-graded Lie

algebras.
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Example. Let g1 be a simple Lie algebra and g = g1 ⊕ g1 ⊕ g1 ⊕ g1.

Let σ1, σ2, σ3 be the automorphisms of g given by





σ1(X1, X2, X3, X4) = (X2, X1, X3, X4),

σ2(X1, X2, X3, X4) = (X1, X2, X4, X3),

σ3 = σ1 ◦ σ2.

They define a (Z2
2)-graduation on g and we have ge = {(X,X, Y, Y )} , ga =

{(0, 0, Y,−Y )} , gb = {(X,−X, 0, 0)} and gc = {(0, 0, 0, 0)} with X,Y ∈ g1.

In particular, ga is isomorphic to g1, hence [ge, ga] = ga and, since g1 is

simple, we cannot have ga = g1
a + g2

a with [ge, g
i
a] = gia for i = 1, 2. Then g

is (Z2
2)-graded and this decomposition is (Z2

2)-irreducible.

Suppose now that g is a simple Lie algebra. Let K be the Killing-Cartan

form of g. It is invariant by all automorphisms of g. In particular

K(τγX, τγY ) = K(X,Y )

for any τγ ∈ Γ̌. If X ∈ gα and Y ∈ gβ, α 6= β there exists γ ∈ Γ such

that τγX = λ(α, γ)X and τγY = λ(β, γ)Y with λ(α, γ)λ(β, γ) 6= 1. Thus

K(X,Y ) = 0 and the homogeneous components gγ are pairewise orthogonal

with respect to K. Moreover Kγ = K|gγ is a nondegenerate bilinear form.

Since g is a simple Lie algebra, there exists an ad ge-invariant inner product

B̃ on g such that the restriction B = B̃ |m to m defines a Riemannian Γ-

symmetric structure on G/H . This means that B̃(gγ , gγ′) = 0 for γ 6= γ′ ∈
Γ. We consider an orthogonal basis of B̃. For eachX ∈ ge, adX is expressed

by a skew-symmetric matrix (aij(X)) andK(X,X) =
∑

i,j aij(X)aji(X) <

0. This implies that K is negative-definite on ge.

Let Kγ and Bγ be the restrictions of K and B to the homogeneous

component gγ . Let β ∈ m∗ be such that Kγ(X,Y ) = Bγ(βγ(X), Y ) for all

X,Y ∈ gγ and βγ = β|gγ . Since Bγ is nondegenerate on gγ , the eigenvalues

of βγ are real and non-zero. The eigenspaces g1
γ , ..., g

p
γ of βγ are pairwise

orthogonal with respect to Bγ and Kγ . But for every Z ∈ ge we have

Kγ([Z,X ], Y ) = Kγ(X, [Z, Y ]) = Bγ(βγ(X), [Z, Y ])

and hence Bγ(βγ [Z,X ], Y ) = Bγ([Z, βγ(X)], Y ) for every Y ∈ gγ and

βγ [Z,X ] = [Z, βγ(X)], implying that βγ ◦ adZ = adZ ◦ βγ for any Z ∈ ge.

This yields [ge, g
i
γ ] ⊂ giγ .

Now we examine the particular case of Γ = Z2
2. The eigenvalues of the

involutive automorphisms τγ being real, the Lie algebra g admits a real

Γ-decomposition g =
∑
γ∈Z2

2
gγ . Then we can assume that g is a real Lie
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algebra. Now if i 6= j we have

Kγ([g
i
γ , g

j
γ ], [g

i
γ , g

j
γ ]) ⊂ K([giγ , g

j
γ ], ge) ⊂ (giγ , g

j
γ) = 0

and we have, for i 6= j:

[giγ , g
j
γ ] = {0} .

Let {e, a, b, c} be the elements of Z2
2 with a2 = b2 = c2 = e and ab = c.

Each component gγ , γ 6= e, satisfies [gγ , gγ ] ⊂ ge and ge⊕gγ is a symmetric

Lie algebra. Endowed with the inner product B̃, the Lie algebra ge ⊕ gγ
is an orthogonal symmetric Lie algebra. The Killing-Cartan form is not

degenerate on ge ⊕ gγ . Then ge ⊕ gγ is semi-simple. It is a direct sum of

orthogonal symmetric Lie algebras of the following two kinds:

i) g = g′ + g′with g′ simple

ii) g is simple.

The first case has been studied above and the representation is (Z2
2)-

irreducible. In the second case ad [gγ , gγ ] is irreducible in gγ and the repre-

sentation is (Z2
2)-irreducible on m.

3. Classification of compact simple Z2
2 symmetric spaces

The paper1 is, in a large part, devoted to the classification of Z2
2-symmetric

spaces G/H in case of g is simple of classical type. Recently, in,5 the ex-

ceptional case has been developped. Combining both results, we have a

complete classification of Z2
2-symmetric space G/H when g is simple com-

plex. From these classifications, we can easily deduce the classification of

compact Z2
2-symmetric spaces when g is compact and real simple. Following

the terminology of3 and,1 if (G,H,Z2
2) is a Z2

2-symmetric space, the cor-

responding pair (g, h) of Lie algebras is called local symmetric space. From

the local classification, it is very easy to exhibit the classification of the Z2
2-

symmetric spaces when G and H are connected and G simply connected.

In the following table, we give the list of local Z2
2-symmetric spces when g

is real simple of compact type and non exceptional.
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(g, h)

(su(2n), su(n))

(su(k1 + k2), su(k1)⊕ su(k2)⊕ C)

(su(k1 + k2 + k3), su(k1)⊕ su(k2)⊕ su(k3)⊕ C2)

(su(k1 + k2 + k3 + k4), su(k1)⊕ su(k2)⊕ su(k3)⊕ su(k4)⊕ C3)

(su(n), so(n))

(su(2m), sp(m))

(su(k1 + k2), so(k1)⊕ so(k2))

(su2(k1 + k2), sp(2k1)⊕ sp(2k2))

(so(k1 + k2 + k3), so(k1)⊕ so(k2)⊕ so(k3)

(so(k1 + k2 + k3 + k4), so(k1)⊕ so(k2)⊕ so(k3)⊕ so(k4))

(so(4m), sp(2m))

(so(2m), so(m))

(so(8), su(3)⊕ su(1))

(sp(k1 + k2 + k3 + k4), sp(k1)⊕ sp(k2)⊕ sp(k3)⊕ sp(k4))

(sp(4m), sp(2m))

(sp(2m), so(m))

4. On the classification of Riemannian compact

Z2
2-symmetric spaces

Let (M = G/H, g) be a Riemannian Z2
2-symmetric space. We assume that

the local pair is in the previous table. In this case, M is compact. To each

local pair, we have to classify, up to an isometry, the corresponding ad(H)-

invariant bilinear form B. With regard to the symmetric case, the compu-

tation is more complicated because we obtain, not only the Killing Cartan

metric, but also a large class of definite positive or only non degenerate

invariant bilinear forms. In the work, we are interested by two classes

• The Z2
2-symmetric flag manifolds. These spaces have been very well

studied and our approach permits to look these metrics with the sym-

metric point of view.

• The homogeneous space SO(4m)/Sp(2m) because it has no equivalent

in the symmetric case.

4.1. Z2
2-symmetric metrics on flag manifolds

Let M = SO(2l + 1)/SO(r1) × SO(r2)× SO(r3)× SO(r4) be an oriented

flag manifold (with r1r2r3 6= 0. This manifold is a Z2
2-symmetric space and
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the grading of the Lie algebra so(2l + 1) is given by

ge =




X1 0 0 0

0 X2 0 0

0 0 X3 0

0 0 0 X4



, ga =




0 A1 0 0

− tA1 0 0 0

0 0 0 A2

0 0 − tA2 0




gb =




0 0 B1 0

0 0 0 B2

− tB1 0 0 0

0 − tB2 0 0



, gc =




0 0 0 C1

0 0 C2 0

0 − tC2 0 0

− tC1 0 0 0




where A1 (resp. B1, C1, C2, A2, Xi) is a matrix of order (r1, r2) (resp.

(r1, r3), (r1, r4), (r2, r3), (r2, r4), (r3, r4) and (ri, ri)). Let B be a ge-invariant

inner product on g. By hypothesis B(gα, gβ) = 0 as soon as α 6= β in Z2
2.

This shows that B is written as B = Bge +Bga +Bgb
+ Bgc where Bgx is

an inner product on gx. We denote by {α1
ij , α

2
ij , β

1
ij , β

2
ij , γ

1
ij , γ

2
ij} the dual

basis of the elemetary basis of A1 ⊕ A2 ⊕ B1 ⊕ B2 ⊕ C1 ⊕ C2 given by

the elementary matrices. A direct computation conduces to the following

result:

Proposition 4.1. Every ad(ge)-invariant inner product on m = ga⊕gb⊕gc
is given by the formula

B= tA1Σ(α1
ij)

2+tA2Σ(α2
ij)

2+tB1Σ(β1
ij)

2+tB2Σ(β2
ij)

2+tC1Σ(γ1
ij)

2+tC2Σ(γ2
ij)

2

with tA1 , tA2 , tB1 , tB2 , tC1 , tC2 not zero.

Consequences.

1. Such a bilinear form defines a naturally reductive structure on M if and

only if

tA1 = tA2 = tB1 = tB2 = tC1 = tC2 = λ > 0.

2. On Lorentzian Z2
2-symmetric structure.

Definition 4.1. Let (G,H,ΓG) be a Γ-symmetric space, g a semi-

Riemannian metric of signature (1, n−1) where n = dimM and B the cor-

responding adge-invariant symmetric bilinear form on m . Then M = G/H

is called a Γ-symmetric Lorentzian space if the homogeneous components

of m are pairwise orthogonal with respect to B.
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From the classification of adge-invariant forms on so(2l+1) given in Propo-

sition 4.1, the (Z2
2)-symmetric space SO(2l + 1)/SO(r1) × ... × SO(r4)

is Lorentzian if and only if there exists one homogeneous component of

m of dimension 1. For example if we consider the (Z2
2)-symmetric space

SO(5)/SO(2)×SO(2)×SO(1) the homogeneous components are of dimen-

sion 2 and every semi-Riemannian metric is of signature (2p, 8 − 2p) and

cannot be a Lorentzian metric. So SO(5)/SO(2) × SO(2) × SO(1) cannot

be Lorentzian (as a Z2
2-symmetric space). Nevertheless one may consider

the grading of so(5) given by




0 a1 b1 b2 b3
−a1 0 c1 c2 c3
−b1 −c1 0 x1 x2

−b2 −c2 −x1 0 x3

−b3 −c3 −x2 −x3 0




where ge is parametrized by x1, x2, x3, ga by a1, gb by b1, b2, b3 and gc
by c1, c2, c3. Let us denote by {X1, X2, X3, A1, B1, B2, B3, C1, C2, C3} the

corresponding graded basis. Here ge is isomorphic to so(3)⊕ so(1)⊕ so(1)

and we obtain the Z2
2-symmetric homogeneous space

SO(5)/SO(3)× SO(1)× SO(1) = SO(5)/SO(3).

Every nondegenerate symmetric bilinear form on so(5) invariant by ge =

so(3) is written

q = t(ω2
1 + ω2

2 + ω2
3) + uα2

1 + v(β2
1 + β2

2 + β2
3) + w(γ2

1 + γ2
2 + γ2

3)

where{ωi, α1, βi, γi} is the dual basis of the basis {Xi, A1, Bi, Ci}. In par-

ticular, we obtain:

4.2. The Z2
2-Riemannian symmetric space SO(2m)/Sp(m)

We first define the grading of so(2m). Consider the matrices

Sm =

(
0 Im
−In 0

)
, Xa =

(−1 0

0 1

)
, Xb =

(
0 1

1 0

)
, Xc =

(
0 −1

1 0

)
.

The linear maps on so(2m) given by τα(M) = J−1
α MJα, α = a, b, c where

Ja = Sm⊗Xa, Jb = Sm⊗Xb, Jc = Sm⊗Xc are involutive automorphisms

of so(2m) which pairwise commute. Thus {Id, τa, τb, τc} is a finite subgroup

of Aut(so(2m)) isomorphic to Z2
2. We deduce the Z2

2-grading

so(2m) = ge ⊕ ga ⊕ gb ⊕ gc
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where

ge =








A1 B1 A2 B2

−B1 A1 B2 −A2

−tA2 −tB2 A1 B1

−tB2
tA2 −B1 A1


 with

tA1 = −A1,
tB1 = B1

tA2 = A2,
tB2 = B2





ga =








Xa Ya Za Ta
Ya −Xa −Ta Za

−tZa tTa −Xa −Ya
−tTa −tZa −Ya Xa


 with

tXa = −Xa,
tYa = −Ya

tZa = −Za, tTa = Ta





gb =








Xb Yb Zb Tb
−Yb Xb Tb Zb
−tZb −tTb −Xb −Yb
−tTb −tZb Yb −Xb


 with

tXb = −Xb,
tYb = Yb

tZb = −Zb, tTb = −Tb





gc =








Xc Yc Zc Tc
Yc −Xc −Tc Zc

−tZc tTc Xc Yc
−tTc −tZc Yc −Xc


 with

tXc = −Xc,
tYc = −Yc

tZc = Zc,
tTc = −Tc




.

The subalgebra ge is isomorphic to sp(m) and from1, every Z2
2-grading

of so(2m) such that ge is isomorphic to sp(m) is equivalent to the pre-

vious one.‘The symmetries of the Z2
2-symmetric space SO(2m)/Sp(m) at

any point x can be described as soon as we know the expression of the

symmetries at the point 1̄, the class on the quotient SO(2m)/Sp(m) of 1,

the unit of the group SO(2m). Moreover we have sγ,1̄(A) = (ργ(A)) with

ρα(A) = J−1
α AJα, α = a, b, c. Let g be a Riemannian Z2

2-symmetric metric

on SO(2m)/Sp(m). The corresponding bilinear form B on ga ⊕ gb ⊕ gc is

ge -invariant and the linear spaces ga, gb, gc are orthogonal. Then B writes

B = Ba+Bb+Bc where Bγ is a nondegenerate bilinear form on gγ for γ =

a, b, c such that the kernel contains ⊕γ′ 6=γgγ′ . Let {Xγ,ij , Yγ,ij , Zγ,ij , Tγ,ij}
the basis of gγ given by elementary matrices which generate (Xγ , Yγ , Zγ , Tγ)

and {αγ,ij , βγ,ij , γγ,ij , δγ,ij} its dual basis.

Proposition 4.2. Every Riemannian (indefinite) Z2
2-symmetric on
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SO(2m)/Sp(m) is defined from the bilinear form B whose quadratic form

is written qB = qga + qgb
+ qgb

with




qga = λa1
(∑

(α2
a,ij + β2

a,ij + γ2
a,ij

)
+
∑
i6=j

δ2a,ij) + λa2(δ2a,ii)

+ (λa2 − λa
1

2 )(
∑
i<j

(δa,iiδa,jj)

qgb
= λb1(

∑
(α2
b,ij + γ2

ij) + δ2b,ij +
∑
i6=j

β2
b,ij) + λb2(β

2
b,ii)

+ (λb2 − λb
1

2 )(
∑
i<j

(βb,iiβb,jj)

qgc = λc1(
∑

(β2
c,ij + γ2

c,ij) + δ2c,ij +
∑
i6=j

α2
c,ij) + λc2(α

2
c,ii)

+ (λc2 − λc
1

2 )(
∑
i<j

(αc,iiαc,jj) .

Let γ ∈ {a, b, c}. The eigenvalues of qgγ are

µ1,γ = λγ1 , µ2,γ = λγ2/2 + λγ1/4, µ3,γ = λγ2
r + 1

2
− λγ1

r − 1

4
,

where r = m2+m−2
m2+m+2 is the order of symmetric matrices Ta, Yb, Zc. These

roots are respectively of multiplicities dimgγ − r, r − 1, 1. We deduce

Theorem 4.1. Every definite positive Riemannian Z2
2-symmetric metric

on SO(2m)/Sp(m) is given from the bilinear form B whose quadratic as-

sociated form

qB = qga(λa1 , λ
a
2) + qgb

(λb1, λ
b
2) + qgb

(λb1, λ
b
2)

satisfies λγ1 > 0 and λγ2 > λγ1
m2+m−2

2(m2+m+2) for all γ ∈ {a, b, c}. Such a metric

is naturally reductive if and only if

λa1 = λb1 = λc1 = 2λa2 = 2λb2 = 2λc2.

For the lorentzian case, we have

Theorem 4.2. Every lorentzian Z2
2-symmetric metric on SO(2m)/Sp(m)

is given from the bilinear form B whose quadratic associated form

qB = qga(λa1 , λ
a
2) + qgb

(λb1, λ
b
2) + qgb

(λb1, λ
b
2)

satisfies




∀γ ∈ {a, b, c}, λγ1 > 0,

∃γ0 ∈ {a, b, c} such that − λγ01 /2 < λγ02 < λγ01
r−1

2(r+1) ,

∀γ 6= γ0, λγ2 > λγ1
r−1

2(r+1) .
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METHODS FOR SOLVING THE JACOBI EQUATION.

CONSTANT OSCULATING RANK VS. CONSTANT JACOBI

OSCULATING RANK

Teresa Arias-Marco

Departamento de Matemáticas, Universidad de Extremadura
Badajoz, 06071, Spain

E-mail: ariasmarco@unex.es

This article shows the relation between the known methods for solving the Ja-
cobi equation. As example, we work on the H-type group given by A. Kaplan.6

Here, the method for solving the Jacobi equation based in the used of the
constant Jacobi osculating rank of the g.o. space is applied explicitly for the
first time using the constant osculating rank of the Jacobi operator. Moreover,
we show an explicit case where the constant Jacobi osculating rank and the
constant osculating rank are not the same.

Keywords: Jacobi equation, H-type groups, g.o. spaces, constant osculating
rank of the Jacobi operator, Jacobi osculating rank of a g.o. space

1. Introduction and preliminaries

Let M be a Riemannian manifold and let ∇ denote the Levi-Civita connec-

tion. For an arbitrary vector x ∈ TpM , we denote by γt or γ the geodesic

through p ∈M whose tangent vector at γ0 = p is γ̇0 = x. The Jacobi oper-

ator along γ is defined by Jt(·) = R(·, γ̇t)γ̇t where R denotes the curvature

tensor. Let {Ei} be an orthonormal basis of TpM . We denote by {Qi} the

orthonormal frame field obtained by ∇γ̇-parallel translation of the basis

{Ei} along γ. Moreover, let Qt be the vector formed by the elements of

{Qi}. A vector field Yt along a geodesic γ of M is called Jacobi vector field

if it satisfies the Jacobi equation along γ: Y ′′
t + Jt(Yt) = 0 with initial

conditions Y0 = 0, Y ′
0 = Q0.

The resolution of the Jacobi equation on a Riemannian manifold can

be quite difficult. However, in a symmetric space the problem is reduced

to a system of differential equations with constant coefficients. I. Chavel4,5

solved this problem for some particular directions of the geodesic on the

naturally reductive spaces Sp(2)/SU(2) and SU(5)/(Sp(2)×S1). Nonethe-
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less, the method used by I. Chavel does not seem to solve in a simple way

the Jacobi equation along a geodesic with arbitrary direction. For natu-

rally reductive compact homogeneous spaces, W. Ziller9 solved the Jacobi

equation but the solution can be considered of qualitative type (it does not

allow us to obtain in an easy way the Jacobi vectors fields neither for any

particular example nor for an arbitrary geodesic). On the other hand, J.

Berndt, F. Tricerry and L. Vanhecke3 solved it along an arbitrary geodesic

on any H-type group. The methods used by all these authors are special

cases of a more general procedure based on the use of the canonical con-

nection. This procedure is valid, in particular, on any g.o. space and any

generalized Heisenberg group. From now on, we will refer to it as standard

method and it will be presented in Section 3.2.

A g.o. space is a Riemannian homogeneous space on which every

geodesic is an orbit of a one-parameter group of isometries. The first

counter-example of a g.o. space which is not naturally reductive is Kaplan’s

example. This is a six-dimensional H-type group. On the other hand, K.

Tsukada8 pointed out on naturally reductive spaces and, the author and A.

M. Naveira2 showed on g.o. spaces that Jt has constant osculating rank i.e.,

for every fix geodesic γ there is a natural number rγ and there are β1, ..., βrγ

constant such that β1J 1)
t + · · ·+ βrγJ

rγ)
t + J rγ+1)

t = 0. In Ref. 2, the au-

thors settled the concept of Jacobi osculating rank of a g.o. space as the

number r = max{rγ : for all γ of the g.o. space} and they established that

a g.o. space has constant Jacobi osculating rank if there is also a relation

β1J 1)
t + · · ·+βrJ r)

t +J r+1)
t = 0 that it is the same for all γ of the g.o. space.

It is clear that rγ ≤ r for all γ of a g.o. space. Moreover, rγ = r = 0 for all

γ of a symmetric space (i.e. ∇R = 0). Therefore, the following question is

natural : is rγ = r for all γ of a g.o. space with constant Jacobi osculating

rank? This question was not answer in Ref. 2 where the authors proved that

Kaplan’s example has r = 4 and constant Jacobi osculating rank due to
1
4 |x|4J

1)
t + 5

4 |x|2J
3)
t +J 5)

t = 0. In Section 3.1, we will answer the question

providing a family of geodesics on Kaplan’s example with rγ = 2.

Recently, constant Jacobi osculating rank was used by A. M. Naveira

and A. Tarŕio7 to develop a recursive method for solving the Jacobi equa-

tion. They worked on the space Sp(2)/SU(2) although they did not applied

it explicitly. In Ref. 1, the author and S. Bartoll presented the non-recursive

version of the previous method. Moreover, they applied explicitly the non-

recursive method working on a geodesic of the naturally reductive space

U(3)/U(1)×U(1)×U(1) with rγ = r = 4. In Section 3.2, we will recall the

recursive method namely, the constant osculating rank method and we will
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applied it on the family of geodesics presented in Section 3.1. Moreover, we

will propose a simplification of this method based in the use of rγ instead

of r when we want to solve the Jacobi equation on geodesics with rγ 6= r.

Finally, we will devote Section 3.3 to compare the results obtained by

standard and constant osculating rank methods in Section 3.2.

2. Preliminaries about H-type groups

Let n be a 2-step nilpotent Lie algebra with an inner product 〈 , 〉. Let z

be the center of n and let v be its orthogonal complement. For each vector

A ∈ z, the operator j(A) : v→ v is defined by the relation

〈j(A)X,Y 〉 = 〈A, [X,Y ]〉 for all X,Y ∈ v. (1)

The algebra n is called H-type algebra if, for each A ∈ z, the operator j(A)

satisfies the identity j(A)2 = −|A|2Iv where | |2 denotes the quadratic

form of the inner product 〈 , 〉. A connected, simply connected Lie group

whose Lie algebra is an H-type algebra is diffeomorphic to Rn and it is

called H-type group. It is endowed with a left-invariant metric.

In particular, the Lie algebra structure on n is defined by extending the

skew-symmetric bilinear map [ , ] : v×v→ z to a bracket [A+X,B+Y ] =

[X,Y ] where A,B ∈ z and X,Y ∈ v.

Moreover, a geodesic γt through the origin p of an H-type group N is

described by means of two vector-valued functions t→ Xt ∈ v, t→ At ∈ z

as follows: γt = exp(Xt +At) such that X0 = 0, A0 = 0 and γ̇0 = Ẋ0 + Ȧ0.

(See Refs. 3 and 6 for more information about H-type groups).

Finally, we recall a recursive expression for the nth covariant derivative

of the Jacobi operator at p of an H-type group given in Ref. 2. Let ζ
(n,A)

:

z → z, ν
(n,A)

: z → v, ζ
(n,X)

: v → z and ν
(n,X)

: v → v be the mappings

defined by the following recurrent formulas where B ∈ z and Y ∈ v.

ζ
(0,A)

(B) = 1
4 |Ẋ0|2B, ν

(0,A)
(B) = 1

2j(B)j(Ȧ0)Ẋ0 − 1
4j(Ȧ0)j(B)Ẋ0,

ζ
(0,X)

(Y ) = 1
4 [Ẋ0, j(Ȧ0)Y ]− 1

2 [Y, j(Ȧ0)Ẋ0],

ν
(0,X)

(Y ) = 1
4 |Ȧ0|2Y + 3

4j([Y, Ẋ0])Ẋ0.

ζ
(n,A)

(B) = 1
2 ([Ẋ0, ν(n−1,A)

(B)] + ζ
(n−1,X)

(j(B)Ẋ0)),

ν
(n,A)

(B) = 1
2 (ν

(n−1,X)
(j(B)Ẋ0)− j(Ȧ0)ν(n−1,A)

(B)− j(ζ
(n−1,A)

(B))Ẋ0),

ζ
(n,X)

(Y ) = 1
2 ([Ẋ0, ν(n−1,X)

(Y )] + ζ
(n−1,X)

(j(Ȧ0)Y )− ζ
(n−1,A)

([Ẋ0, Y ])),

ν
(n,X)

(Y ) = 1
2 (ν

(n−1,X)
(j(Ȧ0)Y )− j(Ȧ0)ν(n−1,X)

(Y )

−j(ζ
(n−1,X)

(Y ))Ẋ0 − ν(n−1,A)
([Ẋ0, Y ])).

(2)
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Proposition 2.1. The nthcovariant derivative of the Jacobi operator at

the origin of an H-type group for any B ∈ z, Y ∈ v is given by

J n)
0 (B) = ζ

(n,A)
(B) + ν

(n,A)
(B), J n)

0 (Y ) = ζ
(n,X)

(Y ) + ν
(n,X)

(Y ).

3. Kaplan’s example

3.1. Constant osculating rank of the Jacobi operator along

a special family of geodesics

Let n be a vector space of dimension 6 equipped with a scalar product and

let {Ei}6i=1 form an orthonormal basis. The elements E5 and E6 span the

center z of the Lie algebra n. The structure of a Lie algebra on n is given

by the following relations:

[E1, E2] = [E3, E4] = [E5, E6] = [Ek , E5] = [Ek, E6] = 0, k = 1, ..., 4,

[E1, E3] = E5, [E1, E4] = E6, [E2, E3] = E6, [E2, E4] = −E5.
(3)

Moreover, from (1) and (3) we easily obtain that

j(E5)E1 = E3, j(E5)E2 = −E4, j(E5)E3 = −E1, j(E5)E4 = E2,

j(E6)E1 = E4, j(E6)E2 = E3, j(E6)E3 = −E2, j(E6)E4 = −E1.
(4)

The H-type group corresponding to n is named Kaplan’s example and

from now on we will denote it by N . Moreover, in the following we will

always suppose that x ∈ n is an arbitrary unit vector with null-center; i.e.,

x = Ẋ0 + Ȧ0, Ẋ0 =
∑4

i=1 xiEi, Ȧ0 = 0 and |x|2 = 1. In addition, γ will

denote the family of geodesics on N with γ0 = p and γ̇0 = x.

Now, we want to calculate the constant osculating rank of the Jacobi

operator along γ, i.e. the number rγ and the constants such that β1J 1)
t +

· · ·+ βrγJ
rγ)
t + J rγ+1)

t = 0.

Let us start with the following technical lemmas on N . Their proofs are

direct considering the linearity of all operators and using (2), (3) and (4).

Lemma 3.1. The operator [Ẋ0, Y ] ∈ z, Y ∈ v, is given by

[Ẋ0, E1] = −x3E5 − x4E6, [Ẋ0, E2] = x4E5 − x3E6,

[Ẋ0, E3] = x1E5 + x2E6, [Ẋ0, E4] = −x2E5 + x1E6.
(5)

j(Ȧ0) : v→ v is the null operator and j(·)(Ẋ0) : z→ v is given by

j(E5)(Ẋ0) = −x3E1 + x4E2 + x1E3 − x2E4,

j(E6)(Ẋ0) = −x4E1 − x3E2 + x2E3 + x1E4.
(6)
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Lemma 3.2. The mappings ζ
(0,X)

, ν
(0,X)

, ζ
(0,A)

, ν
(0,A)

are defined by

ν
(0,X)

(E1) = −3
4 ((x2

3 + x2
4)E1 − (x1x3 + x2x4)E3 + (x2x3 − x1x4)E4),

ν
(0,X)

(E2) = −3
4 ((x2

3 + x2
4)E2 + (x1x4 − x2x3)E3 − (x1x3 + x2x4)E4),

ν
(0,X)

(E3) = 3
4 ((x1x3 + x2x4)E1 + (x2x3 − x1x4)E2 − (x2

1 + x2
2)E3),

ν
(0,X)

(E4) = 3
4 ((x1x4 − x2x3)E1 + (x1x3 + x2x4)E2 − (x2

1 + x2
2)E4),

ζ
(0,X)

(Ei) = 0, i = 1, ..., 4, ν
(0,A)

(Eα) = 0, ζ
(0,A)

(Eα) = |x|2
4 Eα, α = 5, 6.

Lemma 3.3. The mappings ζ
(1,X)

, ν
(1,X)

, ζ
(1,A)

, ν
(1,A)

are defined by

ζ
(1,X)

(E1) = |x|2
2 (x3E5 + x4E6), ζ

(1,X)
(E2) = |x|2

2 (−x4E5 + x3E6),

ζ
(1,X)

(E3) = |x|2
2 (−x1E5 − x2E6), ζ

(1,X)
(E4) = |x|2

2 (x2E5 − x1E6),

ν
(1,X)

(Ei) = 0, i = 1, ..., 4, ν
(1,A)

(E5) = |x|2
2 (x3E1 − x4E2 − x1E3 + x2E4),

ν
(1,A)

(E6) = |x|2
2 (x4E1 + x3E2 − x2E3 − x1E4), ζ(1,A)

(Eα) = 0, α = 5, 6.

Lemma 3.4. The mappings ζ
(2,X)

, ν
(2,X)

, ζ
(2,A)

, ν
(2,A)

are defined by

ν
(2,X)

(E1) = |x|2
2 ((x2

3 + x2
4)E1 − (x1x3 + x2x4)E3 + (x2x3 − x1x4)E4),

ν
(2,X)

(E2) = |x|2
2 ((x2

3 + x2
4)E2 + (x1x4 − x2x3)E3 − (x1x3 + x2x4)E4),

ν
(2,X)

(E3) = |x|2
2 (−(x1x3 + x2x4)E1 + (x1x4 − x2x3)E2 + (x2

1 + x2
2)E3),

ν
(2,X)

(E4) = |x|2
2 ((x2x3 − x1x4)E1 − (x1x3 + x2x4)E2 + (x2

1 + x2
2)E4),

ζ
(2,X)

(Ei) = 0, i = 1, ..., 4, ν
(2,A)

(Eα) = 0, ζ
(2,A)

(Eα) = −|x|4
2 Eα, α = 5, 6.

Lemma 3.5. The mappings ζ
(3,X)

, ν
(3,X)

, ζ
(3,A)

, ν
(3,A)

are defined by

ζ
(3,X)

(E1) = |x|4
2 (−x3E5 − x4E6), ζ

(3,X)
(E2) = |x|4

2 (x4E5 − x3E6),

ζ
(3,X)

(E3) = |x|4
2 (x1E5 + x2E6), ζ

(3,X)
(E4) = |x|4

2 (−x2E5 + x1E6),

ν
(3,X)

(Ei) = 0, i = 1, ..., 4, ν
(3,A)

(E5) = |x|4
2 (−x3E1 + x4E2 + x1E3 − x2E4),

ν
(3,A)

(E6) = |x|4
2 (−x4E1 − x3E2 + x2E3 + x1E4), ζ(3,A)

(Eα) = 0, α = 5, 6.

Moreover, by a lengthy but elementary calculation using Proposition

2.1, the lemmas 3.2, 3.3, 3.4, 3.5 and the linearity of all operators, we

get the nth covariant derivative of the Jacobi operator at p of N . It

is given by the symmetric matrix J n)
0 =

(
J nij
)
, i, j = 1, ..., 6, where

J nαβ = 〈ζ
(n,A)

(Qα), Qβ〉(0) = 〈ζ
(n,A)

(Eα), Eβ〉, J nαj = 〈ν
(n,A)

(Eα), Ej〉,
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J niβ = 〈ζ
(n,X)

(Ei), Eβ〉, J nij = 〈ν
(n,X)

(Ei), Ej〉 for i, j = 1, ..., 4, α, β = 5, 6.

The non-zero elements of J n)
0 , n = 0, ..., 3 are the following:

J 0
11 = J 0

22 = −3
4 (x2

3 + x2
4), J 0

33 = J 0
44 = −3

4 (x2
1 + x2

2), J 0
55 = J 0

66 = |x|2
4 ,

J 0
13 = J 0

24 = 3
4 (x1x3 + x2x4), J 0

14 = −J 0
23 = 3

4 (−x2x3 + x1x4).
(7)

J 1
15 = J 1

26 = |x|2
2 x3, J 1

16 = −J 1
25 = |x|2

2 x4,

J 1
35 = J 1

46 = −|x|2
2 x1, J 1

36 = −J 1
45 = −|x|2

2 x2.
(8)

J 2
11 = J 2

22 = |x|2
2 (x2

3 + x2
4), J 2

33 = J 2
44 = |x|2

2 (x2
1 + x2

2), J 2
55 = J 2

66 = −|x|4
2 ,

J 2
14 = −J 2

23 = |x|2
2 (x2x3 − x1x4), J 2

13 = J 2
24 = −|x|2

2 (x1x3 + x2x4).
(9)

J 3
15 = J 3

26 = −|x|4
2 x3, J 3

16 = −J 3
25 = −|x|4

2 x4,

J 3
35 = J 3

46 = |x|4
2 x1, J 3

36 = −J 3
45 = |x|4

2 x2.
(10)

Proposition 3.1. The constant osculating rank of the Jacobi operator

along the family of geodesics γ on N is given by rγ = 2, |x|2J 1)
t +J 3)

t = 0.

Proof. Let us consider the linear homogeneous system of equations form

by AJ 1
11 +BJ 2

11 = 0 and AJ 1
15 +BJ 2

15 = 0. Using (8) and (9) we conclude

that A = B = 0. Therefore, J 1)
0 and J 2)

0 are linear independent.

On the other hand, we easily check from (8), (9) and (10) that

|x|2J 1)
0 + J 3)

0 = 0. (11)

Finally, we use (11) in the expansion in Taylor’s series of |x|2J 1)
t + J 3)

t .

Note that β1 = |x|2, β2 = 0 and β3 = 1. Moreover, the value of these

constants is always the same on every member of the family of geodesics

γ on N . Therefore, we can use the constant osculating rank method for

solving the Jacobi equation along γ. The following relation will be the key

in the next section. It is obtained using (11) and the induction method.

J 2l+m)
0 = (−1)l|x|2lJm)

0 , m = 1, 2, l = 1, 2, 3, ... (12)

3.2. Resolution of the Jacobi equation

Here, we use the constant osculating rank method and the standard method

to calculate the first Jacobi vector field along the previous family of

geodesics with Ȧ0 = 0 on Kaplan’s example N .
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The constant osculating rank method.7 Let Yt = DtQt be

the Jacobi vector field along a geodesic γ. Then, the Jacobi equation

Y ′′
t + Jt(Yt) = 0 with initial conditions Y0 = 0, Y ′

0 = Q0, can be rewritten

as (DtQt)
′′ + Jt(DtQt) = (Dt)

′′Qt + DtJt(Qt) = 0 and, consequently, as

D
2)
t + DtJt = 0 with initial values D0 = 0, D

1)
0 = I where we consider

the covariant differentiation with respect to γ̇ and I is the identity trans-

formation of TpM . Therefore, to obtain the expression of the Jacobi fields

it is enough to know the development in Taylor’s series of Dt. Thus, we

successively derive D
2)
t = −DtJt and we apply the initial conditions. Fi-

nally, Dt along the geodesic γ on N is given by Dt =
∑∞

k=0 D
k)
0
tk

k! where

D
0)
t = C0

t = C1
t = 0, D

1)
t = I and, for k ≥ 2, D

k)
t = Ck−1

t +
(
D
k−1)
t

)′
,

Ckt =
(
Ck−1
t

)′−JtDk−1)
t . Moreover, if we work on a g.o. space with constant

Jacobi osculating rank, D
k)
0 only depend of J0, J 1)

0 , ..., J r)
0 .

Now, we use the previous methodology assuming that γ denotes the

family of geodesics with Ȧ0 = 0 on Kaplan’s example N . In Ref. 2, the

authors proved that N has constant Jacobi osculating rank with r = 4.

However, we use that rγ = 2 (see Proposition 3.1) and the relation (12) to

obtain the Jacobi vector fields instead of the information provided by the

constant Jacobi osculating rank. Thus,D
k)
0 only depend of J0, J 1)

0 and J 2)
0 .

Note that we simplified the method proposed in Ref. 7. More explicitly,

Lemma 3.6. Each Jacobi vector field along the family of geodesics with

Ȧ0 = 0 on N is given by (Yt)i =
∑6
j=1(Dt)ijQj , i = 1, ..., 6 where

(Dt)ij = Iij t− (J0)ij
t3

3! − 2(J 1)
0 )ij

t4

4! + ((J0J0)ij − 3(J 2)
0 )ij)

t5

5! + (4|x|2

(J 1)
0 )ij + 2(J 1)

0 J0)ij + 4(J0J 1)
0 )ij)

t6

6! + (5|x|2(J 2)
0 )ij − (J0J0J0)ij

+ 3(J 2)
0 J0)ij + 10(J 1)

0 J
1)
0 )ij + 10(J0J 2)

0 )ij)
t7

7! + (18(J 2)
0 J

1)
0 )ij

+ 30(J 1)
0 J

2)
0 )ij − 2(J 1)

0 J0J0)ij − 4(J0J 1)
0 J0)ij − 4|x|2(J 1)

0 J0)ij

− 6(J0J0J 1)
0 )ij − 20|x|2(J0J 1)

0 )ij − 6|x|4(J 1)
0 )ij)

t8

8! +O(t9).

Finally, using (7), (8) and (9) in Lemma 3.6 we obtain that

(Yt)1 = tQ1 + S(t)((x2
3 + x2

4)Q1 − (x1x3 + x2x4)Q3

+ (x2x3 − x1x4)Q4) + T (t)( 1
2 t

2(x3Q5 + x4Q6)),
(13)

where S(t) = 1
8 t

3 − 1
128 t

5 + 1
9216 t

7 + O(t9) =
∑∞

n=0
(−1)n

(n+1)(2n)!

(
t
2

)(2n+3)
=

1
2 t(−2+2 cos(t/2)+t sin(t/2)) and T (t) = − 1

12 t
2+ 1

480 t
4− 1

53760 t
6+O(t7) =

∑∞
n=1

(−1)n

(2n−1)(2n+1)!

(
t
2

)(2n)
= cos(t/2)− 2

t sin(t/2).
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The standard method.3 This method is based in the transforma-

tion of the Jacobi equation using a new covariant derivative. Let M be a

Riemannian manifold with Levi-Civita connection ∇ and γt a geodesic in

M parametrized by arc length. Suppose there exists a ∇γ̇-parallel skew-

symmetric tensor field Tt along γ such that the Jacobi operator Jt along

γ satisfies ∇γ̇Jt := [Jt, Tt]. Thus, we define a new covariant derivative

∇̄γ̇ := ∇γ̇ + Tt, and put J̄t := Jt + T 2
t . Then Jt, J̄t, Tt are ∇̄γ̇-parallel

along γ and the Jacobi equation becames ∇̄γ̇∇̄γ̇Bt − 2Tt∇̄γ̇Bt + J̄tBt = 0

where Bt is a vector field along γ.

Now, let us denote by {Pi}6i=1 the orthonormal frame field obtained by

∇̄γ̇-parallel translation of the basis {Ei}6i=1 along γ. The standard method

was used in p. 52 of Ref. 3 for solving the Jacobi equation on any H-type

group. In such case, ∇̄ is the canonical connection. Now, using their result

we conclude that the first Jacobi field along the geodesic γ with Ȧ0 = 0 is

(Bt)1 = tP1 + 1
2 t

2[P1, γ̇0]
(3)
= tP1 + 1

2 t
2(x3P5 + x4P6). (14)

3.3. Relation between both methods

It is well-known that on any n-dimensional homogeneous space the canon-

ical and the Levi-Civita connection have the same geodesics. Moreover,

Lemma 5 of Ref. 5 establishes the relation between the parallel orthonor-

mal frame fields {Qi} and {Pi} along an arbitrary geodesic γ. This is

Qi(t) =

n∑

j=1

aij(t)Pj(t), i = 1, ..., n (15)

where (aij(0)) = I and a′ij(t) =
∑n
k=1 aik(t)(TγPk(t))j for i, j = 1, ..., n.

In this section, we will use (15) to relate (13) with (14). From now on,

if there is no confusion we will denote the matrix (aij(t)) by (aij).

Lemma 3.7. (aij), i, j = 1, ..., 6 along the family of geodesics with Ȧ0 = 0

on Kaplan’s example is given by

a11 = a22 = x2
1 + x2

2 + cos(t/2)(x2
3 + x2

4), a16 = −a25 = a52 = sin(t/2)x4,

a13 = a24 = a31 = a42 = (1− cos(t/2))(x1x3 + x2x4),

a12 = a21 = a34 = a43 = a56 = a65 = 0, a55 = a66 = cos(t/2),

a14 = −a23 = −a32 = a41 = (−1 + cos(t/2))(x2x3 − x1x4),

a33 = a44 = cos(t/2)(x2
1 + x2

2) + x2
3 + x2

4, a15 = a26 = −a51 = sin(t/2)x3,

a35 = a46 = −a53 = − sin(t/2)x1, a36 = −a45 = a54 = − sin(t/2)x2.
(16)
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Proof. we know from p. 45 of Ref. 3 that TγPi = 1
2 [Pi, x], i = 1, 2, 3, 4,

TγPα = 1
2j(Pi)(x), α = 5, 6. More specifically, using (3) and (4) we have

TγP1 = 1
2 (x3P5 + x4P6), TγP2 = 1

2 (x3P6 − x4P5),

TγP3 = −1
2 (x1P5 + x2P6), TγP5 = 1

2 (x1P3 − x2P4 − x3P1 + x4P2),

TγP4 = 1
2 (x2P5 − x1P6), TγP6 = 1

2 (x1P4 + x2P3 − x3P2 − x4P1).

(17)

Thus, using (17) in (15), we obtain an homogeneous systems of ordinary

differential equations, a′i = M ·ai, with initial condition aii(0) = 1, aij(0) =

0, j 6= i for each i ∈ {1, 2, 3, 4, 5, 6} where ai and a′i denote the vectors (aij)

and (a′ij), j = 1, ..., 6, respectively, and M is the antisymmetric matrix

whose non-zero elements are M15 = M26 = − 1
2x3, M16 = −M25 = − 1

2x4,

M35 = M46 = 1
2x1, M36 = −M45 = 1

2x2.
Finally, we will solve the system following the general theory of ordinary

differential equations. The eigenvalues associated to M are {0,− 1
2 ı,

1
2 ı}, all

of them with multiplicity 2. A basis {v1, v2} of kerM2 and a basis {w1, w2}
of ker(M − ı

2Id)
2 are given by v1 = (x1x3+x2x4

x2
3+x

2
4

, x2x3−x1x4

x2
3+x

2
4

, 1, 0, 0, 0),

v2 = (x1x4−x2x3

x2
3+x

2
4

, x1x3+x2x4

x2
3+x

2
4

, 0, 1, 0, 0), w1 = (x3

x2
, −x4

x2
, −x1

x2
, 1, −ıx2

, 0), w2 =

( ı(x1x3+x2x4)
x2

, ı(x2x3−x1x4)
x2

,
−ı(x2

1+x
2
2)

x2
, 0, x1

x2
, 1). Moreover, etMv1 = v1 + tM ·

v1 = v1, etMv2 = v2 + tM · v2 = v2, etMw1 = e
ıt
2 (w1 + t(M − ı

2Id) · w1) =

e
ıt
2 w1, etMw2 = e

ıt
2 (w2 + t(M − ı

2Id) ·w2) = e
ıt
2 w2. Thus, the general solu-

tion of the system a′i = M ·ai is ai = Ci1e
tMv1+Ci2e

tMv2+Ci3Re(etMw1)+
Ci4Im(etMw1) + Ci5Re(etMw2) + Ci6Im(etMw2) or, more explicitly, it is

ai1(t) =x1x3+x2x4

x2
3+x

2
4

Ci1 + x1x4−x2x3

x2
3+x

2
4

Ci2 + x3
x2

(cos(t/2)Ci3 + sin(t/2)Ci4)

+ x1x3+x2x4
x2

(cos(t/2)Ci6 − sin(t/2)Ci5),

ai2(t) =x2x3−x1x4

x2
3+x

2
4

Ci1 + x1x3+x2x4

x2
3+x

2
4

Ci2 −
x4
x2

(cos(t/2)Ci3 + sin(t/2)Ci4)

+ x2x3−x1x4
x2

(cos(t/2)Ci6 − sin(t/2)Ci5),

ai3(t) =Ci1 + −x1
x2

(cos(t/2)Ci3 + sin(t/2)Ci4)

+
(x2

1−x2
2)

x2
(sin(t/2)Ci5 − cos(t/2)Ci6),

ai4(t) =Ci2 + cos(t/2)Ci3 + sin(t/2)Ci4,

ai5(t) = 1
x2

(sin(t/2)Ci3 − cos(t/2)Ci4) + x1
x2

(cos(t/2)Ci5 + sin(t/2)Ci6),

ai6(t) = cos(t/2)Ci5 + sin(t/2)Ci6,

(18)

where Ci1, Ci2, Ci3, Ci4, Ci5, Ci6 are arbitrary parameters that must be cal-

culated for finishing the proof. We obtain their values solving the system

aii(0) = 1, aij(0) = 0, j 6= i, for each i ∈ {1, .., 6}.

Finally using (16), we substitute Qi by
∑6

j=1 aijPj , i = 1, ..., 6, in (13).
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We obtain

(Yt)1 =tP1 − f(t)((x2
3 + x2

4)P1 − (x1x3 + x2x4)P3

+ (x2x3 − x1x4)P4) + 1
2 t

2g(t)(x3P5 + x4P6),
(19)

where f(t) = t(1 − cos(t/2)) − cos(t/2)S(t) + t2

2 sin(t/2)T (t) and g(t) =
2
t sin(t/2)+cos(t/2)T (t)+ 2

t2 sin(t/2)S(t). Thus, (14) is equal to (19) if and

only if f(t) = 0, g(t) = 1 or, equivalently, if and only if S(t) = 1
2 t(−2 +

2 cos(t/2) + t sin(t/2)), T (t) = cos(t/2) − 2
t sin(t/2). Therefore, (13) and

(14) are obviously equivalent.

Remark 3.1. Although the standard method can be used on any Rie-

mannian manifold it does not always give general explicit results as on

H-type groups (recall the results obtained by I. Chavel4,5 and W. Ziller9).

Nonetheless, the constant osculating rank method can be always applied

on g.o. spaces with easy and straightforward computations.
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to obtain the affine parameter are presented.
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1. Introduction

A geodesic in a homogeneous pseudo-Riemannian or affine manifold is said

to be homogeneous if it is an orbit of an one-parameter group of isome-

tries, or, of affine diffeomorphisms, respectively. A homogeneous pseudo-

Riemannian or affine manifold is a g.o. manifold if every geodesic is homo-

geneous. On pseudo-Riemannian manifolds, the parameter of the group of

isometries may be different from the affine parameter of the geodesic only

for null homogeneous geodesics. Nevertheless, for all known examples of

pseudo-Riemannian g.o. manifolds, these parameters are the same for all

homogeneous geodesics. In the affine case, there are g.o. manifolds whose

almost all geodesics must be reparametrized.

In Section 2, we recall the essential features of pseudo-Riemannian g.o.

manifolds. The details can be found in Refs. 3,4,7,8. In Section 3, we present

the new approach for the study of homogeneous geodesics in affine homo-

geneous manifold. This method was developed and used for homogeneous

affine manifolds in dimension 2 in Ref. 6. In Section 4, we recall the classifi-

cation of 2-dimensional homogeneous affine connection given by B. Opozda

for the torsion-free case in Ref. 9 and later refined and generalized to arbi-

trary torsion by T. Arias-Marco and O. Kowalski in Ref. 1. In Sections 5,
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6 and 7, we investigate in more details some special 2-dimensional homo-

geneous affine manifolds, which were studied in Ref. 6, and we also present

a new example in Section 5.

2. Homogeneous geodesics in pseudo-Riemannian manifolds

Let M be a pseudo-Riemannian manifold. If there is a connected Lie group

G ⊂ I0(M) which acts transitively on M as a group of isometries, then M is

called a homogeneous pseudo-Riemannian manifold . Let p ∈ M be a fixed

point. If we denote by H the isotropy group at p, then M can be identified

with the homogeneous space G/H . In general, there may exist more than

one such group G ⊂ I0(M). The pseudo-Riemannian metric g on M can

be considered as a G-invariant metric on G/H . The pair (G/H, g) is then

called a pseudo-Riemannian homogeneous space.

If the metric g is positive definite, then (G/H, g) is always a reductive

homogeneous space: We denote by g and h the Lie algebras of G and H

respectively and consider the adjoint representation Ad: H×g→ g of H on

g. There exists a direct sum decomposition (reductive decomposition) of the

form g = m+h where m ⊂ g is a vector subspace such that Ad(H)(m) ⊂ m.

If the metric g is indefinite, the reductive decomposition may not exist. For

a fixed reductive decomposition g = m + h there is a natural identification

of m ⊂ g = TeG with the tangent space TpM via the projection π : G →
G/H = M . Using this natural identification and the scalar product gp on

TpM we obtain a scalar product 〈 , 〉 on m. This scalar product is obviously

Ad(H)-invariant.

Definition 2.1. A geodesic γ(s) through the point p defined in an open

interval J (where s is an affine parameter) is said to be homogeneous if

there exists

1) a diffeomorphism s = ϕ(t) between the real line and the open interval J ;

2) a vector X ∈ g such that γ(ϕ(t)) = exp(tX)(p) for all t ∈ (−∞,+∞).

The vector X is then called a geodesic vector.

Lemma 2.1 (see Ref. 5). Let X ∈ g. Then the curve γ(t) = exp(tX)(p)

is a geodesic curve with respect to some parameter s if and only if

〈[X,Z]m, Xm〉 = k〈Xm, Z〉 (1)

for all Z ∈ m and for some constant k ∈ R.

Further, if k = 0, then t is an affine parameter for this geodesic. If

k 6= 0, then s = e−kt is an affine parameter for the geodesic. The second
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case can occur only if the curve γ(t) is a null curve in a (properly) pseudo-

Riemannian manifold.

In Ref. 2, based on the examples in dimensions 6 and 7, the following

conjecture was formulated:

Conjecture 2.1. Let G/H be a pseudo-Riemannian g.o. manifold. For all

null homogeneous geodesics one has k = 0 in Lemma 2.1.

3. Homogeneous geodesics in affine manifolds

For the study of homogeneous geodesics in affine manifolds, we cannot use

the algebraic tools as in the pseudo-Riemannian case, because we have no

reductive decomposition and no scalar product here. We briefly describe

the new method which is based on Killing vector fields.

Definition 3.1. A vector field X on an affine manifold (M,∇) is called

an affine Killing vector field if the Lie derivative LX∇ vanishes, or, equiv-

alently, if X satisfies the equation

[X,∇Y Z]−∇Y [X,Z]−∇[X,Y ]Z = 0, (2)

for all vector fields Y, Z.

Proposition 3.1. An affine manifold (M,∇) is homogeneous if it admits

at least n = dimM complete affine Killing vector fields which are linearly

independent at each point.

Definition 3.2. Let (M,∇) be a homogeneous affine manifold. A homo-

geneous geodesic is a geodesic which is an orbit of an one-parameter group

of affine diffeomorphisms. (Here the canonical parameter of the group need

not be the affine parameter of the geodesic). An affine g.o. space is a homo-

geneous affine manifold (M,∇) such that each geodesic is homogeneous.

Proposition 3.2. Let M = G/H be a homogeneous space with a left-

invariant affine connection ∇. Then each regular orbit of a 1-parameter

subgroup gt ⊂ G on M is an integral curve of an affine Killing vector field

on M .

Definition 3.3. A nonvanishing smooth vector field Z on M is said to be

geodesic along its regular integral curve γ if the curve γ(t) is geodesic up to

a possible reparametrization. If all regular integral curves of Z are geodesics

up to a reparametrization, then the vector field Z is called a geodesic vector

field.
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Proposition 3.3 (see Ref. 6). Let Z be a nonvanishing Killing vector

field on M = (G/H,∇).

1) Z is geodesic along its integral curve γ if and only if

∇Zγ(t)
Z = kγ · Zγ(t) (3)

holds along γ, where kγ ∈ R is a constant. If kγ = 0, then t is the affine

parameter of geodesic γ. If kγ 6= 0, then the affine parameter of this geodesic

is s = ekγt.

2) Z is a geodesic vector field if and only if

∇ZZ = k · Z (4)

holds on M . Here k is a smooth function on M , which is constant along

integral curves of the vector field Z.

4. Locally homogeneous connections in dimension two

Theorem 4.1 (see Refs. 1,9). Let ∇ be a locally homogeneous affine

connection without torsion on a 2-dimensional manifold M . Then, in

a neighborhood U of each point m ∈ M , either ∇ is locally a Levi-Civita

connection of the unit sphere or, there is a system (u, v) of local coordinates

and constants A,B,C,D,G,H such that ∇ is expressed in U by one of the

following formulas:

typeA : ∇∂u∂u = A∂u +B ∂v, ∇∂u∂v = C ∂u +D∂v,

∇∂v∂u = C ∂u +D∂v , ∇∂v∂v = G∂u +H ∂v,

typeB : ∇∂u∂u = A
u ∂u + B

u ∂v , ∇∂u∂v = C
u ∂u + D

u ∂v,

∇∂v∂u = C
u ∂u + D

u ∂v, ∇∂v∂v = G
u ∂u + H

u ∂v,

where not all A,B,C,D,G,H are zero.

5. G.o. manifolds of type A

Let us have a connection ∇ with constant Christoffel symbols A, . . . , H in

R2(u, v). It is easy to verify that the vector fields ∂u and ∂v satisfy the

system of PDEs corresponding to the equation (2) and they are complete

Killing vector fields. Hence, (R2,∇) is a globally homogeneous manifold.

Let us consider a Killing vector field X = x ∂u + y ∂v (where x, y are

constants and (x, y) 6= (0, 0)) and its integral curves

γ(t) =
(
u(t), v(t)

)
=
(
xt+ c1, yt+ c2

)
. (5)
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We calculate the covariant derivative of the tangent vector

γ′(t) =
(
u′(t), v′(t)

)
=
(
x, y
)

(6)

along γ(t). We obtain

∇γ′(t)γ
′(t) =

(
Ax2 + 2C xy +Gy2

)
∂u +

(
B x2 + 2Dxy +H y2

)
∂v. (7)

We see that ∇γ′(t)γ
′(t) does not depend on the initial conditions of the

integral curve and the formula (7) is the same for all integral curves of the

vector field X . The condition

∇γ′(t)γ
′(t) = kγ′(t) (8)

is satisfied for all x, y with k = 0 if and only if all the Christoffel sym-

bols are equal to zero. In this case, (R2,∇) is a g.o. space, every Killing

field X = x ∂u + y ∂v is geodesic and its integral curves do not require a

reparametrization. For k 6= 0, the equality (8) is satisfied if and only if

Ax2 + 2C xy +Gy2 = kx, B x2 + 2Dxy +H y2 = ky, (9)

which gives, by the elimination of the factor k, the equation

B x3 + (2D −A)x2y + (H − 2C)xy2 −Gy3 = 0. (10)

Example 5.1. Let us consider the affine connection whose Christoffel sym-

bols satisfy the conditions

A = 2D, H = 2C, B = G = 0. (11)

The equation (10) is obviously satisfied for all x and y. From the equations

(9), we obtain

k = 2(Dx+ Cy) (12)

and we see that any integral curve of the vector field X = x∂u+y∂v requires

a reparametrization, unless Dx+Cy = 0. According to Proposition 3.3, the

affine parameter of this geodesic is

s = e2(Dx+Cy)t. (13)

Now we are going to express these geodesics through the affine parameter.

From the relation (13), we obtain easily

t =
log(s)

2(Dx+ Cy)
(14)

and the geodesics and their tangent vectors are given by the formulas

γ(s) =
(
u(s), v(s)

)
=
( x log(s)

2(Dx+ Cy)
+ c1,

y log(s)

2(Dx+ Cy)
+ c2

)
,
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γ′(s) =
(
u′(s), v′(s)

)
=
( x

2(Dx+ Cy)s
,

y

2(Dx+ Cy)s

)
. (15)

After a longer but straightforward computation we verify that

∇γ′(s)γ
′(s) = 0. (16)

It is worth mentioning here that all integral curves of the Killing field

X are reparametrized by the same diffeomorphism (13). With the affine

parameter, geodesics are defined on the interval (0,∞).

By the direct solution of the system of PDEs corresponding to the equa-

tion (2), we can check that these affine connections admit another Killing

vector fields, namely

(au+ bv)(C∂u −D∂v), (17)

for arbitrary a, b. The lines in the direction (x, y) = (−C,D) are the only

integral curves which do not need reparametrization when considered as the

integral curves of a Killing field of the type X = x∂u+y∂v. As the orbits of

the Killing field of the type (17), they obviously require a reparametrization.

On the other hand, if C 6= 0 or D 6= 0, integral curves of a Killing vector

field X = x∂u + y∂v such that (x, y) 6= (−C,D) are not integral curves of

any other Killing vector field. The reparametrization of these homogeneous

geodesics cannot be avoided.

Example 5.2. Let us now consider the connection with the Christoffel

symbols

A 6= 0, C 6= 0, B = D = H = G = 0. (18)

If we consider the Killing vector fields of the type X = x∂u + y∂v, the

equations (9) give us

Ax2y + 2Cxy2 = kx, ky = 0. (19)

We see that only the integral curves corresponding to x = 0, y = 0 or

Ax+ 2Cy = 0 are geodesics.

When we solve the system of PDEs corresponding to the equation (2),

we find that the general Killing vector fields for these connections are

X = c1e
−Au(e−2Cv + c2)∂u + c3∂v , for ci ∈ R. (20)

Let us now consider the Killing vector field

X = xe−(Au+2Cv)∂u + y∂v (21)

for any x, y ∈ R and calculate the covariant derivative. We obtain

∇XX = xe−(Au+2Cv)∇∂u

(
xe−(Au+2Cv)∂u + y∂v

)



February 17, 2009 16:46 WSPC - Proceedings Trim Size: 9in x 6in viii-icdg

223

+y∇∂v

(
xe−(Au+2Cv)∂u + y∂v

)

= xe−(Au+2Cv)
(
−Axe−(Au+2Cv)+xe−(Au+2Cv)A+yC

)
∂u

+y
(
−2Cxe−(Au+2Cv) + xe−(Au+2Cv)C

)
∂u = 0. (22)

We see that the Killing vector field X given by the formula (21) is geodesic.

All its integral curves are geodesics and they do not need a reparametriza-

tion.

6. G.o. manifolds of type B

Let now∇ be the affine connection on the manifold H2
+ = {R2(u, v) |u > 0}

whose Christoffel symbols are A
u ,

B
u , . . .

H
u , where A, . . . , H are constants.

By the direct check we can verify that the vector fields ∂v and u∂u + v∂v
satisfy the system of PDEs corresponding to the equation (2). These are

complete affine Killing vector fields and (H2
+,∇) is a globally homogeneous

manifold.

Let us consider the Killing vector field X = x ∂v + y (u∂u + v∂v), where

x, y are arbitrary parameters and express its integral curves. We obtain

γ′(t) =
(
u′(t), v′(t)

)
=
(
y u(t), x+ y v(t)

)
(23)

and by the integration in the case y 6= 0 we have

γ(t) =
(
u(t), v(t)

)
=
(
c1 e

yt, c2 e
yt − x/y

)
(24)

and in the case y = 0 we have

γ(t) =
(
u(t), v(t)

)
=
(
c1, xt+ c2

)
, (25)

where c1 > 0 and c2 ∈ R are integration constants. We calculate the co-

variant derivative of the tangent vector γ ′(t) along γ(t) for y 6= 0:

∇γ′(t)γ
′(t)=c1y2eyt∂u+ c2y

2eyt∂v+c
2
1y

2e2yt∇∂u∂u

=+2c1c2y
2e2yt∇∂u∂v+c

2
2y

2e2yt∇∂v∂v

=c1y
2eyt∂u+c2y

2eyt∂v+c
2
1y

2e2yt
(
A
c1
e−yt∂u+ B

c1
e−yt∂v

)

+2c1c2y
2e2yt

(
C
c1
e−yt∂u+ D

c1
e−yt∂v

)

+c22y
2e2yt

(
G
c1
e−yt∂u+H

c1
e−yt∂v

)

=
(
(1 +A)c1+G

c22
c1

+2Cc2
)
y2eyt∂u

+
(
(1 + 2D)c2+Bc1+H

c22
c1

)
y2eyt∂v .

(26)
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For y = 0 we obtain

∇γ′(t)γ
′(t) =

x2

c1

(
G∂u +H∂v

)
. (27)

Now let us consider various cases of the affine connections of type B.

Example 6.1. Let the constants in the Christoffel symbols of the affine

connections satisfy

A = −1, D = −1/2, B = C = H = G = 0. (28)

Then in the equations (26) and (27), we obtain for any c1, c2

∇γ′(t)γ
′(t) = 0. (29)

Obviously, any Killing field X = x ∂v + y (u∂u + v∂v) is geodesic and any

integral curve is geodesic parametrized by the affine parameter.

Example 6.2. Let us consider the connections, whose Christoffel symbols

satisfy

A = 2D, H = 2C, B = G = 0 (30)

and A 6= −1 or C 6= 0. For y 6= 0, the relation (26) gives

∇γ′(t)γ
′(t) =

(
(2D + 1) + 2C

c2
c1

)
y · γ′(t). (31)

If C 6= 0, the integral curve corresponding to (2D + 1)c1 + 2Cc2 = 0 does

not need a reparametrization. According to Proposition (3.3), other integral

curves have to be reparametrized by the diffeomorphism

s = exp
((

(2D + 1) + 2C
c2
c1

)
yt
)
. (32)

From the equality (32), we obtain

eyt = sa1 , where a1 =
c1

(2D + 1)c1 + 2Cc2
. (33)

For geodesics, we obtain

γ(s) =
(
u(s), v(s)

)
=
(
c1s

a1 , c2s
a1 − x

y

)
,

γ′(s) =
(
u′(s), v′(s)

)
=
(
c1a1s

a1−1, c2a1s
a1−1

)
. (34)

After a longer, but straightforward calculation we can verify that

∇γ′(s)γ
′(s) = 0. (35)
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For y = 0, the equation (27) gives

∇γ′(t)γ
′(t) =

2Cx

c1
· γ′(t). (36)

For C 6= 0, we use the reparametrization s = exp
(

2Cx
c1
t
)

and we obtain

γ(s) =
(
u(s), v(s)

)
=
(
c1,

c1
2C

log(s) + c2

)
,

γ′(s) =
(
u′(s), v′(s)

)
=
(
0,
c1
2C

1

s

)
(37)

and we verify easily ∇γ′(s)γ
′(s) = 0.

Because γ was arbitrary integral curve, we see again that any Killing

vector field X = x ∂v +y (u∂u+ v∂v) is geodesic, but the reparametrization

depends on the initial conditions (c1, c2) and hence it is different for different

integral curves of the given Killing vector field X .

We observe again, that the integral curves of the Killing vector field

X = x ∂v + y (u∂u + v∂v) were defined on the interval (−∞,∞), but the

affine parameter of geodesics is from the interval (0,∞).

7. General connection of type B

Example 7.1. Let us now consider the connections, whose Christoffel sym-

bols do not satisfy the relations (30), let us choose for example

A = −1, B = C = 0, D = 1/2, G = −1, H = −3. (38)

From the equation (26), we obtain

∇γ′(t)γ
′(t) = −c

2
2

c1
y2eyt∂u +

(
2c2 − 3

c22
c1

)
y2eyt∂v . (39)

Now, for the simplicity, we can always “normalize” the Killing vector field

X = x ∂v + y (u∂u + v∂v) in a way that y = 1. We can also asume that

the initial conditions (c1, c2) of the integral curve of this vector field sasisfy

c1 = 1, because any integral curve intersect the line u = 1. Hence, the

tangent vector γ ′(t) is

γ′(t) = et∂u + c2e
t (40)

and the equation (39) is

∇γ′(t)γ
′(t) = −c22et∂u + c2(2− 3c2)e

t∂v . (41)

We see easily that the equality ∇γ′(t)γ
′(t) = kγ′(t) is satisfied if and only

if c2 satisfies the equation

c2(c
2
2 − 3c2 + 2) = 0, (42)
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with the solutions

c2 = 0 (k = 0), c2 = 1 (k = −1), c2 = 2 (k = −4). (43)

We see that any Killing vector field X = x ∂v+y (u∂u+v∂v) is geodesic

along exactly 3 integral curves corresponding to c1 = 1 and c2 from the

above solutions.

We also see that there are three homogeneous geodesics through any

point p ∈ H2
+ and two of them require a reparametrization. If p = (1, pv),

then the components x, y of the Killing vector fields X = x ∂v+(u∂u+v∂v)

corresponding to these geodesics can be calculated using the relation (24),

because we suppose γ(0) = p, and we obtain

x = c2 − pv. (44)

We see that the Killing vector fields corresponding to these geodesics depend

on the point p.
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1. Introduction

For a smooth finite dimensional manifold M the structure of T 2M , the

bundle of accelerations, was studied by Dodson and Radivoiovici.4 They

proved that T 2M admits a vector bundle structure over M if and only

if M is endowed with a linear connection. Dodson and Galanis2 have es-

tablished the structure of T 2M for Banach manifolds and also for those

Fréchet manifolds which are projective limits of Banach manifolds. They

proved that existence of a vector bundle structure on T 2M is equivalent to

the existence on M of a linear connection in the sense of Vilms.16 By this

means, vector bundle structures of T 2M were classified by Dodson, Galanis

and Vassiliou3 for the Banach case.

In this paper we extend that classification to a large class of Fréchet

manifolds. Also, we investigate some relations between connections and or-

dinary differential equations on Fréchet spaces which generalize a result

of Vassiliou15 in the Banach case. As Galanis and Vassiliou8 have pointed

out, there is no specific method to solve a given differential equation on

Fréchet spaces. Here we introduce a method for solving such problems and

we give also a relation between these equations and the induced connec-

tions. This method can solve a wide class of ordinary differential equation

on any Fréchet space because every Fréchet space can be considered as a

projective limit of Banach spaces. Furthermore, it extends to solve differen-

tial equations on those Fréchet manifolds which are obtained as projective

limits of Banach manifolds. We indicate how the methodology may be ap-

plied by suggesting an approach to generalize to a large class of Fréchet

manifolds the Earle and Eells5 foliation theorem.

There has been recent interest in the Fréchet case for various models

in theoretical physics and stochastic calculus; we mention some examples.

Blair1 studied the spaceM of all C∞-Riemannian metrics on a manifold M

as an infinite-dimensional Fréchet manifold with C∞-topology and provided

certain of its geometrical properties. Sergeev14 suggested a new realization

of the homogeneous factor-space Diff(S1)/S1, which is a Fréchet mani-

fold. He interpreted it as the space of those complex structures on the loop

space ΩG of a compact Lie group G (regarded as a Fréchet-Kähler manifold

equipped with a canonical action of the group Diff(S1) by symplectomor-

phisms) that are compatible with the symplectic structure. Minic and Tze13

proposed a generalization of quantum mechanics in which the projective

Hilbert space of quantum events is replaced by a ‘nonlinear Grassmann-

ian’ Gr(Cn+1) of codimension-2 compact submanifolds of Cn+1, which is a

Fréchet manifold. Then it admits a symplectic structure (being a coadjoint
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orbit of the group of volume-preserving diffeomorphisms of Cn+1) and a

(non-integrable) almost complex structure, which make it into an almost

Kähler manifold. Kinateder and McDonald9 discussed the stochastic flow of

certain diffeomorphisms via the Fréchet manifold D of smoothly bounded

domains in Rn with compact closure; they included also a review of the rele-

vant Fréchet geometry, developed the stochastic analysis and gave a number

of examples and applications. See also McDonald12 who studied Brownian

motion in a complete Riemannian manifold M where, for each v > 0, Mv

is the Fréchet manifold of all relatively compact smooth domains D in M

of volume v; he obtained various results when M has constant curvature.

2. Preliminaries

Let M be a smooth manifold modelled on the Banach space E with the

corresponding atlas {(Uα, ψα)}α∈I . For each x ∈ M we define Cx = {f :

(−ε, ε) −→ M ; f is smooth and f(0)=x}. For f, g ∈ Cx, we define f ∼x g
iff f ′(0) = g′(0), so TxM = Cx/∼x and TM =

⋃
x∈M TxM . It is easy to

check that TM is a smooth Banach manifold modelled on E×E. Moreover it

is a vector bundle over M by the projection πM : TM −→M. Consider the

trivialization {(π−1
M (Uα),Ψα)}α∈I for TM and similarly the trivialization

{(π−1
TM (π−1

M (Uα)), Ψ̃α)}α∈I for T(TM).

Following e.g. Vilms,16 a connection on M is a vector bundle morphism

∇ : T (TM) −→ TM with the local forms ωα : ψα(Uα) × E −→ L(E,E).

Local representation of ∇ is as follows:

∇α : ψα(Uα)× E× E× E −→ ψα(Uα)× E

with ∇α = Ψαo∇oΨ̃−1
α for α ∈ I , and the relation ∇α(y, u, v, w) =

(y, w + ωα(y, u).v) is satisfied. Furthermore ∇ is a linear connection iff

{ωα}α∈I are linear with respect to their second variables. This connection

∇ is completely determined by its Christoffel symbols:

Γα : ψα(Uα) −→ L(E, L(E,E)) ≡ L2
s(E× E,E) ; α ∈ I

defined by Γα(y)[u] = ωα(y, u) for each (y, u) ∈ ψα(Uα)× E.

The necessary condition for ∇ to be well defined on chart overlaps of M

is that the Christoffel symbols satisfy the following compatibility condition;

Γα(σαβ(y))(dσαβ(y)(u), dσαβ(y)(v)) + (d2σαβ(y)(v))(u)

= dσαβ(y)(Γβ(y)(u, v))

for all (y, u, v) ∈ ψα(Uα) × E × E. Here σαβ = ψαoψ
−1
β , and d, d2 denote

the first and the second order differentials respectively.
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Recalling our above definition of Cx, we define the equivalence relation

≈x as follows, for f, g ∈ Cx,
f ≈x g ⇐⇒ f ′(0) = g′(0) and f ′′(0) = g′′(0).

Then T 2
xM = Cx/ ≈x and T 2M =

⋃
x∈M T 2

xM. Here we see that T 2
xM is a

topological vector space isomorphic to E× E under the isomorphism:

φx : T 2
xM −→ E× E

[f, x]2 7−→ ((ψα ◦ f)′(0), (ψα ◦ f)′′(0)).

However, this identification cannot be extended to a vector bundle structure

on T 2M . This can nevertheless be achieved by the use of a linear connection

∇ of M by means of the following local trivializations:

Φα : π−1
2 (Uα) −→ Uα × E× E

[f, x]2 7−→ (x, (ψα ◦ f)′(0), (ψα ◦ f)′′(0) + Γα(ψα(x))((ψα ◦ f)′(0),

(ψα ◦ f)′(0))),

where π2 : T 2M −→ M sending [f, x]2 to x. In this way we see that T 2M

becomes a vector bundle over M with fibres of type E×E and the structure

group GL(E× E).

Let Φα,x be the restriction of Φα to the fibres T 2
xM . Then the transition

functions of T 2M will be:

Tαβ : Uα ∩ Uβ −→ L(E× E,E× E)

x 7−→ Φα,x ◦ Φβ,x
−1

More precisely, they have the form Tαβ = (d(σαβ ◦ φβ), d(σαβ ◦ φβ)), for

more details see Dodson and Galanis.2

3. Classification for vector bundle structures of T 2M

Here we turn to a class of Fréchet manifolds that are obtained as projective

limits of Banach manifolds. Let {M i, ϕji}i,j∈N be a projective system of

Banach manifolds modelled on the Banach spaces {Ei}i∈N respectively; we

require the model spaces also to form a projective system. Suppose that

for x = (xi) ∈ M = lim←−M
i there exists a projective system of charts

{(U iα, ψiα)}i∈N such that xi ∈ U iα and the limit lim←−U
i
α is open in M . Then,

the projective limit M = lim←−Mi has a Fréchet manifold structure modelled

on F = lim←−Ei with the atlas A = {(lim←−U
i
α, lim←−ψ

i
α)}α∈I . Let {M i, φji}i,j∈N

and {N i, φ′ji}i,j∈N be two projective systems of manifolds, with smooth

maps gi : M i −→ N i such that lim←− g
i = g exists. Suppose that for each
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i ∈ N ; M i and N i are endowed with linear connections ∇Mi and ∇Ni

which form the projective limits ∇M = lim←−∇Mi and ∇N = lim←−∇Ni . The

latter are then linear connections over M and N respectively.

Moreover, the next result holds:

Proposition 3.1. Let ∇Mi and ∇Ni be gi-conjugate for each i ∈ N then

∇M and ∇N are g-conjugate.

Proof. We have to show that ∇NoT (Tg) = Tgo∇M .
First we prove that lim←−∇NioT (Tgi) exists. Let i ≤ j , then:

Tφ′ji(∇Nj ◦ T (Tgj)) = (∇Ni ◦ T (Tφ′ji))o(T (Tgi))

= ∇Nio[(T (Tgi)) ◦ T (Tφji)]

= (∇Ni ◦ T (Tgi)) ◦ T (Tφji),

hence the limit lim←−∇Ni ◦ T (Tgi) exists. Furthermore for each i ∈ N we

have:

Tφ′i ◦ (∇N ◦ T (Tg)) = (∇Ni ◦ T (Tφ′i)) ◦ T (Tg) = ∇Ni ◦ T (Tgi)

where φ′i : N −→ N i are the canonical projections. As a result,

∇N ◦ T (Tg) = lim←−∇Ni ◦ T (Tgi).

On the other hand, {Tgi ◦∇Mi}i∈N is a projective system of maps. Indeed

for i ≤ j :

Tφ′ji ◦ (Tgj ◦ ∇Mj ) = (Tgi ◦ Tφji) ◦ ∇Mj

= Tgi ◦ (∇Mi ◦ T (Tφji))

= (Tgi ◦ ∇Mi) ◦ T (Tφji).

Hence lim←−Tg
i ◦ ∇Mi exists. Moreover:

Tφ′i ◦ (Tg ◦ ∇M ) = (Tgi ◦ Tφi) ◦ ∇M = Tgi ◦ ∇Mi , i ∈ N,

where φi : M −→M i are the canonical projections of M . Hence

Tg ◦ ∇M = lim←−(Tgi ◦ ∇Mi).

Based on the fact that each pair (∇Mi ,∇Ni), i ∈ N, consists of gi-conjugate

connections, we conclude that

∇N ◦ T (Tg) = lim←−(∇Ni ◦ T (Tgi)) = lim←−(Tgi ◦ ∇Mi) = Tg ◦ ∇M ,
hence ∇M and ∇N are indeed g-conjugate.

Lemma 3.2. If ∇M = lim←−∇Mi , ∇N = lim←−∇Ni and ∇Mi and ∇Ni are

gi-conjugate, then T 2g : T 2M −→ T 2N is linear on the fibres.
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Proof. Since ∇Mi and ∇Ni are gi-conjugate3 then T 2
xigi is linear for each

xi ∈M i. Since T 2
xg = lim←−T

2
xigi the result follows.

Proposition 3.3. Let gi : M i −→ N i be smooth maps and ∇Mi and ∇Ni

be gi-conjugate for each i ∈ N. Then, T 2g : T 2M −→ T 2N is a vector

bundle morphism.

Sketch of proof. Each T 2gi : T 2M i −→ T 2N i is a vector bundle mor-

phism for each i ∈ N ;3 and since T 2g = lim←−T
2gi, we get the result.

In view of the above discussion, we deduce the following main result:

Theorem 3.4. Let gi : M i −→ M i be a diffeomorphism and ∇i and ∇′i

gi-conjugate linear connections on M i, for each i ∈ N. If ∇ = lim←−∇
i and

∇′ = lim←−∇
′i, then the vector bundle structures on T 2M induced by ∇ and

∇′ are isomorphic.

Let (M,∇) denote the vector bundle structure of T 2M induced by ∇.

For a diffeomorphism g : M −→ M we define the equivalence relation ∼g
as follows:

(M,∇) ∼g (M,∇′)⇐⇒ ∇ and ∇′ are g − conjugate.
Hence if (M,∇) and (M,∇′) are in the same g-conjugate class [(M,∇)]g ,

their induced vector bundle structures on T 2M are isomorphic.

Corollary 3.5. All the elements of the class [(M,∇)]g have isomorphic

induced vector bundle structures on T 2M .

4. Connections and ordinary differential equations

Let E be a Banach space and L = (R × E,R, pr1) be the trivial bundle

over R with fibres of type E. Vassiliou15 showed that we can correspond an

ordinary differential equation to a connection over the trivial bundle with

the solution ξ being the horizontal global section of the obtained connection.

Furthermore, it is shown that connections ∇ and ∇′ over L are conjugate iff

the corresponding differential equations dx/dt = A(t)x and dx/dt = B(t)y

are equivalent.

Here we extend these concepts to Fréchet spaces. Let F be a Fréchet

space with F = lim←−{E
i, ρji}i,j∈N. Consider the trivial bundle L = (R ×

F,R, pr1) with respect to the usual atlas A for R formed by the global

chart (R, idR).

Assume that ∇i is a linear connection over Li = (R × Ei,R, pr1) and

that the corresponding Christoffel symbols commute with the connecting
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morphisms ρji. Then, ∇ = lim←−∇
i a linear connection on L = lim←−Li char-

acterized by a single Christoffel symbol:

Γ : R −→ L2(R× F,F).

Let A(t) = Γ(t)(., 1) where 1 is the unit of R. Then the following result

holds true:

Theorem 4.1. Linear connections of the above type are in one-to-one cor-

respondence with the ordinary differential equations dx/dt = A(t)x where

the factor A is obtained as a projective limit. Moreover for each t0 ∈ R

there exists a unique horizontal global section

ξ : R −→ R× F

as solution with ξp(t0) = f0, where ξp : R −→ F is the principal part of ξ.

Proof. We know that ∇ = lim←−∇
i such that each ∇i is a linear con-

nection over Li . Also, each ∇i corresponds bijectively to an ordinary

differential equation dxi/dt = Ai(t)xi.15 Furthermore, every solution of

dxi/dt = Ai(t)xi is the principal part of the horizontal global section of ∇i,
which we call ξi.

We notice firstly that Ai(ti) = Γi(ti)(., 1) where Γi is the Christoffel

symbol ∇i over Li assigned to the chart (Ei, idEi). Since ∇ = lim←−∇
i we get

Γ(t)(., 1) = lim←−Γi(t)(., 1), t ∈ R. Hence, A(t) = lim←−A
i(ti) is well defined

and consequently dx/dt = A(t)x is an ordinary differential equation on Ei.

For more details see Galanis.6

Let ξip be the solution of dx/dt = Ai(t)x, satisfying ξip(t0) = f i0. We

claim that {ξip}i∈N is a projective system of maps and ξp = lim←− ξ
i
p is the

solution of dx/dt = A(t)x. One has first to check that:

ρjioξp
j = ξp

i

for i ≤ j. To this end, we see that

(ρji ◦ ξjp)′(t) = ρji ◦ (ξjp)
′(t) = ρji ◦ [Aj(t)](ξjp(t))

= [ρji ◦Aj(t)](ξjp(t))
= [Ai(t) ◦ ρji](ξjp(t))
= [Ai(t)](ξip(t))

Moreover, ξip(t
i
0) = f i0 and (ρjioξjp)(t0) = ρji(f j0 ) = f i0. Based on the

uniqueness of the solutions of differential equations on Banach spaces over

given initial conditions, we conclude that ρji ◦ ξjp = ξip. This implies that
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ξp = lim←− ξ
i
p exists. Furthermore, it is the solution of the above-mentioned

differential equation:

ξ′p(t) = (ξip
′
(ti))

i∈N
= (Ai(ti)(ξip

′
(ti)))

i∈N
= A(t)(ξp(t)).

Similar calculations ensure that ξp = lim←− ξ
i
p is also the unique horizontal

global section of ∇ as a projective limit of global sections.

Let ∇ = lim←−∇
i and ∇′ = lim←−∇

′i be two linear connections over L

such that for each i ∈ N, ∇i and ∇′i are gi-related connections on Li and

g = lim←− g
i.

Theorem 4.2. With the same assumptions, let ∇ = lim←−∇
i and ∇′ =

lim←−∇
′i be two linear connections over L. Then ∇ and ∇′ are (g, idR)-related

iff their corresponding differential equations, given by dx/dt = A(t)x and

dy/dt = C(t)y , are equivalent i .e. there exists a smooth transformation

Q : B −→ H0(F) such that x(t) = Q(t)y(t) or equivalently,

C(t) = Q−1(t) ◦ (A(t) ◦Q(t)− Q̇(t))

for each t ∈ R.

Proof. By Vassiliou15 ∇i and ∇′i are gi-related connections over Li iff

dxi/dt = Ai(t)xi and dyi/dt = Ci(t)yi are equivalent i .e.

Ci(t) = (Qi)
−1

(t) ◦ (Ai(t) ◦Qi(t)− Q̇i(t)) : i ∈ N, (1)

where Q = ε ◦Q∗, Q∗ = (Qi)i∈N
and ε is the natural morphism

ε : H0(F) −→ L(F)

(li)i∈N 7−→ lim←− l
i

Hence (1) implies that: ∇i and ∇′i are gi-related iff x(t) = Q(t)y(t).

Note that the existence of intrinsic obstacles in the structure of the

space of continuous linear mappings L(F), which drops out of the category

of Fréchet spaces, leads us to replace it with the Fréchet space H(F).

H(F) = {(li)i∈N ∈
∞∏

i=1

L(Ei) : lim←− l
i exists}

More precisely,H(F) can be considered as the projective limit of the Banach

spaces:

Hi(F) := {(l1, ..., li) ∈
i∏

j=1

L(Ej) : ρjk ◦ lj = lk ◦ ρjk ; for k ≤ j ≤ i}.
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The work presented in this paper can be applied in order to obtain a

potentially useful Floquet − Liapunov theorem in Fréchet spaces:

Corollary 4.3. Let ∇ = lim←−∇
i be a linear connection over L with peri-

odic coefficient A. Then there exists a linear connection ∇′ with constant

Christoffel symbols, where ∇ and ∇′ are (g, idR)− related.

Proof. According to Galanis8 the differential equation ẋ(t) = A(t)x(t)

with periodic coefficient A is equivalent with the differential equation ẏ(t) =

B(t)y(t) such that B is constant. Let ∇′ be the linear connection over L

assigned to B then, by Theorem 3.2, ∇ and ∇′ are (g, idR)− related.

5. The Earle and Eells foliation theorem in Fréchet spaces

The target here is to indicate a possible generalization to a wide class of

Fréchet manifolds for the following result:

Theorem 5.1 (Earle and Eells5). Let (X,α), (Y, β) be Finsler C1-

manifolds modeled on Banach spaces, and suppose that (X,α) is complete.

Let f : X → Y be a surjective C1-map which foliates X. If there is a, locally

bounded over Y , Lipschitz splitting of the sequence

0 −→ Kerf∗ −→ TX
f∗−→ f−1(TY ) −→ 0,

where f∗ stands for the differential of f at x, then f is a locally C0-trivial

fibration.

The proof of Theorem 5.1 is strongly based on properties of differential

equations in Banach spaces, used to construct coherent liftings of paths. As

a result, any attempt to generalize it to the Fréchet framework encounters

serious difficulties. This is because the local structure of the space models

do not admit a general solvability theory for ordinary differential equations

analogous to that of the Banach case. Indeed, in a Fréchet space an initial

value problem may have no solution, a single one or multiple solutions.

A way out of these difficulties is proposed here for a wide class of Fréchet

manifolds: those that can be obtained as projective limits of Banach cor-

responding factors (see Galanis and Dodson2,7). To be more precise, we

consider the manifolds X,Y to be limits of a projective system of Banach

Finsler manifolds: X = lim←−{(X
i, αi)}i∈N, Y = lim←−{(Y

i, βi)}i∈N. Then, sup-

pose that X and Y can be endowed with generalized Fréchet-Finsler struc-

tures in which the induced norms on the tangent spaces are replaced by

sequences of semi-norms.
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If this is the case, then a corresponding limit of mappings f = lim←− f
i :

X → Y satisfying the properties of the previous theorem, can be realized

as a projective limit of C1-factors f i : X i → Y i, i ∈ N, where each of factor

satisfies also the assumptions of Theorem 5.1. It follows that a sequence of

C0-trivial fibrations will be obtained and it will projectively converge to f.

Taking into account that the notion of triviality on the fibers is compatible

with projective limits, one obtains this property also for f, avoiding the use

of the pathological differential equations on Fréchet spaces.

Note that if the domain manifold X is assumed to be Banach modeled

and Y is a Finsler manifold as above, then the result obtains for every

surjective C1-map f which foliates X .
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we classify the totally biharmonic surfaces in a three-dimensional space form.
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1. Introduction

Biharmonic curves γ : I ⊂ R → (M, g) of a Riemannian manifold are the

solutions of the fourth order differential equation

∇3
γ′γ′ −R(γ′,∇γ′γ′) γ′ = 0.

As we shall detail in the next section, they arise from a variational problem

and are a natural generalization of geodesics.

In the last decade several articles (see, for example, Refs. 1,2,4–7,9) have

appeared on the construction and classification of biharmonic curves, start-

ing with Ref. 3, where the authors studied the case of biharmonic curves

on a surface.

In this paper we consider the following problem: under which conditions

on the extrinsic geometry of a submanifold M in a Riemannian manifold

(N, h) all the geodesics of M are biharmonic curves of N .

We call totally biharmonic a submanifold M that satisfies the above

property.

We first write down the system that characterizes the shape operator

of a totally biharmonic submanifold. Next, we use this system to find all

totally biharmonic surfaces in a space form N 3(C) of constant sectional

curvature C, i.e.:
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(a) if C ≤ 0, then M is a totally geodesic surface;

(b) if C = 1, and we take N3(1) = S3, then M is either totally geodesic or

one of the following surfaces:

(i) part of the Clifford torus S1( 1√
2
)× S1( 1√

2
);

(ii) part of the sphere S2( 1√
2
).

In the last section we explore an example of a non-totally biharmonic surface

in the Heisenberg group H3 admitting geodesics which are biharmonic in

the ambient space.

2. Biharmonic maps

Harmonic maps ϕ : (M, g) → (N, h) between smooth Riemannian mani-

folds are critical points of the energy functional E(ϕ) = 1
2

∫
M
|dϕ|2 vg . The

corresponding Euler-Lagrange equation is given by the vanishing of the ten-

sion field τ(ϕ) = trace∇dϕ. Biharmonic maps (as suggested by J. Eells and

J.H. Sampson in Ref. 8) are the critical points of the bienergy functional

E2(ϕ) = 1
2

∫
M |τ(ϕ)|2 vg . In Ref. 10, G.Y. Jiang derived the first variation

formula of the bienergy showing that the Euler-Lagrange equation for E2

is

τ2(ϕ) = −∆τ(ϕ) − traceRN (dϕ, τ(ϕ))dϕ = 0,

where ∆ is the rough Laplacian defined on sections of ϕ−1(TN) and

RN (X,Y ) = ∇X∇Y −∇Y∇X −∇[X,Y ] is the curvature operator on (N, h).

The equation τ2(ϕ) = 0 is called the biharmonic equation.

Let now γ : I ⊂ R → (N, h) be a curve parametrized by arc-length. If we

denote by T = γ′ its unit tangent vector field, then the biharmonic equation

becomes

∇3
TT −RN(T,∇TT )T = 0. (1)

For a survey on biharmonic maps and submanifolds we refer the rider

to Ref. 11.

3. Totally biharmonic hypersurfaces

Let ϕ : (Mn, g) → (Nn+k, h) be the inclusion of a submanifold M in N .

We shall denote by ∇ and ∇ the Levi-Civita connections on N and M

respectively.

Definition 3.1. The inclusion ϕ : (Mn, g) → (Nn+k, h) is called totally

biharmonic if all geodesics of M are biharmonic curves of N .
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We shall now find the conditions on the extrinsic geometry of the submani-

fold M in N under which a geodesic of M is biharmonic in N .

For simplicity, in the sequel, we shall consider the case of codimension-

one submanifolds, although most of the results can be generalized to higher

codimension. We shall denote by η a unit section in the normal bundle of M

in N , by B(X,Y ), X,Y vector fields tangent to M , the second fundamental

form with values in the normal bundle and by Sη the shape operator with

respect to the section η. The curvature operators of (M, g) and (N, h) will be

denoted by R and R and the sectional curvatures by K and K, respectively.

We have

Lemma 3.1. Let ϕ : (Mn, g) → (Nn+1, h) be the canonical inclusion.

Then a geodesic γ : I → Mn is biharmonic in N if and only if, along the

curve γ, the shape operator Sη satisfies one of the following conditions:

(a) 〈Sη(T ), T 〉 = 0 and γ is a geodesic of N ;

(b) Sη is a solution of the following system




〈Sη(T ), T 〉 = constant 6= 0

‖Sη(T )‖2 = K(T, η)

〈∇TSη(T ), T⊥
i 〉 = −〈R(T, η)T, T⊥

i 〉, i = 2, . . . , n

(2)

where T = γ′, whilst T⊥
i , i = 2, . . . , n, are n−1 unit vector fields along

γ, orthogonal to T .

Proof. Decomposing B(T, T ) with respect to η we have B(T, T ) = fη,

with f = 〈B(T, T ), η〉 = 〈Sη(T ), T 〉. Let now γ : I → Mn be a geodesic

parametrized by arc-length, so that ∇TT = 0. Now, γ is a biharmonic curve

of N if and only if

∇3

TT −R(T,∇TT )T = 0.

Taking into account that ∇TT = 0, the first addend becomes

∇3

TT = ∇2

T (∇TT +B(T, T ))

= ∇2

TB(T, T )

= ∇2

T fη

= ∇T (f ′η + f∇T η)
= ∇T (f ′η − fSη(T ))

= f ′′η + f ′∇T η − f ′Sη(T )− f(∇TSη(T ) +B(SηT, T ))

= f ′′η − 2f ′Sη(T )− f∇TSη(T )− fB(Sη(T ), T ).
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On the other hand, the the second addend is

R(T,∇TT )T = R(T,∇TT +B(T, T ))T

= R(T,B(T, T ))T

= fR(T, η)T.

Thus γ is biharmonic in N if and only if

f ′′η − 2f ′Sη(T )− f∇TSη(T )− fB(Sη(T ), T )− fR(T, η)T = 0. (3)

Next, taking the inner product of (3) with T, η and n−1 unit vector fields,

along γ, T⊥
i , i = 2, . . . , n, orthogonal to T , we get

−3f ′f = 0 (4)

f ′′ − f〈B(Sη(T ), T ), η〉+ fK(T, η) = 0, (5)

−2f ′〈Sη(T ), T⊥
i 〉 − f〈∇TSη(T ) +R(T, η)T, T⊥

i 〉 = 0, i = 2, . . . , n. (6)

In Condition (4) we have two possibilities:

(a) f = 0,

(b) f = constant 6= 0.

In the first case

〈∇TT, η〉 = 〈Sη(T ), T 〉 = f = 0, (7)

from which it follows that ∇TT = 0 and thus γ is a geodesic of Nn+1. If

we assume that f = 〈Sη(T ), T 〉 = constant 6= 0, then (5) becomes

−f〈B(T, Sη(T )), η〉+ fK(T, η) = −f〈Sη(T ), Sη(T )〉+ fK(T, η) = 0,

which gives the second equation of (2).

Finally, (6) reduces to

〈∇TSη(T ), T⊥
i 〉 = −〈R(T, η)T, T⊥

i 〉, i = 2, . . . , n.

Since for any point p ∈ M and for every vector X ∈ TpM there exists a

geodesic starting at p with velocity vector X , we have the following

Theorem 3.1. Let ϕ : (Mn, g) → (Nn+1, h) be the inclusion. Then ϕ is

totally biharmonic if and only if, for any point p ∈M , one of the following

is satisfied:

(a) Sη ≡ 0 and ϕ is totally geodesic;
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(b) Sη is a solution of the following system:




〈Sη(X), X〉 = constant 6= 0

‖Sη(X)‖2 = K(X, η)

〈∇XSη(X), Y 〉 = −〈R(X, η)X,Y 〉,
(8)

for any orthonormal vectors X,Y ∈ TpM .

4. Totally biharmonic surfaces of space forms

Let now M2 be a surface in a three-dimensional space form N 3(C) of

constant sectional curvature C. Then, for arbitrary orthonormal vectors

X,Y ∈ TpM , we have

〈R(X, η)Y,X〉 = C(〈X,X〉〈η, Y 〉 − 〈X,Y 〉〈η,X〉) = 0

〈R(X, η)η,X〉 = C(〈X,X〉〈η, η〉 − 〈X, η〉〈η,X〉) = C.

Therefore, (8) becomes




〈Sη(X), X〉 = constant

‖Sη(X)‖2 = C

〈∇XSη(X), Y 〉 = 0.

(9)

In particular, from the second condition in (9), we have immediately the

following

Proposition 4.1. Let N3 be a three-dimensional space form of constant

sectional curvature C ≤ 0. Then the only totally biharmonic surfaces are

the totally geodesic ones.

We are then left to study the case when the sectional curvature of N 3

is positive. Without loss of generality we can assume that N 3 is the three-

dimensional sphere S3 of sectional curvature 1. In this case we have the

following characterization

Theorem 4.1. Let M be a totally biharmonic surface of S3. Then M is

either a totally geodesic or one of the following surfaces:

(i) part of the Clifford torus S1( 1√
2
)× S1( 1√

2
);

(ii) part of the sphere S2( 1√
2
).

Proof. Let M be a totally biharmonic surface of S3. Since C = 1, Sys-

tem (9) becomes




〈Sη(X), X〉 = constant

‖Sη(X)‖2 = 1

〈∇XSη(X), Y 〉 = 0.

(10)
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Let e1, e2 be the principal curvatures of M 2 in S3, that is Sη(ei) = λiei, i =

1, 2, λi ∈ C∞(M). Then, applying the second equation of (10) to e1 and

e2, we have

λ2
i = ‖Sη(ei)‖2 = 1, i = 1, 2.

If λ1 = λ2 = 1, Sη is the shape operator of the sphere S2( 1√
2
), while,

if λ1 = 1 and λ2 = −1, Sη is the shape operator of the Clifford torus

S1( 1√
2
)×S1( 1√

2
). To end the proof we need to show that the sphere S2( 1√

2
)

and the Clifford torus satisfy all conditions in (10). For the sphere S2( 1√
2
),

where Sη = Id, taking for any unit vector T ∈ TpM the geodesic γ : I → S2

starting at p with velocity vector T , we have




〈Sη(T ), T 〉 = 〈T, T 〉 = 1,

‖Sη(T )‖2 = ‖T‖2 = 1,

〈∇TSη(T ), T⊥〉 = 〈∇TT, T⊥〉 = 0.

Thus S2
(

1√
2

)
is totally biharmonic. Let now consider the Clifford torus.

Using the canonical inclusion of S3 in R4, a geodesic of the Clifford torus

can be parametrized by

γ(s) =
1√
2

(
cos
( √

2√
1 + a2

s
)
, sin

( √
2√

1 + a2
s
)
,

cos
( √

2a√
1 + a2

s+ b
)
, sin

( √
2a√

1 + a2
s+ b

))
, a, b ∈ R.

With respect to the principal directions



e1 = (− sin

( √
2√

1+a2
s
)
, cos

( √
2√

1+a2
s
)
, 0, 0)

e2 =
(
0, 0,− sin

( √
2a√

1+a2
s+ b

)
, cos

( √
2a√

1+a2
s+ b

))

the shape operator of the Clifford torus is

Sη =

(
1 0

0 −1

)
,

while the velocity vector of γ is

T =
1√

1 + a2
e1 +

a√
1 + a2

e2.

Then, we have

Sη(T ) =
1√

1 + a2
e1 −

a√
1 + a2

e2,
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and

T⊥ =
−a√
1 + a2

e1 +
1√

1 + a2
e2.

Let now show that System (10) is satisfied. For the first two equations we

have at once

〈Sη(T ), T 〉 = 1− a2

1 + a2
= constant,

‖Sη(T )‖2 =
1 + a2

1 + a2
= 1.

To verify the third one, we have

〈∇TSη(T ), T⊥〉 = 〈 1√
1 + a2

∇T e1 −
a√

1 + a2
∇T e2,

−a√
1 + a2

e1 +
1√

1 + a2
e2〉

=
1− a2

1 + a2
〈∇T e1, e2〉.

Now, using the Weingarten equation of S3 in R4 we see that

〈∇T e1, e2〉 = 〈∇R
4

T e1, e2〉 = 0,

where the last equality comes from the fact that ∇R
4

T e1 is tangent to the

first factor of the Clifford torus while e2 is tangent to the second one.

5. Biharmonic curves in H3

The three-dimensional Heisenberg group H3 is the two-step nilpotent Lie

group whose elements can be represented in Gl3(R) by the matrices




1 x1 x3 + 1
2x1x2

0 1 x2

0 0 1




with xi ∈ R, i = 1, 2, 3. Endowed with the left-invariant metric

g = dx2
1 + dx2

2 +

(
dx3 +

1

2
x2dx1 −

1

2
x1dx2

)2

, (11)

(H3, g) has a rich geometric structure. In fact its group of isometries is of

dimension 4, which is the maximal possible dimension for a non constant

curvature metric on a three-manifold. Also, from the algebraic point of

view, (H3, g) is a 2-step nilpotent Lie group, i.e. “almost Abelian”. An
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orthonormal basis of left-invariant vector fields is given, with respect to the

coordinates vector fields, by




E1 = ∂
∂x1
− x2

2
∂
∂x3

E2 = ∂
∂x2

+ x1

2
∂
∂x3

E3 = ∂
∂x3

, (12)

and with respect to these left invariant vector fields the non-zero component

of the curvature tensor field are

R1221 = −3

4
, R1331 = R2332 =

1

4
. (13)

Let now X : U ⊂ R2 → H3, X(u, v) = (cos(u), sin(u), v) be the im-

mersion of a right cylinder in H3. This is invariant under the action of the

one-parameter subgroup of isometries of H3 generated by rotation about

the x3-axes and the induced metric is ds2 = 3
4du

2− 1
2dudv+dv2. A geodesic

of the cylinder, with respect to the induced metric, can be parametrized by

γ(t) = (cos(at+ b), sin(at+ b), ct+ d), a, b, c, d ∈ R. (14)

With respect to the left invariant vector fields Ei, the velocity vector of γ

is

T = −a sin(at+ b)E1 + a cos(at+ b)E2 +
(
c− a

2

)
E3,

the normal to the cylinder along γ is

η = cos(at+ b)E1 + sin(at+ b)E2,

and

T⊥ = −
(
c− a

2

)
sin(at+ b)E1 +

(
c− a

2

)
cos(at+ b)E2 −

(
c− a

2

)
E3.

We now want to find under which conditions on the parameters a, b, c, d ∈ R,

a geodesic of the cylinder is biharmonic in H3. We have

Proposition 5.1. Let X : U → H3, X(u, v) = (cos(u), sin(u), v), the im-

mersion of a right cylinder in H3. Then all the meridians and the geodesics

parametrized by (14) with 2c = 5a are biharmonic curves of H3.

Proof. We shall compute for which values of the parameters a, b, c, d ∈ R a

geodesic of the cylinder is a solution of (2). A straightforward computation

gives

Sη(T ) =
(5

4
a− c

2

)
sin(at+ b)E1 −

(5

4
a− c

2

)
cos(at+ b)E2 +

a

2
E3.
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Then, the first of (2) reduces to

〈Sη(T ), T 〉 = −a
(5

4
a− c

2

)
+
a

2

(
c− a

2

)
= constant

and is always satisfied. Before computing the second of (2), note that

K(T, η) = −3

4
a2 +

1

4

(
c− a

2

)2

.

Thus the second condition of (2) becomes

40

16
a2 − ac = 0

which is satisfied if either a = 0, where the geodesic is a meridian, or c = 5
2a.

Let now show that the third condition of (2) is always satisfied. From

∇TSη(T ) =
[(5

4
a− c

2

)2

+
a2

4

](
cos(at+ b)E1 + sin(at+ b)E2

)
,

we have immediately that

〈∇TSη(T ), T⊥〉 = −
[(5

4
a− c

2

)2

+
a2

4

](
c− a

2

)
cos(at+ b) sin(at+ b)

+
[(5

4
a− c

2

)2

+
a2

4

](
c− a

2

)
cos(at+ b) sin(at+ b)

= 0.

Moreover, a straightforward computation, taking into account (13), gives

〈R(T, η)T, T⊥〉 = 0.
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1. Introduction

The energy functional of a map φ : (M, g) 7→ (N, h) between Riemannian

manifolds has been widely investigated by several researchers(5,16) and is

given by

E1(φ) =

∫

M

‖dφ‖2vg

where dφ denotes the differential of the map φ. Critical points for the energy

functional are called harmonic maps and have been characterized by the

vanishing of the tension field τ1(φ) = tr∇dφ.

Let (M, g) be a Riemannian manifold and denote by (T1M, gS) its unit

tangent sphere bundle equipped with the Sasaki metric gS . Every smooth

unit vector field V on M determines a mapping from M into T1M , embed-

ding M into its unit tangent bundle. If M is compact and orientable, we

can define the energy of V as the energy of the corresponding map (18). A

unit vector field which is a critical point of the energy functional restricted

to the set of unit vector fields on (M, g) is called a harmonic vector field

and the corresponding critical point condition has been determined in (17)

and (18). It should be pointed out that a harmonic vector field determines a

harmonic map if an additional condition involving the curvature is satisfied
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(6). The notion of harmonic vector fields can be extended to unit vector

fields on possibly non-compact or non-orientable manifolds.

A natural generalization of harmonic maps can be given by considering

the functional obtained integrating the square of the norm of the tension

field. More precisely, J.Eells and J.H.Sampson (5) define the bienergy of φ

as the functional

E2(φ) =
1

2

∫

M

‖τ1(φ)‖2vg ,

and a map is biharmonic if it is a critical point of E2. In (3), Caddeo et al.

classified biharmonic curves and surfaces of the unit 3-sphere S3. In fact,

they found that they are circles, helices which are geodesics in the Clifford

minimal torus and small hyperspheres. The same authors in (4) constructed

examples of proper biharmonic submanifolds of Sn, n > 3.

In (12), the author studies the existence and classification of left-

invariant unit vector fields which define nonharmonic biharmonic maps

on Lie groups equipped with a left-invariant Riemannian metric extend-

ing the results of (8). More generally, O. Gil-Medrano et al. (7) constructed

new examples of G-invariant unit vector fields which are either harmonic

or which determine harmonic maps on homogeneous Riemannian mani-

folds (M = G/G0, g) by means of homogeneous structures and infinitesimal

models. We use these notions in order to construct examples of unit vector

fields which determine nonharmonic biharmonic maps into the unit tangent

sphere bundle of the Poincaré half-space Hn.

More specifically, the paper is organized in the following way. Section 2

contains the basic notions about biharmonic maps and the Sasaki metric

gS of the unit tangent sphere bundle.

In Section 3 we recall some basic facts about the homogeneous struc-

tures. Especially, the classification of homogeneous structures of type G1

provides us with examples of unit vector fields which define nonharmonic

(proper) biharmonic maps into the unit tangent sphere bundle of hyperbolic

spaces (see Theorem 3.1).

2. Preliminaries

2.1. Biharmonic maps

Let (Mm, g), (Nn, h) be Riemannian manifolds and let φ : (Mm, g) 7→
(Nn, h) be a smooth map between them. We denote by ∇φ the connection

of the vector bundle φ−1TN induced from the Levi-Civita connection ∇̄ of

(N, h) and ∇ the Levi-Civita connection of (M, g). The tension field τ1(φ)
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of φ is a section of the vector bundle ϕ−1TN defined by

τ1(φ) = tr(∇dφ) =

m∑

i=1

{∇φei
dφ(ei)− dφ(∇eiei)},

where {ei} is a local orthonormal frame field of Mm. For a compact subset

D of M , the energy of φ is defined by

E1(φ) =
1

2

∫

D

‖dφ‖2dvg .

The smooth map φ is said to be a harmonic map if it is a critical point of

the energy over every compact subset of M and the corresponding Euler-

Lagrange equation is

τ1(φ) = 0

which is called harmonic equation (16).

Definition 2.1. A smooth map ϕ : (Mm, g) 7→ (Nn, h) is said to be bihar-

monic if it is a critical point of the bienergy functional:

E2(φ) =
1

2

∫

D

‖τ1(φ)‖2dvg , (1)

over every compact domain D of M .

G. Jiang obtained (10,11) the Euler-Lagrange equation associated to the bi-

energy. More precisely, a smooth map φ : (Mm, g) 7→ (Nn, h) is biharmonic

if and only if it satisfies the following biharmonic equation

τ2(φ) = −∆̄φτ1(φ)− trRN (dφ, τ1(φ))dφ = 0,

where ∆̄φ = −tr
(
∇φ∇φ − ∇φ∇

)
is the rough Laplacian acting on sections

of φ−1TN and RN(X,Y ) = [∇X ,∇Y ] − ∇[X,Y ] is the curvature operator

on N . The section τ2(φ) is called the bitension field of φ. It is clear that

a harmonic map is automatically a biharmonic map, in fact a minimum of

the bienergy. Non-harmonic biharmonic maps are called proper biharmonic

maps. For more details about biharmonic maps, we refer to (13).

2.2. The tangent bundle and the unit sphere bundle

We recall some basic facts and formulas about the geometry of the tangent

bundle and the unit tangent sphere bundle. For a more elaborate exposition,

we refer to the survey (9).

Let (M, g) be an m-dimensional Riemannian manifold with Levi-Civita

connection ∇. The tangent bundle TM consists of pairs (x, u) where x is
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a point in M and u a tangent vector to M at x. The mapping π : TM 7→
M : (x, u) 7→ x is the natural projection from TM onto M .

It is well-known that the tangent space to TM at (x, u) splits into

the direct sum of the vertical subspace V(x,u) = Ker(dπ|(x,u)) and the

horizontal subspace H(x,u) with respect to ∇:

T(x,u)TM = H(x,u) ⊕ V(x,u).

For any vector w ∈ TxM , there exists a unique vector wh ∈ H(x,u) at the

point (x, u) ∈ TM , which is called the horizontal lift of w to (x, u), such

that dπ(wh) = w and a unique vector wv ∈ V(x,u), which is called the

vertical lift of w to (x, u), such that wv(df) = w(f) for all functions f on

M . In a similar way, one can lift vector fields on M to horizontal or vertical

vector fields on TM .

The tangent bundle TM of a Riemannian manifold (M, g) can be en-

dowed in a natural way with a Riemannian metric gS , the Sasaki metric,

depending only on the Riemannian structure g of the base manifold M . It

is uniquely determined by

gS(Xh, Y h) = gS(Xv, Y v) = g(X,Y ) ◦ π, gS(Xh, Y v) = 0 (2)

for all vector fields X and Y on M . More intuitively, the metric gS is

constructed in such a way that the vertical and horizontal subbundles are

orthogonal and the bundle map π : (TM, gS) 7→ (M, g) is a Riemannian

submersion.

Next, we consider the unit tangent sphere bundle T1M which is an

embedded hypersurface of TM defined by the equation gx(u, u) = 1. The

vector field N = ui ∂
∂ui is a unit normal of T1M as well as the position

vector for a point (x, u) ∈ T1M . For X ∈ TxM , we define the tangential lift

of X to (x, u) ∈ T1M by (2)

Xt
(x,u) = Xv

(x,u) − g(X,u)N(x,u).

Clearly, the tangent space to T1M at (x, u) is spanned by vectors of the

form Xh and Xt where X ∈ TxM . The tangential lift of a vector field

X on M to T1M is the vector field X t on T1M whose value at the point

(x, u) ∈ T1M is the tangential lift of Xx to (x, u).

A unit vector field V on M can be regarded as the immersion V :

(M, g) 7→ (T1M, gS) : x 7→ (x, Vx) ∈ T1M into its unit tangent sphere

bundle T1M equipped with the Sasaki metric gS. The pull-back metric

V ∗gS is given by

(V ∗gS)(X,Y ) = g(X,Y ) + g(∇XV,∇Y V ).
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As a consequence, the unit vector field V determines an isometric immersion

into its unit tangent sphere bundle if and only if it is parallel.

The tension field τ1(V ) is given by (6)

τ1(V ) = (

m∑

i=1

R(∇eiV, V )ei)
h + (tr∇2V − g(tr∇2V, V )V )v ,

or, equivalently,

τ1(V ) = (

m∑

i=1

R(∇eiV, V )ei)
h

+ (−∆̄V )t. (3)

where {ei} is a local orthonormal frame field of (M, g). The term −tr∇2V

is equal to the rough Laplacian ∆̄V , that is

∆̄V = −tr∇2V =
m∑

i=1

{∇∇ei
eiV −∇ei∇eiV }.

For the sake of convenience, we set Ã =
∑m
i=1 R(∇eiV, V )ei, where V is a

unit vector field.

3. Homogeneous structures

In this section we consider the notion of homogeneous Riemannian structure

on a Riemannian manifold (M, g). More specifically, we study homogeneous

structures of type G1.

A homogeneous structure on a Riemannian manifold (M, g) is a tensor

field T of type (1, 2) satisfying ∇̃g = ∇̃R = ∇̃T = 0 where ∇̃ is the metric

connection determined by ∇̃ = ∇− T . Moreover, we have ∇̃T̃ = ∇̃R̃ = 0,

where T̃ and R̃ denote the torsion and the curvature tensor of ∇̃, respec-

tively. Any homogeneous Riemannian manifold (M, g) admits a homoge-

neous structure ( [15, Theorem 1.12]). On the other hand, Ambrose and

Singer (1) proved that a connected, complete and simply connected Rie-

mannian manifold (M, g) is homogeneous if and only if it admits a homo-

geneous structure T . In particular, given the tensor field T, they constructed

the Lie group G (which is called the transvection group) which acts transi-

tively and effectively on M ( [15, Theorem 1.18]). First, we set ∇̃ = ∇−T .

The Lie algebra g of G splits into the direct sum

g = m⊕ k

and called the transvection algebra, where m coincides with the tangent

space ToM and k is the algebra generated by all curvature transformations
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R̃(X,Y ), X, Y ∈ m. In this case, we have the representation of M as the

reductive space (M, g) = G/K with the canonical connection ∇̃ (14) and K

being isomorphic to the restricted holonomy group of (M, ∇̃) at the origin.

Moreover, in (15) the authors classified the homogeneous structures into

eight classes. In this paper, we are interested only in the first class G1. Let

(M, g) be a connected Riemannian manifold of dimension n which admits

a non-trivial homogeneous structure T (T 6= 0) of type G1, i.e. there exists

a tensor field T of type (1, 2) on M given by

g(T (X,Y ), Z) = g(TXY, Z) = g(X,Y )ϕ(Z)− g(X,Z)ϕ(Y ),

where X,Y, Z are vector fields on M and ϕ is a non-zero 1-form on M .

Equivalently, if we consider the vector field ξ dual to the 1-form ϕ, T is

given by

TXY = g(X,Y )ξ − g(ξ, Y )X,

for every vector fieldsX,Y onM . In this case, the manifoldM is of constant

negative curvature and furthermore, if M is complete and simply connected

then it is isometric to the hyperbolic space and conversely. In the sequel, we

follow the terminology given in (7). We consider the n-dimensional Poincaré

half-plane Hn = {(x1, x2, . . . , xn) ∈ Rn|x1 > 0} with the metric

g = (cx1)
−2

n∑

i=1

(dxi)
2.

It has constant curvature equal to −c2. According to (15), the vector field

ξ = c2x1
∂
∂x1

determines a non-trivial homogeneous structure of type G1 on

(Hn, g). More precisely, the Poincaré half plane (H2, g) has, up to isomor-

phisms, only two homogeneous structures, namely T = 0 (corresponding

to the symmetric case) and the other corresponding to ξ. In this case, the

canonical connection ∇̃ is flat and hence the holonomy algebra k of ∇̃ is

trivial. The computation of the transvection algebra g, yields the represen-

tation of Hn as the subgroup G of GL(n,R) of the form

α =




ex1 0 · · · 0 x2

0 ex1 · · · 0 x3

...
...

. . .
...

...

0 0 · · · ex1 xn
0 0 · · · 0 1



.

Furthermore, it is a solvable Lie group which is a semi-direct product of the

multiplicative group R+
0 = {x ∈ R|x > 0} and the additive group Rn−1. A
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basis of left-invariant vector fields is given by

X1 = c ∂
∂x1

, Xi = cex1 ∂
∂xi

, (2 ≤ i ≤ n)

and the Lie bracket satisfies [X1, Xi] = cXi, the remainder brackets being

zero. On G, we consider the Riemannian metric <,>. Then, these vector

fields constitute an orthonormal basis at each point with respect to this

inner product. With this metric, the group G is locally isometric to (Hn, g).

The Levi-Civita connection with respect to this metric is determined by

∇XiXi = cX1, ∇XiX1 = −cXi, (2 ≤ i ≤ n) (4)

and the remaining covariant derivatives vanish. In the sequel, we completely

determine the unit left-invariant vector fields on (Hn, g) which define proper

biharmonic maps into the unit tangent sphere bundle equipped with the

Sasaki metric. Furthermore, let S be the unit sphere of g with respect to

<,>. For V ∈ S,∇V, Ã, ∆̄V , the tension field τ1(V ) and the bitension field

τ2(V ) are invariant by left translation. Therefore, these can be viewed as

tensors on g which are determined by the Lie algebra structure and its inner

product <,>.

Now, let V ∈ S and put V = V1X1 +
∑n

i=2 ViXi. Then, using (4), we

easily get

∇X1V = 0, ∇XiV = c(ViX1 − V1Xi), (2 ≤ i ≤ n). (5)

By straightforward calculation, using (4) and (5), we deduce

R(∇XiV, V )Xi = (−c2)(< V,Xi > ∇XiV− < ∇XiV,Xi > V )

= (−c2)(Vi∇XiV + cV1V ) = (−c3)[(V 2
i + V 2

1 )X1

+V1

n∑

j=2

j 6=i

VjXj ], (2 ≤ i ≤ n)

and, as a consequence, we get

Ã = R(∇X1V, V )X1 +

n∑

i=2

R(∇XiV, V )Xi

= (−c3)[(
n∑

i=2

V 2
i + (n− 1)V 2

1 )X1 + (n− 2)V1

n∑

i=2

ViXi]. (6)

Once again, using (4) and (5), we compute

∆̄V = −
n∑

i=2

∇Xi∇XiV = c2[(n− 1)V1X1 +

n∑

i=2

ViXi]. (7)
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Combining (2), (3), (6) and (7), we obtain

‖τ1(V )‖2g = ‖τ1(V )‖2e = ‖Ã‖2e + ‖∆̄V− < ∆̄V, V > V ‖2e

= c6[(
n∑

i=2

V 2
i + (n− 1)V 2

1 )2 + (n− 2)2V 2
1

n∑

i=2

V 2
i ] + c4[(n− 1)2V 2

1

+

n∑

i=2

V 2
i ]− c4(

n∑

i=2

V 2
i + (n− 1)V 2

1 )2,

= f(V1, V2, . . . , Vn),

since the Riemannian metric <,> is left invariant. The Lie group G is

non-compact and, so, we choose an open neighbourhood U of the neutral

element e with compact closure. Working on U and using (1), we get

E2(V ) =
1

2

∫

U
‖τ1(V )‖2gdvg

=
1

2

∫

U
‖τ1(V )‖2edvg =

1

2
f(V1, V2, . . . , Vn)V ol(U).

(8)

From the above analysis we have the following Proposition:

Proposition 3.1. A left-invariant unit vector field V on (Hn, g) defines a

biharmonic map into its unit tangent sphere bundle equipped with the Sasaki

metric gS if and only if V is a critical point of the function f on S.

We define the Lagrange function L(V1, V2, . . . , Vn, λ) = f(V1, V2, . . . , Vn) +

λ(
∑n

i=2 V
2
i +V 2

1 −1), (V1, V2, . . . , Vn) ∈ Rn, where λ is the Lagrange multi-

plier. The critical points of the function f are given by the following system:

Vi

{
c6[2(

n∑

i=2

V 2
i + (n− 1)V 2

1 ) + (n− 2)2V 2
1 ] + c4

− 2c4(

n∑

i=2

V 2
i + (n− 1)V 2

1 ) + λ
}

= 0, i = 2, . . . , n

V1

{
c6[2(n− 1)(

n∑

i=2

V 2
i + (n− 1)V 2

1 ) + (n− 2)2
n∑

i=2

V 2
i ] + (n− 1)2c4

− 2(n− 1)c4(

n∑

i=2

V 2
i + (n− 1)V 2

1 ) + λ
}

= 0,

n∑

i=2

V 2
i + V 2

1 = 1
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The solutions of the above system lead to the following Theorem:

Theorem 3.1. Let (Hn, g) w G be the n-dimensional Poincaré half-space.

For n = 2 every left-invariant unit vector field defines a proper bihar-

monic map into the unit tangent sphere bundle T1H
2 equipped with the

Sasaki metric gS. For n > 2, the set of left-invariant unit vector fields V

which define proper biharmonic maps into the unit tangent sphere bundle

is given by: ± 1
c ξ,S ∩ ξ⊥ and the (n − 2)-dimensional hyperspheres: C1 =

{∑n
i=2 V

2
i = n−2−c2n

2(n−2) , V1 =
√

n−2+c2n
2(n−2) }, C2 = {∑n

i=2 V
2
i = n−2−c2n

2(n−2) , V1 =

−
√

n−2+c2n
2(n−2) } with the assumption that c2 < 1 − 2

n , where ξ⊥ denotes the

distribution defined by the vector fields orthogonal to ξ.

Remark 3.1. According to Proposition 5.2 in (7), the unit vector field ξ

of Hn, n > 2 and those which are orthogonal to ξ are harmonic vector fields

and the corresponding maps into the unit tangent sphere bundle are not

harmonic. On the contrary, they define proper biharmonic maps into T1H
n.

Remark 3.2. The non harmonic unit vector fields whose coordinates sat-

isfy the equations of the hyperspheres C1, C2 mentioned in Theorem 3.1

define proper biharmonic maps and they do not determine harmonic maps.

Remark 3.3. In (12), the author completely determines the left-invariant

unit vector fields which define proper biharmonic maps into the unit tangent

sphere bundle of the generalized Heisenberg groups H(1, r), r ≥ 2. Further-

more, the generalized Heisenberg groups are unimodular Lie groups. On

the other hand, since tradX1 = c(n − 1) 6= 0, the transvection group G is

non-unimodular. As a consequence, Theorem 3.1 provides us with exam-

ples of unit vector fields which define proper biharmonic maps into the unit

tangent sphere bundle of non-unimodular Lie groups of dimension greater

than three (if we choose n > 3).

Acknowledgements

The author was partially supported by the Greek State Scholarships Foun-

dation (I.K.Y.) and by the C. Caratheóodory grant no.C.161 2007 - 10,
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8. J. C. González-Dávila and L. Vanhecke, Boll. Unione Mat. Ital. Sez. B Artic.

Ric. Mat. (8) 5, 377 (2002).
9. S. Gudmundsson and E. Kappos, Expo. Math. 20, 1 (2002).

10. G. Y. Jiang, Chinese Ann. Math. Ser. A 7, 389 (1986).
11. G. Y. Jiang, Chinese Ann. Math. Ser. A 7, 130 (1986).
12. M. Markellos, submitted.
13. S. Montaldo and C. Oniciuc, Rev. Un. Mat. Argentina 47, 1 (2006).
14. K. Nomizu, Amer. J. Math 76, 33 (1954).
15. F. Tricerri and L. Vanhecke, in Homogeneous structures on Riemannian

manifolds (London Math. Soc., Cambridge University Press, 1989).
16. H. Urakawa, in Calculus of Variations and Harmonic Maps (American Math-

ematical Society, Providence, 1993).
17. G. Wiegmink, Math. Ann. 303, 325 (1995).
18. C. M. Wood, Geom. Dedicata 64, 319 (1997).



February 17, 2009 16:46 WSPC - Proceedings Trim Size: 9in x 6in viii-icdg

257

PERSPECTIVES ON BIHARMONIC MAPS AND

SUBMANIFOLDS

A. Balmuş

Faculty of Mathematics, “Al.I. Cuza” University
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This paper is intended to present the main results of the author’s PhD Thesis2

concerning the geometry of biharmonic maps:
(i) we present several new methods, inspired by the Baird-Kamissoko

method1 , for constructing proper biharmonic maps starting with harmonic
maps and using warped product manifolds;

(ii) we obtain classification and non-existence results for proper biharmonic
submanifolds in space forms;

(iii) we study the biharmonicity of the Gauss map for submanifolds in
the Euclidean space, in the intent of generalizing the celebrated Ruh Vilms
Theorem24 .

Keywords: Biharmonic maps and submanifolds, warped products, Gauss map

1. Introduction

Denote by C∞(M,N) the space of smooth maps φ : (M, g) → (N, h) be-

tween two Riemannian manifolds. A map φ ∈ C∞(M,N) is called harmonic

if it is a critical point of the energy functional16

E : C∞(M,N)→ R, E(φ) =
1

2

∫

M

|dφ|2 vg ,

and is characterized by the vanishing of the tension field τ(φ) = trace∇dφ.

We recall that, if φ : (M, g) → (N, h) is a Riemannian immersion, then it

is harmonic if and only if it is a minimal immersion16, i.e. a critical point

of the volume functional.

One can generalize harmonic maps by considering the functional ob-

tained by integrating the squared norm of the tension field. More precisely,
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biharmonic maps are the critical points of the bienergy functional

E2 : C∞(M,N)→ R, E2(φ) =
1

2

∫

M

|τ(φ)|2 vg .

The Euler-Lagrange equation for E2 (see Ref. 19), called the biharmonic

equation, is given by the vanishing of the bitension field

τ2(φ) = −J(τ(φ)) = −∆τ(φ) − traceRN(dφ, τ(φ))dφ = 0,

where J is (formally) the Jacobi operator of φ, ∆ is the rough Laplacian

defined on sections of φ−1(TN) and RN (X,Y ) = ∇X∇Y −∇Y∇X−∇[X,Y ]

is the curvature operator on (N, h).

Biharmonic maps have been extensively studied in the last decade and

there are two main research directions. On one hand, in differential geome-

try, a special attention has been payed to the construction of examples and

classification results (see, for example, Refs. 1,9,13,15,18,21). On the other

hand, from the analytic point of view, biharmonic maps are solutions of a

fourth order strongly elliptic semilinear PDE and the study of their regular-

ity is nowadays a well-developed field (see, for example, Refs. 10,20,22,25).

We are interested in the geometric aspect and, since any harmonic map

is trivially biharmonic, we concentrate on biharmonic non-harmonic maps

and biharmonic non-minimal submanifolds, which are called proper bihar-

monic.

In his studies on finite type submanifolds11, B-Y. Chen defined bihar-

monic submanifolds M ⊂ Rn of the Euclidean space as those with har-

monic mean curvature vector field, that is ∆H = 0, where ∆ is the rough

Laplacian. By considering the definition of biharmonic map for Riemannian

immersions into the Euclidean space one recovers the notion of biharmonic

submanifold in the sense of B-Y. Chen. Thus biharmonic Riemannian im-

mersions can also be thought of as a generalization of Chen’s biharmonic

submanifolds. All the results obtained by B-Y. Chen and his collaborators

on proper biharmonic submanifolds in Euclidean spaces are non-existence

results. Nevertheless, by adapting their techniques it is possible to pro-

duce, as we shall see in the sequel, several classification results for proper

biharmonic submanifolds in spheres.

For an up-to-date bibliography on biharmonic maps see Ref. 26.

2. Bihamonic maps and warped product manifolds

We shall present in this section a series of new methods for constructing

proper biharmonic maps by using harmonic ones.
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A natural way for constructing proper biharmonic maps is the follow-

ing: given a harmonic map ϕ : (M, g)→ (N, h) one can conformally change

the metric g, or h, in order to render ϕ proper biharmonic. The behav-

ior of the bitension field under the conformal change of the domain metric

was studied by P. Baird and D. Kamissoko1. They established an inter-

esting connection between conformally equivalent biharmonic metrics and

isoparametric functions on Einstein manifolds.

We extend the idea of studying the effect of conformal changes of metric

to the biharmonic equation by considering the situation of warped products.

The first problem consists in the study of the biharmonicity of the inclusion

of a Riemannian manifold N into the warped product M ×f2 N and we

obtain

Theorem 2.1 (3). The inclusion map ix0 : N → M ×f2 N is a proper

biharmonic map if and only if x0 is not a critical point for f 2, but is a

critical point for |gradf 2|2.

With this setting we obtain new examples of proper biharmonic maps and

recover some of the examples first obtained in Refs. 7 and 9.

Affine functions play an important role in our study

Theorem 2.2 (3). Let (M, g) be a Riemannian manifold with a positive

nontrivial affine function f2 and let (N, h) be an arbitrary Riemannian

manifold. Then any inclusion ix : N → M ×f2 N , x ∈ M , is a proper

biharmonic map.

We then consider the product of two harmonic maps φ = 1M × ψ :

M ×N → M ×N . By warping the metric on the domain or codomain we

lose the harmonicity; nevertheless, under certain conditions on the warping

function the product map remains biharmonic. We obtain

Theorem 2.3 (3). Let ψ : N → N be a harmonic map and let f ∈
C∞(M) be a positive function. Then φ = 1M × ψ : M ×f2 N →M ×N is

a proper biharmonic map if and only if f is a non-constant solution of

traceg∇2grad ln f + RicciM (grad ln f) +
n

2
grad(|grad ln f |2) = 0.

In the case that the product map is the identity map 1 : M×f2N →M×N
we shall call the warping function, which is a solution of the above problem,

a biharmonic warping function and if M is an Einstein manifold we show

that the isoparametric functions provide examples of biharmonic warping

ones
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Proposition 2.1 (3). Let M be an Einstein space. If ρ ∈ C∞(M) is an

isoparametric function, then it admits, away from its critical points, a local

reparameterization f which is a biharmonic warping function.

For the projection π : M ×f2 N →M we obtain

Proposition 2.2 (3). The projection π : M ×f2 N → M is proper bihar-

monic if and only if f is a biharmonic warping function.

We also give the complete classification of the biharmonic warping func-

tions when M = R. Similar results are obtained when the codomain metric

is warped and ψ is harmonic with constant energy density.

Finally, we use the warped product setting to study axially symmetric

biharmonic maps from Rm \ {0} to an n-dimensional space form. We get a

general characterization result

Theorem 2.4 (3). Let ϕ : Sm−1 → Sn−1 be an eigenmap of eigenvalue

2k ≥ 0. Then φ = ρ×ϕ : Rm \ {0} → R×f2 Sn−1 is biharmonic if and only

if ρ is a solution of

F ′′ +
m− 1

t
F ′ − 2k

t2
(
f ′2(ρ) + f(ρ)f ′′(ρ)

)
F = 0,

where

F = ρ′′ +
m− 1

t
ρ′ − 2k

t2
f(ρ)f ′(ρ).

We discuss several examples and, when the target manifold is Rn \ {0},
we give the complete classification of biharmonic axially symmetric maps.

From the former classification we also deduce that the generalized Kelvin

transformation φ : Rm \ {0} → Rm \ {0}, φ(y) = y/|y|` is a proper bihar-

monic map if and only if m = `+ 2 or ` = −2.

3. Biharmonic submanifolds in space forms

The attempt to classify the biharmonic submanifolds in space forms was ini-

tiated in Refs. 14 and 23. It was proved that an m-dimensional submanifold

M in an n-dimensional space form En(c) is biharmonic if and only if




∆⊥H + traceB(·, AH ·)−mcH = 0,

2traceA∇⊥
(·)H

(·) + m
2 grad(|H |2) = 0,

where A denotes the Weingarten operator, B the second fundamental form,

H the mean curvature vector field, ∇⊥ and ∆⊥ the connection and the

Laplacian in the normal bundle of M in En(c).
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All the known results on proper biharmonic submanifolds in non-

positively curved spaces are non-existence results. There are no proper bi-

harmonic hypersurfaces in R3 and R4 (see Refs. 14,17). Also, it was proved

that the biharmonicity implies the minimality for the following classes of

submanifolds in the Euclidean space: curves, submanifolds of finite type,

submanifolds of constant mean curvature, pseudo-umbilical submanifolds of

dimension m 6= 4, hypersurfaces with at most two distinct principal curva-

tures, conformally flat hypersurfaces (see Refs. 14,15). Similar results were

obtained when the ambient space is the hyperbolic space (see, for example,

Ref. 7).

The non-existence theorems for the case of non-positive sectional cur-

vature codomains, as well as the

Generalized Chen Conjecture. Biharmonic submanifolds of a non-

positive sectional curvature manifold are minimal,

encouraged the study of proper biharmonic submanifolds in spheres and

other curved spaces (see, for example, Ref. 21).

The first achievement towards the classification problem is represented

by the complete classification of proper biharmonic submanifolds of the 3-

dimensional unit Euclidean sphere7. Then, inspired by the 3-dimensional

case, two methods for constructing proper biharmonic submanifolds in Sn

were given in Ref. 8. Although important results and examples were ob-

tained, the classification of proper biharmonic submanifolds in spheres is

still an open problem.

This section is devoted to the classification results for proper biharmonic

submanifolds in space forms contained in Refs. 4, 5.

A partial classification result for biharmonic submanifolds in spheres

was given in Ref. 23. It was proved that a proper biharmonic submanifold

M of constant mean curvature |H | in Sn satisfies |H | ∈ (0, 1]. Moreover,

|H | = 1 if and only if M is minimal in Sn−1( 1√
2
). Taking this further,

we study the type of compact proper biharmonic submanifolds of constant

mean curvature in Sn and prove that, depending on the value of the mean

curvature, they are of 1-type or of 2-type as submanifolds of Rn+1

Theorem 3.1 (4). Let Mm be a compact constant mean curvature, |H |2 =

k, submanifold in Sn. Then M is proper biharmonic if and only if either

(i) |H |2 = 1 and M is a 1-type submanifold of Rn+1 with eigenvalue λ =

2m, or

(ii) |H |2 = k ∈ (0, 1) and M is a 2-type submanifold of Rn+1 with the

eigenvalues λ1,2 = m(1±
√
k).
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We then study proper biharmonic hypersurfaces with at most two dis-

tinct principal curvatures in space forms. We first prove the following

Theorem 3.2 (4). Let M be a hypersurface with at most two distinct prin-

cipal curvatures in Em+1(c). If M is proper biharmonic in Em+1(c), then

it has constant mean curvature.

By using this result, we obtain the full classification of such hypersurfaces

in spheres

Theorem 3.3 (4). Let Mm be a proper biharmonic hypersurface with at

most two distinct principal curvatures in Sm+1. Then M is an open part of

Sm( 1√
2
) or of Sm1( 1√

2
)× Sm2( 1√

2
), m1 +m2 = m, m1 6= m2.

A similar classification is obtained for conformally flat biharmonic hy-

persurfaces in spheres. In contrast, for the hyperbolic space Hm+1 we prove

a non-existence result. The problem of the biharmonic hypersurfaces with

at most 3 distinct principal curvatures is also investigated. We first prove

Theorem 3.4 (5). There exist no compact proper biharmonic hypersur-

faces of constant mean curvature and three distinct curvatures in the unit

Euclidean sphere.

The key of the proof was to show that such hypersurfaces are isoparametric

and to use the expressions of the principal curvatures. Further, Theorem

3.4 allows us to fully classify the proper biharmonic compact hypersurfaces

in S4

Theorem 3.5 (5). The only proper biharmonic compact hypersurfaces of

S4 are the hypersphere S3( 1√
2
) and the torus S1( 1√

2
)× S2( 1√

2
).

Moreover, we recover the non-existence result for proper biharmonic hyper-

surfaces in R4 and prove that it also holds for hypersurfaces of H4.

We prove that the pseudo-umbilical biharmonic submanifolds in spheres

have constant mean curvature and we give an estimate for their scalar

curvature. Using these results, we classify the proper biharmonic pseudo-

umbilical submanifolds of codimension 2

Theorem 3.6 (4). Let Mm be a pseudo-umbilical submanifold of Sm+2,

m 6= 4. Then M is proper biharmonic if and only if it is minimal in

Sm+1( 1√
2
).

We also investigate surfaces with parallel mean curvature vector field

in Sn
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Theorem 3.7 (4). Let M2 be a proper biharmonic surface with parallel

mean curvature vector field in Sn. Then M is minimal in Sn−1( 1√
2
).

In view of the above results we proposed the following

Conjecture 3.1 (4). The only proper biharmonic hypersurfaces in Sm+1

are the open parts of hyperspheres Sm( 1√
2
) or of generalized Clifford tori

Sm1( 1√
2
)× Sm2( 1√

2
), m1 +m2 = m, m1 6= m2.

Conjecture 3.2 (4). Any biharmonic submanifold in Sn has constant

mean curvature.

4. On the biharmonicity of the Gauss map

The study of submanifolds with harmonic Gauss map in Euclidean spaces

has been a classical problem in harmonic maps theory, ever since the char-

acterization result obtained by E. Ruh and J. Vilms in Ref. 24 and the

remarkable link with constant mean curvature hypersurfaces. In Ref. 6 we

propose a generalization of this problem: the characterization of submani-

folds with proper biharmonic Gauss map in Euclidean spaces.

By using the expression of the curvature operator for the Grassmannian

G(m,n) of orientedm-planes in Rm+n, we first characterize the biharmonic-

ity of the Gauss map γ : M → G(m,n) associated to a submanifold M in

the Euclidean space Rm+n.

Theorem 4.1 (6). The Gauss map associated to a m-dimensional ori-

entable submanifold M of Rm+n is proper biharmonic if and only if

∇⊥H 6= 0 and

∇⊥
X∆⊥H −m∇⊥

AH(X)H + traceB
(
2A∇⊥

( · )
H(X)−A∇⊥

XH
( · ), ·

)

−2traceR⊥( · , X)∇⊥
· H − trace(∇⊥

· R
⊥)( · , X)H = 0,

for all X ∈ C(TM), where A denotes the Weingarten operator and H the

mean curvature vector field of M in Rm+n.

Although rather technical, this condition simplifies in the case of hypersur-

faces, since the Grassmannian is the m-dimensional sphere and the tension

field of the Gauss map relies completely on the gradient of the mean cur-

vature function of the hypersurface

Theorem 4.2 (6). The Gauss map of a nowhere zero mean curvature hy-

persurface Mm in Rm+1 is proper biharmonic if and only if gradf 6= 0
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and

∆gradf +A2(gradf)− |A|2gradf = 0,

where ∆ denotes the rough Laplacian on C(TM) and f and A denote

the mean curvature function and, respectively, the shape operator of M

in Rm+1.

In order to obtain examples of hypersurfaces with proper biharmonic

Gauss map we study the hypercones generated by hypersurfaces in spheres.

Theorem 4.3 (6). Let M be a nowhere zero mean curvature hypersurface

of Sm+1 with constant norm of the shape operator. If M is compact, then the

Gauss map associated to the hypercone (0,∞)×t2 M is proper biharmonic

if and only if M has constant mean curvature in Sm+1, m > 2, and |A|2 =

3(m− 2), where A is the shape operator of M in Sm+1.

By considering constant mean curvature hypersurfaces in spheres we obtain

Theorem 4.4 (6). Let M be a constant non-zero mean curvature hyper-

surface of Sm+1. The Gauss map associated to the hypercone (0,∞)×t2 M
is proper biharmonic if and only if m > 2 and |A|2 = 3(m− 2).

The previous result is used in order to provide examples of hypersurfaces

with proper biharmonic associated Gauss map in any (m+ 2)-dimensional

Euclidean space, with m > 2. In this respect, we study the biharmonicity of

the Gauss map associated to hypercones over isoparametric hypersurfaces

in spheres, and we only present here the following

Proposition 4.1 (6). Consider the hypercone (0,∞)×t2 Sm(a), a ∈ (0, 1),

in Rm+2. Its associated Gauss map is proper biharmonic if and only if

m > 2 and a =
√

m
4m−6 .

Finally, non-existence results for hypercones with biharmonic Gauss

map in R3 and R4 are obtained

Theorem 4.5 (6). There exist no cones in R3 with proper biharmonic

Gauss map.

Theorem 4.6 (6). There exist no hypercones in R4, over compact nowhere

zero mean curvature surfaces M
2 ⊂ S3, with proper biharmonic Gauss map.
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We introduce the notion of contact pair structure and the corresponding asso-
ciated metrics, in the same spirit of the geometry of almost contact structures.
We prove that, with respect to these metrics, the integral curves of the Reeb
vector fields are geodesics and that the leaves of the Reeb action are totally
geodesic. Moreover, we show that, in the case of a metric contact pair with
decomposable endomorphism, the characteristic foliations are orthogonal and
their leaves carry induced contact metric structures.

Keywords: Contact pairs, foliation, associated metrics, contact metric structure

1. Introduction

A contact pair on a smooth manifold M is a pair of one-forms α1 and

α2 of constant and complementary classes, for which α1 restricted to the

leaves of the characteristic foliation of α2 is a contact form and vice versa.

This definition was introduced in Refs. 1,3 and is the analogous to that of

contact-symplectic pairs and symplectic pairs (see Refs. 2,7,10).

In this paper we introduce the notion of contact pair structure, that is a

contact pair on a manifold M endowed with a tensor field φ, of type (1, 1),

such that φ2 = −Id+α1⊗Z1 +α2⊗Z2 and φ(Z1) = φ(Z2) = 0, where Z1

and Z2 are the Reeb vector fields of the pair.

We define compatible and associated metrics and we prove several prop-

erties of these metrics. For example, we show that the orbits of the locally

free R2-action generated by the two commuting Reeb vector fields are totally
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geodesic with respect to these metrics. Another important feature is that,

given a metric which is associated with respect to a contact pair structure

(α1, α2, φ), if we assume that the endomorphism φ preserves the tangent

spaces of the leaves of the two characteristic foliations, then the contact

forms induced on the leaves are contact metric structures.

In what follows we denote by Γ(B) the space of sections of a vector

bundle B. For a given foliation F on a manifold M , we denote by TF the

subbundle of TM whose fibers are given by the distribution tangent to the

leaves. All the differential objects considered are supposed smooth.

2. Preliminaries on contact pairs

We gather in this section the notions concerning contact pairs that will

be needed in the sequel. We refer the reader to Refs. 2,3,6,7 for further

informations and several examples of such structures.

Definition 2.1. A pair (α1, α2) of 1-forms on a manifold is said to be a

contact pair of type (h, k) if:

i) α1 ∧ (dα1)
h ∧ α2 ∧ (dα2)

k is a volume form,

ii) (dα1)
h+1 = 0,

iii) (dα2)
k+1 = 0.

Since the form α1 (resp. α2) has constant class 2h+1 (resp. 2k+1), the dis-

tribution Kerα1∩Ker dα1 (resp. Kerα2∩Ker dα2) is completely integrable

and then it determines the so-called characteristic foliation F1 (resp. F2)

whose leaves are endowed with a contact form induced by α2 (resp. α1).

To a contact pair (α1, α2) of type (h, k) are associated two commuting

vector fields Z1 and Z2, called Reeb vector fields of the pair, which are

uniquely determined by the following equations:

α1(Z1) = α2(Z2) = 1, α1(Z2) = α2(Z1) = 0 ,

iZ1dα1 = iZ1dα2 = iZ2dα1 = iZ2dα2 = 0 ,

where iX is the contraction with the vector field X . In particular, since the

Reeb vector fields commute, they determine a locally free R2-action, called

the Reeb action.

The kernel distribution of dα1 (resp. dα2) is also integrable and then it

defines a foliation whose leaves inherit a contact pair of type (0, k) (resp.

(h, 0)).

A contact pair of type (h, k) has a local model (see Refs. 2,3), which

means that for every point of the manifold there exists a coordinate chart
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on which the pair can be written as follows:

α1 = dx2h+1 +

h∑

i=1

x2i−1dx2i, α2 = dy2k+1 +

k∑

i=1

y2i−1dy2i ,

where (x1, · · · , x2h+1, y1, · · · , y2k+1) are the standard coordinates on

R2h+2k+2.

The tangent bundle of a manifold M endowed with a contact pair (α1, α2)

can be split in different ways. For i = 1, 2, let TFi be the subbundle de-

termined by the characteristic foliation of αi, TGi the subbundle of TM

whose fibers are given by Ker dαi ∩Kerα1 ∩Kerα2 and RZ1,RZ2 the line

bundles determined by the Reeb vector fields. Then we have the following

splittings:

TM = TF1 ⊕ TF2 = TG1 ⊕ TG2 ⊕ RZ1 ⊕ RZ2.

Moreover we have TF1 = TG1 ⊕ RZ2 and TF2 = TG2 ⊕ RZ1.

3. Contact pair structures and almost contact structures

In this section we firstly recall the basic definitions of almost contact struc-

tures and their associated metrics. Next we introduce a new structure,

namely the contact pair structure. More details on almost contact struc-

tures can be found in Ref. 8.

3.1. Almost contact structures

An almost contact structure on a manifold M is a triple (α,Z, φ) of a one-

form α, a vector field Z and a field of endomorphisms φ of the tangent

bundle of M , such that φ2 = −Id + α ⊗ Z, φ(Z) = 0 and α(Z) = 1. In

particular, it follows that α ◦ φ = 0 and that the rank of φ is dimM − 1.

In the study of almost contact structures, there are two types of metrics

which are particularly interesting and we recall their definition:

Definition 3.1. For a given almost contact structure (α,Z, φ) on a mani-

fold M , a Riemannian metric g is called:

i) compatible if g(φX, φY ) = g(X,Y ) − α(X)α(Y ) for every X,Y ∈
Γ(TM);

ii) associated if g(X,φY ) = dα(X,Y ) and g(X,Z) = α(X) for every

X,Y ∈ Γ(TM).
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In particular if g is an associated metric with respect to (α,Z, φ), then α

must be a contact form. For a given almost contact structure there always

exists a compatible metric and for a given contact form there always exists

an associated metric.

Definition 3.2. A contact metric structure (α,Z, φ, g) is an almost contact

structure (α,Z, φ), where α is a contact form and Z its Reeb vector field,

together with an associated metric g.

3.2. Contact pair structures

Now we want to generalize the notion of contact metric structure to the

contact pairs. To do that, we begin with the following definition:

Definition 3.3. A contact pair structure on a manifold M is a triple

(α1, α2, φ), were (α1, α2) is a contact pair and φ a tensor field of type

(1, 1) such that:

φ2 = −Id+ α1 ⊗ Z1 + α2 ⊗ Z2, (1)

φ(Z1) = φ(Z2) = 0. (2)

where Z1 and Z2 are the Reeb vector fields of (α1, α2).

As in the case of an almost contact structure, it is easy to check that

αi ◦ φ = 0, i = 1, 2 and the rank of φ is equal to dimM − 2.

Remark 3.1. Actually, the condition φ(Z) = 0 in the definition of almost

contact structure is not needed, since it follows from φ2 = −I +α⊗Z (see

Ref. 8, Theorem 4.1 p. 33). In the case of a contact pair, it is possible to

construct an endomorphism satisfying (1) but not (2). This can be done,

for example, by taking φ to be an almost complex structure on TG1 ⊕ TG2

and extending it by setting φ(Z1) = −φ(Z2) = Z1 + Z2.

On a manifold M endowed with a contact pair, there always exists an

endomorphism φ verifying (1) and (2), since on the subbundle TG1 ⊕ TG2

of TM , the 2-form dα1 +dα2 is symplectic. Then one can choose an almost

complex structure on TG1⊕TG2 and extend it to be zero on the Reeb vector

fields, to produce an endomorphism φ of TM with the desired properties.

The following definition is justified by the fact that we are interested on

the contact structures induced on the leaves of the characteristic foliations

of a contact pair.

Definition 3.4. The endomorphism φ is said to be decomposable if

φ(TFi) ⊂ TFi, for i = 1, 2.
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The condition for φ to be decomposable is equivalent to φ(TGi) = TGi,
because φ vanishes on Z1, Z2 and has rank 2k (resp. 2h) on TF1 (resp.

TF2).

By Definition 2.1, α1 induces a contact form on the leaves of the charac-

teristic foliation of α2 and vice versa. Then it is easy to prove the following:

Proposition 3.1. If φ is decomposable, then (α1, Z1, φ) (resp. (α2, Z2, φ))

induces an almost contact structure on the leaves of F2 (resp.F1).

Here is a simple example of contact pair on a manifold which is just a

product of two contact manifolds and φ is not decomposable:

Example 3.1. Let us consider standard coordinates (x1, y1, x2, y2, z1, z2)

on R6 and the contact pair (α1, α2) given by:

α1 = dz1 − x1dy1 α2 = dz2 − x2dy2,

with Reeb vector fields Z1 = ∂
∂z1

, Z2 = ∂
∂z2

. Let us define φ as follows:

φ

(
a1

∂

∂x1
+ b1

∂

∂y1
+ a2

∂

∂x2
+ b2

∂

∂y2
+ c1

∂

∂z1
+ c2

∂

∂z2

)

=

(
−a2

∂

∂x1
− b2

∂

∂y1
+ a1

∂

∂x2
+ b1

∂

∂y2
− x1b2

∂

∂z1
+ x2b1

∂

∂z2

)
,

where a1, a2, b1, b2, c1, c2 are smooth functions on R6.

Then (α1, α2, φ) is a contact pair structure and φ is not decomposable.

This because, for example, ∂
∂x1
∈ Ker(α2 ∧ dα2) ,

∂
∂x2
∈ Ker(α1 ∧ dα1) but

φ( ∂
∂x1

) = ∂
∂x2

.

Remark 3.2. A more general structure, similar to the almost contact

structures, is obtained by considering a 5-tuple (α1, α2, Z1, Z2, φ), where

φ2 = −Id + α1 ⊗ Z1 + α2 ⊗ Z2, φ(Z1) = φ(Z2) = 0 and the αi’s are just

non-vanishing 1-forms verifying αi(Zj) = δij .

4. Compatible and associated metrics

For a given contact pair structure on a manifold M , it is natural to consider

the following metrics:

Definition 4.1. Let (α1, α2, φ) be a contact pair structure on a manifold

M , with Reeb vector fields Z1 and Z2. A Riemannian metric g on M is

called:

i) compatible if g(φX, φY ) = g(X,Y )−α1(X)α1(Y )−α2(X)α2(Y ) for all

X,Y ∈ Γ(TM),
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ii) associated if g(X,φY ) = (dα1 + dα2)(X,Y ) and g(X,Zi) = αi(X), for

i = 1, 2 and for all X,Y ∈ Γ(TM).

It is clear that an associated metric is also compatible, but the converse

is not true. In the Example 3.1, the metric g =
∑2
i=1(dx

2
i + dy2

i + α2
i ) is

compatible but not associated.

Definition 4.2. A metric contact pair (MCP) on a manifold M is a 4-

tuple (α1, α2, φ, g) where (α1, α2, φ) is a contact pair structure and g an

associated metric with respect to it.

Like for compatible metrics on almost contact manifolds, we have:

Proposition 4.1. For every contact pair structure on a manifold M there

exists a compatible metric.

Proof. Let (α1, α2, φ) be a contact pair structure on M . Pick any Rie-

mannian metric h on M and define k as

k(X,Y ) = h(φ2X,φ2Y ) + α1(X)α1(Y ) + α2(X)α2(Y ) .

Now put

g(X,Y ) =
1

2
(k(X,Y ) + k(φX, φY ) + α1(X)α1(Y ) + α2(X)α2(Y )) .

It is straightforward to show that g is a compatible metric with respect to

(α1, α2, φ).

Compatible and associated metrics have several interesting properties given

by the following

Theorem 4.1. Let M be a manifold endowed with a contact pair structure

(α1, α2, φ), with Reeb vector fields Z1, Z2. Let g be a compatible metric with

respect to it, with Levi-Cività connection ∇. Then we have:

(a) g(Zi, X) = αi(X), for i = 1, 2 and for every X ∈ Γ(TM);

(b) g(Zi, Zj) = δji , i, j = 1, 2;

(c) ∇ZiZj = 0, i, j = 1, 2 (in particular the integral curves of the Reeb

vector fields are geodesics);

(d) the Reeb action is totally geodesic (i.e the orbits are totally geodesic

2-dimensional submanifolds).

Moreover, if g is an associated metric and LZi is the Lie derivative along

Zi, then LZiφ = 0 if and only if Zi is a Killing vector field.
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Proof. The first two properties are easy consequences of the definitions of

compatible metric and of the Reeb vector fields of a contact pair. For the

third property, let us remember that αi is invariant by Zj , i, j = 1, 2, and

then:

0 = (LZjαi)(X) = Zj(αi(X))− αi(LZjX)

= Zj(g(X,Zi))− g(Zi,∇ZjX −∇XZj)
= g(∇ZjX,Zi) + g(X,∇ZjZi)− g(Zi,∇ZjX −∇XZj)
= g(X,∇ZjZi) + g(Zi,∇XZj) .

Summing up with (LZiαj)(X) and recalling that [Zi, Zj ] = 0, we get

g(X,∇ZjZi) = 0 for all X .

To prove the fourth property, let us consider the second fundamental

form B of an orbit M̃ of the Reeb action. Since the Reeb vector fields are

tangent to the orbits of the Reeb action, we can choose {Z1, Z2} (restricted

to M̃) as a basis of the tangent space at every point of M̃ . For a vector field

X on M along M̃ , let us denote by XT its tangential component. Then, by

the third property, we have:

B(Zi, Zj) = ∇ZiZj − (∇ZiZj)
T = 0 .

Finally, if g is associated, we want to prove that [LZig](X,Y ) = 0 for all

X,Y ∈ Γ(TM) if and only if (LZiφ)(Y ) = 0 for every Y ∈ Γ(TM). This is

clearly true for Y = Z1 or Z2, since in this case [LZiφ](Zj) vanishes identi-

cally and LZiαj = 0 applied to a vector field X implies [LZig](X,Zj) = 0.

It remains to prove the assertion for Y in Kerα1 ∩Kerα2. In this case, for

all vector fields X , Y , we have:

0 = LZi(dα1 + dα2)(X,Y )

= Zig(X,φY )− (dα1 + dα2)(LZiX,Y )− (dα1 + dα2)(X,LZiY )

= [LZig](X,φY ) + g(X, [LZiφ](Y ))

and this completes the proof since φ restricted to Kerα1 ∩ Kerα2 is an

isomorphism.

Remark 4.1. Codimension two geodesible foliations of closed 4-manifolds

have been studied by Cairns and Ghys in Ref. 9. In particular, they have

proven that, in this situation, there exists a metric on the manifold for which

the leaves of the foliation are minimal and have same constant curvature

K = 0, 1,−1. Our case belongs to what they have called parabolic case, that

is K = 0.
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As for the metric contact structures (see Ref. 8 for example), by polarization

one can show the existence of associated metrics, and in fact we have:

Proposition 4.2. For every contact pair (α1, α2) on a manifold M , there

exists an endomorphism φ of TM and a metric g such that (α1, α2, φ, g) is

a metric contact pair. Moreover φ can be chosen to be decomposable.

Proof. Take any Riemannian metric k. Since dα1 + dα2 is symplectic on

the subbundle TG1 ⊕ TG2, then it can be polarized by using k to obtain a

metric g̃ and an almost complex structure φ̃ compatible with g̃. Extending

φ̃ to be zero on the Reeb vector fields, we obtain φ. Defining g to be equal

to g̃ on TG1⊕TG2 and putting g(X,Zi) = αi(X), gives the desired metric.

To obtain a decomposable φ, polarize dαi on TGi to obtain two metrics

g̃i and two endomorphisms φ̃i on TGi (i = 1, 2) and then take the direct

sums. Finally, extend them as before to obtain the desired tensors.

We end this section with two results concerning the structures induced

on the leaves of the characteristic foliations:

Theorem 4.2. Let M be a manifold endowed with a MCP (α1, α2, φ, g)

and suppose that φ is decomposable. Then (αi, φ, g) induces a contact metric

structure on the leaves of the characteristic foliation of αj for i 6= j, i, j =

1, 2.

Proof. We will prove the assertion only for (α1, φ, g), the other case being

completely similar. If F is a leaf of the foliation F2, then (α1, φ) induces

an almost contact structure on it and α1 is a contact form. Since g is

an associated metric with respect to (α1, α2, φ), by Definition 4.1, when

restricted to vectors X,Y which are tangent to F we have:

g(X,φY ) = dα1(X,Y ) , g(X,Z1) = α1(X) ,

showing that its restriction to F is an associated metric with respect to the

contact form induced by α1.

In a similar way, recalling that the characteristic foliation of dαi for i = 1, 2

is given by Ker dαi, we can prove:

Theorem 4.3. Let M be a manifold endowed with a MCP (α1, α2, φ, g)

and suppose that φ is decomposable. Then (α1, α2, φ, g) induces a metric

contact pairs of type (h, 0) on the leaves of the characteristic foliation of

dα2 and one of type (0, k) on the leaves of the characteristic foliation of

dα1.
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4.1. Orthogonal foliations

The following theorem explains the link between decomposability of φ and

orthogonality of the characteristic foliations when the metric is an associ-

ated one:

Theorem 4.4. For a MCP (α1, α2, φ, g), the tensor φ is decomposable if

and only if the foliations F1,F2 are orthogonal.

Proof. Suppose that φ(TFi) ⊂ TFi for i = 1, 2 and let X ∈ Γ(TF1), Y ∈
Γ(TF2). Because g is associated, by the choice of X , Y , we have:

g(X,φY ) = dα1(X,Y ) + dα2(X,Y ) = 0 , g(X,Z1) = α1(X) = 0,

which proves that X is orthogonal to TF2 and then the two foliations are

orthogonal.

Conversely, suppose that the two foliations are orthogonal. Then, for

X ∈ Γ(TF1) and every Y ∈ Γ(TF2), we have

g(Y, φX) = (dα1 + dα2)(Y,X) = 0

which implies that φX ∈ Γ(TF⊥
2 ) = Γ(TF1), that is φ is decomposable.

In the Example 3.1 the foliations are orthogonal with respect to the

metric g =
∑2
i=1(dx

2
i + dy2

i + α2
i ) which is compatible but not associated

because φ is not decomposable.

Here is an example of MCP with decomposable φ on a nilpotent Lie

group and its corresponding nilmanifolds:

Example 4.1. Consider the simply connected nilpotent Lie group G with

structure equations:

dω1 = dω6 = 0 , dω2 = ω5 ∧ ω6,

dω3 = ω1 ∧ ω4 , dω4 = ω1 ∧ ω5 , dω5 = ω1 ∧ ω6 ,

where the ωi’s form a basis for the cotangent space of G at the identity.

The pair (ω2, ω3) is a contact pair of type (1, 1) with Reeb vector fields

(X2, X3), the Xi’s being dual to the ωi’s. Now define φ to be zero on the

Reeb vector fields and

φ(X5) = −X6 , φ(X6) = X5 , φ(X1) = −X4 , φ(X4) = X1 .

Then φ is easy verified to be decomposable and the metric g =
∑6
i=1 ω

2
i is

an associated metric with respect to (ω2, ω3, φ).
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Since the structure constants of the group are rational, there exist lat-

tices Γ such that G/Γ is compact. Since the MCP on G is left invariant,

it descends to all quotients G/Γ and we obtain nilmanifolds carrying the

same type of structure.

Final comments

Further metric properties of the contact pairs structures are studied in

Ref. 5, where we prove, for example, that the characteristic foliations are

minimal with respect to an associated metric.

In Ref. 4 we study the analog for a contact pair structure of the notion of

normality for almost contact structures. We give there several constructions

involving Boothby-Wang fibrations and flat bundles, which can be used to

produce more examples of metric contact pairs.
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house 2000.

2. G. Bande, Trans. Amer. Math. Soc. 355 (2003), 1699–1711.
3. G. Bande and A. Hadjar, Tohoku Math. J. 57 (2005), 247–260.
4. G. Bande and A. Hadjar, arXiv:math.DG/0805.0193
5. G. Bande and A. Hadjar, On the Riemannian geometry of contact pairs, in

progress.
6. G. Bande, P. Ghiggini and D. Kotschick, Int. Math. Res. Not. 68 (2004),

3673–3688.
7. G. Bande and D. Kotschick, Trans. Amer. Math. Soc. 358 (2006), 1643–1655.
8. D. E. Blair, Riemannian geometry of contact and symplectic manifolds,

Progress in Mathematics, vol. 203, Birkhäuser, 2002.
9. G. Cairns and É. Ghys, J. Differential Geom. 23 (1986), 241–254

10. D. Kotschick and S. Morita, Topology 44 (2005), no. 1, 131–149.



February 17, 2009 16:46 WSPC - Proceedings Trim Size: 9in x 6in viii-icdg

276

PARAQUATERNIONIC MANIFOLDS AND MIXED

3-STRUCTURES

S. Ianuş
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1. Introduction

The paraquaternionic structures, firstly named quaternionic structures of

second kind, have been introduced by P. Libermann (Ref. 1) in 1952. The

theory of paraquaternionic manifolds parallels the theory of quaternionic

manifolds, but uses the algebra of paraquaternionic numbers, in which two

generators have square 1 and one generator has square −1. Accordingly,

such manifolds are equipped with a subbundle of rank 3 in the bundle of

the endomorphisms, locally spanned by two almost product structures and

one almost complex structure. From the metric point of view, the almost

paraquaternionic Hermitian manifolds have neutral signature.

The counterpart in odd dimension of paraquaternionic geometry was

introduced by the present authors and R. Mazzocco (Ref. 2) in 2006. It is

called mixed 3-structure, which appears in a natural way on lightlike hyper-

surfaces in paraquaternionic manifolds. We review properties of manifolds
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endowed with mixed 3-structures and give some examples. Particularly, we

obtain some conditions for the existence of a metric mixed 3-structure on a

normal semi-invariant submanifold of a paraquaternionic Kähler manifold.

2. Paraquaternionic structures on manifolds

Following Refs. 3–6 we first recall some basic facts concerning paraquater-

nionic Kähler manifolds.

An almost product structure on a smooth manifold M is a tensor field

P of type (1,1) on M , P 6= ±Id, such that:

P 2 = Id. (1)

An almost complex structure on a smooth manifold M is a tensor field

J of type (1,1) on M such that:

J2 = −Id. (2)

An almost para-hypercomplex structure on a smooth manifold M is a

triple H = (Jα)α=1,3, where J1 is an almost complex structure on M and

J2, J3 are almost product structures on M , satisfying:

J2J1 = −J1J2 = J3. (3)

In this case (M,H) is said to be an almost para-hypercomplex manifold.

A semi-Riemannian metric g on (M,H) is said to be para-

hyperhermitian if it satisfies:

g(JαX, JαY ) = εαg(X,Y ), (4)

for all vector fields X ,Y onM and α ∈ {1, 2, 3}, where ε1 = 1, ε2 = ε3 = −1.

Moreover, (M, g,H) is said to be an almost para-hyperhermitian manifold.

An almost para-hypercomplex manifold (M,H) is said to be a para-

hypercomplex manifold if each Jα, α = 1, 2, 3, is integrable, that is, if the

corresponding Nijenhuis tensors:

Nα(X,Y ) = [JαX, JαY ]− Jα[X, JαY ]− Jα[JαX,Y ]− εα[X,Y ] (5)

α = 1, 2, 3, vanish for all vector fields X ,Y on M . In this case H is said to

be a para-hypercomplex structure on M .

An almost hermitian paraquaternionic manifold is a triple (M,σ, g),

where M is a smooth manifold, σ is a rank 3-subbundle of End(TM) which

is locally spanned by an almost para-hypercomplex structureH = (Jα)α=1,3

and g is a para-hyperhermitian metric with respect to H . It is easy to see
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that any almost hermitian paraquaternionic manifold is of dimension 4n

and g is necessarily of neutral signature (2n, 2n).

If the bundle σ is parallel with respect to the Levi-Civita connection

∇ of g, then (M,σ, g) is said to be a paraquaternionic Kähler manifold.

Equivalently, locally defined 1-forms ω1, ω2, ω3 exist on M such that we

have:

∇XJα = εα {ωα+1(X)Jα+2 − ωα+2(X)Jα+1} (6)

for any vector field X on M , where the indices are taken from {1, 2, 3}
modulo 3. We can remark that an important example in this theory is

the paraquaternionic projective space as described by Blazić (see Ref. 3).

Moreover, if ω1 = ω2 = ω3 = 0, then (M,σ, g) is said to be a locally

para-hyper-Kähler manifold.

Definition 2.1. (Ref. 4) Let (M,σ, g) be a paraquaternionic Kähler mani-

fold.

(a) A subspace π of TpM , p ∈ M is called non-degenerate if the restriction

of g to π is no degenerate. In particular a 2-plane π in TpM is non-

degenerate if and only if it has a basis {X,Y } satisfying:

∆(π) = g(X,X)g(Y, Y )− g(X,Y )2 6= 0.

(b) If X ∈ TpM , p ∈ M , the 4-plane PQ(X) spanned by

{X, J1X, J2X, J3X} is called a paraquaternionic 4-plane.

(c) A 2-plane in TpM ,p ∈ M , spanned by {X,Y } is called half-

paraquaternionic if PQ(X) = PQ(Y ).

Note that if X is a non-lightlike vector of TpM , then PQ(X) is a non-

degenerate subspace.

Definition 2.2. (Ref. 4) Let (M,σ, g) be a paraquaternionic Kähler mani-

fold and let π be a non-degenerate 2-plane in TpM ,p ∈ M , spanned by

{X,Y }. The sectional curvature K(π) is defined by:

K(π) =
g(R(X,Y )Y,X)

∆(π)
,

where the Riemannian curvature tensor R is taken with the sign convention

R(X,Y ) = [∇X ,∇Y ]−∇[X,Y ], for all vector fields X,Y on M .

In particular, the sectional curvature for a half-paraquaternionic plane

is called paraquaternionic sectional curvature. A paraquaternionic Kähler

manifold of constant paraquaternionic sectional curvature is called a

paraquaternionic space form.
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We have the following fundamental properties concerning paraquater-

nionic Kähler manifolds (see Refs. 3–6):

Theorem 2.1. Any paraquaternionic Kähler manifold (M,σ, g) is an Ein-

stein manifold, provided that dimM > 4.

Theorem 2.2. A paraquaternionic Kähler manifold (M,σ, g) with

dimM > 4 and zero scalar curvature is a locally para-hyper-Kähler mani-

fold.

Theorem 2.3. The curvature tensor R of a paraquaternionic space form

(M,σ, g) is given by:

R(X,Y )Z =
c

4
{g(Z, Y )X − g(X,Z)Y +

3∑

α=1

εα[g(Z, JαY )JαX −

−g(Z, JαX)JαY + 2g(X, JαY )JαZ]} (7)

for all vector fields X,Y, Z on M and any local basis {J1, J2, J3} of σ.

3. Manifolds endowed with mixed 3-structures

The counterpart in odd dimension of a paraquaternionic structure, called

a mixed 3-structure, was introduced in Ref. 2.

LetM be a differentiable manifold equipped with a triple (φ, ξ, η), where

φ is a a field of endomorphisms of the tangent spaces, ξ is a vector field and

η is a 1-form on M such that:

φ2 = −εId+ η ⊗ ξ, η(ξ) = ε. (8)

If ε = 1 then (φ, ξ, η) is said to be an almost contact structure on M (see

Ref. 7), and if ε = −1 then (φ, ξ, η) is said to be an almost paracontact

structure on M (see Ref. 8).

Definition 3.1. (Ref. 2) Let M be a differentiable manifold which ad-

mits an almost contact structure (φ1, ξ1, η1) and two almost paracontact

structures (φ2, ξ2, η2) and (φ3, ξ3, η3), satisfying the following conditions:

ηα(ξβ) = 0, ∀α 6= β, (9)

φα(ξβ) = −φβ(ξα) = εγξγ , (10)

ηα ◦ φβ = −ηβ ◦ φα = εγηγ , (11)

φαφβ − ηβ ⊗ ξα = −φβφα + ηα ⊗ ξβ = εγφγ , (12)
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where (α, β, γ) is an even permutation of (1,2,3) and ε1 = 1, ε2 = ε3 = −1.

Then the manifold M is said to have a mixed 3-structure

(φα, ξα, ηα)α=1,3.

Definition 3.2. (Ref. 9) If a manifold M with a mixed 3-structure

(φα, ξα, ηα)α=1,3 admits a semi-Riemannian metric g such that:

g(φαX,φαY ) = εαg(X,Y )− ηα(X)ηα(Y ), g(X, ξα) = ηα(X) (13)

for all vector fields X,Y on M and α = 1, 2, 3, then we say that M has a

metric mixed 3-structure and g is called a compatible metric. Moreover, if

(φ1, ξ1, η1, g) is a Sasakian structure, i.e. (see Ref. 7):

(∇Xφ1)Y = g(X,Y )ξ1 − η1(Y )X (14)

and (φ2, ξ2, η2, g), (φ3, ξ3, η3, g) are LP-Sasakian structures, i.e. (see Ref.

8):

(∇Xφ2)Y = g(φ2X,φ2Y )ξ2 + η2(Y )φ2
2X, (15)

(∇Xφ3)Y = g(φ3X,φ3Y )ξ3 + η3(Y )φ2
3X, (16)

then ((φα, ξα, ηα)α=1,3, g) is said to be a mixed Sasakian 3-structure on M .

It is easy to see that any manifold M with a mixed 3-structure admits

a compatible semi-Riemannian metric g. Moreover, the signature of g is

(2n+ 1, 2n+ 2) and the dimension of the manifold M is 4n+ 3.

If M4n+3 is a manifold endowed with a mixed 3-Sasakian structure

((φα, ξα, ηα)α=1,3, g), then we can define a para-hyper-Kähler structure

{Jα}α=1,3 on the cone (C(M), g) = (M × R+, dr
2 + r2g), by:

{
JαX = φαX − ηα(X)Φ

JαΦ = ξα
(17)

for any vector field X on M and α = 1, 2, 3, where Φ = r∂r is the Euler

field on C(M).

Conversely, if a cone (C(M), g) = (M × R+, dr
2 + r2g) admits a para-

hyper-Kähler structure {Jα}α=1,3, then we can identify M with M × {1}
and we have a mixed 3-Sasakian structure ((φα, ξα, ηα)α=1,3, g) on M given

by:

ξα = Jα(∂r), φαX = −εα∇Xξα, ηα(X) = g(ξα, X), (18)

for any vector field X on M and α = 1, 2, 3.
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Finally, since a para-hyper-Kähler manifold is Ricci-flat, we obtain the

main property of a manifold endowed with a mixed 3-Sasakian structure

(see Ref. 9).

Theorem 3.1. Any (4n+3)−dimensional manifold endowed with a mixed

3-Sasakian structure is an Einstein space with Einstein constant λ = 4n+2.

We give now some examples of manifolds endowed with such kind of

structures.

1. It is easy to see that if we define (φα, ξα, ηα)α=1,3 in R3 by their

matrices:

φ1 =




0 0 1

0 0 0

−1 0 0


 , φ2 =




0 0 0

0 0 1

0 1 0


 , φ3 =




0 −1 0

−1 0 0

0 0 0


 ,

ξ1 =




0

1

0


 , ξ2 =




1

0

0


 , ξ3 =




0

0

1


 ,

η1 =
(
0 1 0

)
, η2 =

(
−1 0 0

)
, η3 =

(
0 0 −1

)
,

then (φα, ξα, ηα)α=1,3 is a mixed 3-structure on R3.

We define now (φ′α, ξ
′
α, η

′
α)α=1,3 in R4n+3 by:

φ′α =

(
φα 0

0 Jα

)
, ξ′α =

(
ξα
0

)
, η′α =

(
ηα 0

)
,

for α = 1, 2, 3, where J1 is the almost complex structure on R4n given by:

J1((xi)i=1,4n) = (−x2, x1,−x4, x3, ...,−x4n−2, x4n−3,−x4n, x4n−1), (19)

and J2, J3 are almost product structures on R4n defined by:

J2((xi)i=1,4n) = (−x4n−1, x4n,−x4n−3, x4n−2, ...,−x3, x4,−x1, x2), (20)

J3((xi)i=1,4n) = (x4n, x4n−1, x4n−2, x4n−3, ..., x4, x3, x2, x1). (21)

Since J2J1 = −J1J2 = J3, it is easily checked that (φ′
α, ξ

′
α, η

′
α)α=1,3 is a

mixed 3-structure on R4n+3.

2. The unit sphere S4n+3
2n+1 is the canonical example of manifold with

a mixed Sasakian 3-structure. This structure is obtained by taking S4n+3
2n+1

as hypersurface of (R4n+4
2n+2, g). It is easy to see that on the tangent spaces

TpS
4n+3
2n+1 , p ∈ S4n+3

2n+1 , the induced metric g is of signature (2n+ 1, 2n+ 2).
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If (Jα)α=1,3 is the canonical paraquaternionic structure on the R4n+4
2n+2

and N is the unit normal vector field to the sphere, we can define three

vector fields on S4n+3
2n+1 by:

ξα = −JαN, α = 1, 2, 3.

If X is a tangent vector to the sphere then JαX uniquely decomposes

onto the part tangent to the sphere and the part parallel to N . Denote this

decomposition by:

JαX = φαX + ηα(X)N.

This defines the 1-forms ηα and the tensor fields φα on S4n+3
2n+1 , where α =

1, 2, 3. Now we can easily see that that (φα, ξα, ηα)α=1,3 is a mixed Sasakian

3-structure on S4n+3
2n+1 .

3. Since we can recognize the unit sphere S4n+3
2n+1 as the projective space

P 4n+3
2n+1 (R), by identifying antipodal points, we have also that P 4n+3

2n+1 (R)

admits a mixed Sasakian 3-structure.

4. Let (M, g) be a (m+2)-dimensional semi-Riemannian manifold with

index q ∈ {1, 2, . . . ,m + 1} and let (M, g) be a hypersurface of M , with

g = g|M . We say that M is a lightlike hypersurface of M if g is of constant

rank m (see Ref. 10). Unlike the classical theory of non-degenerate hyper-

surfaces, in case of lightlike hypersurfaces, the induced metric tensor field

g is degenerate.

We consider the vector bundle TM⊥ whose fibres are defined by:

TpM
⊥ = {Yp ∈ TpM |gp(Xp, Yp) = 0, ∀Xp ∈ TpM}, ∀p ∈M.

If S(TM) is the complementary distribution of TM⊥ in TM , which

is called the screen distribution, then there exists a unique vector bundle

ltr(TM) of rank 1 over M so that for any non-zero section ξ of TM⊥

on a coordinate neighborhood U ⊂ M , there exists a unique section N of

ltr(TM) on U satisfying:

g(N, ξ) = 1, g(N,N) = g(W,W ) = 0, ∀W ∈ Γ(S(TM)|U).

In a lightlike hypersurface M of an almost hermitian paraquaternionic

manifold (M,σ, g) such that ξ and N are globally defined on M , there is a

mixed 3-structure (see Ref. 2).

4. Normal semi-invariant submanifolds and mixed

3-structures

The study of submanifolds of a paraquaternionic Kähler manifold is a very

interesting subject and several types of such submanifolds we can find in
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the recent literature: Kähler and para-Kähler submanifolds (Refs. 11,12),

normal semi-invariant submanifolds (Ref. 13–15), F -invariant submanifolds

(Ref. 16), paraquaternionic CR-submanifolds (Ref. 17), lightlike submani-

folds (Refs. 2,18). Next we investigate the existence of mixed 3-structures

on a normal semi-invariant submanifold of a paraquaternionic Kähler mani-

fold.

Let (M, g) be a non-degenerate submanifold of a paraquaternionic

Kähler manifold (M,σ, g), with g = g|M . Then (M, g) is called a normal

semi-invariant submanifold of (M,σ, g) if there exists a non-degenerate vec-

tor subbundle Q of the normal bundle TM⊥ such that:

(i) Jα(Qp) = Qp, ∀p ∈M, ∀α ∈ {1, 2, 3};
(ii) Jα(Q⊥

p ) ⊂ TpM, ∀p ∈ M, ∀α ∈ {1, 2, 3}, where Q⊥ is the comple-

mentary orthogonal bundle to Q in TM⊥ (see Ref. 13).

If (M, g) is a normal semi-invariant submanifold of a paraquaternionic

Kähler manifold (M,σ, g), then we set Dαp = Jα(Q⊥
p ). We consider D1p ⊕

D2p ⊕ D3p = D⊥
p and 3s-dimensional distribution D⊥ : p 7→ D⊥

p globally

defined on M , where s = dimD⊥
p . We denote by D the complementary

orthogonal distribution to D⊥ in TM . We remark that D is called the

paraquaternionic distribution because it is invariant with respect to the

action of Jα, α ∈ {1, 2, 3} (see Ref. 13). Let (M, g) be a normal semi-

invariant submanifold of a paraquaternionic Kähler manifold (M,σ, g).

We recall the following result concerning the integrability of the distri-

bution D⊥ (see Ref. 13).

Theorem 4.1. Let (M, g) be a normal semi-invariant submanifold of a

paraquaternionic Kähler manifold (M,σ, g). Then the following assertions

are equivalent:

(i) The distribution D⊥ is integrable.

(ii) The second fundamental form h of M satisfies

h(X,Y ) ∈ Γ(Q), ∀ X ∈ Γ(D), Y ∈ Γ(D⊥).

Next we show the existence of a mixed 3-structure on a normal semi-

invariant submanifold of a paraquaternionic Kähler manifold under some

conditions. We suppose that (M, g) is a normal semi-invariant submanifold

of a paraquaternionic Kähler manifold (M,σ, g) such that dimQ⊥ = 1 and

g|Q⊥ is positive definite.

For any vector field X on M and α ∈ {1, 2, 3} we have the decomposi-

tion:

JαX = φαX + FαX,
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where φαX and FαX are the tangent part and the normal part of JαX ,

respectively. We can remark that, in fact, FαX ∈ Γ(Q⊥), for any vector

field X on M .

Since dimQ⊥ = 1 and g|Q⊥ is positive definite, we have Q⊥ =< N >,

where N is a unit space-like vector field and we can see that we have the

decomposition:

JαX = φαX + ηα(X)N, (22)

where:

ηα(X) = g(JαX,N). (23)

We define now the vector field ξα by:

ξα = −JαN,

for any α ∈ {1, 2, 3}.
From (22) we have for all α ∈ {1, 2, 3}:

φ2
αX = Jα(φαX)− ηα(φαX)N

and thus we conclude:

φ2
α = −εαX + ηα(X)ξα. (24)

On the other hand, from (23) we deduce:

ηα(ξα) = εα, ∀α ∈ {1, 2, 3} (25)

and

ηα(ξβ) = 0, ∀α 6= β (26)

From (24) and (25) we conclude that (φ1, ξ1, η1) is an almost contact

structure on M , while (φ2, ξ2, η2) and (φ3, ξ3, η3) are Lorentzian almost

paracontact structures on M . Moreover, by straightforward computations

we obtain the following result (see Ref. 15).

Theorem 4.2. Let (M, g) be a normal semi-invariant submanifold of a

paraquaternionic Kähler manifold (M,σ, g) such that dimQ⊥ = 1 and g|Q⊥

is positive definite. Then M admits a metric mixed 3-structure.
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9. S. Ianuş and G. E. V̂ılcu, Int. J. Geom. Methods Mod. Phys., 5(6), 893 (2008).

10. A. Bejancu and K. L. Duggal, Lightlike submanifolds of semi-Riemannian
manifolds and its application (Kluwer, Dortrecht 1996).

11. D. Alekseevsky and V. Cortés, Osaka J. Math., 45(1), 215 (2008).
12. M. Vaccaro, Kaehler and para-Kaehler submanifolds of a para-quaternionic

Kaehler manifold, ph. d. thesis, Università degli Studi di Roma II ”Tor Ver-
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1. Introduction

The investigation of the relationships between curvature and topology of a

Riemannian manifold is a fundamental undertaking in Riemannian geome-

try. The classical Myers’ theorem shows that

Myers’ Theorem: Let (Mn, g) be a compact Riemannian n-manifold.

If RicM ≥ (n − 1)r−2 then the diameter of M , diam(Mn, g), satisfies

diam(Mn, g) ≤ πr. In particular, the fundamental group π1(M) of M is

finite provided RicM > 0.

It is interesting to investigate the problem that ”What can be said about

the fundamental group of a compact positively Ricci curved manifold de-

pending only on the dimension of the manifold, except that it is finite?” In

[2], the author and Wu give an extension of Myers’ theorem by generaliz-

ing Fukaya and Yamaguchi’s work in [3]. Moreover, our investigation gives

a partial answer to Gromov’s conjecture about almost nonnegative Ricci

curved manifolds.

2. An Extension of Myers’ Theorem

We consider compact Riemannian n-manifolds with positive Ricci curva-

ture. When n = 2, it is known that only the projective plan RP2 and the
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2-sphere admit metrics with positive curvature. Hamilton showed in [5]

that a compact 3-manifold with positive Ricci curvature also admits a met-

ric with a constant sectional curvature of +1, and is then covered by the

3-sphere. However, one has only Myers’ theorem for the general cases. The

following result is proved in [2].

Theorem 2.1. Given n ≥ 2, there exist constants pn and Cn depending

only on n such that if a compact Riemannian n-manifold Mn has the Ricci

curvature RicMn > 0, then

(a) the first betti number b1(M
n,Zp) with p-cyclic group coefficient Zp sat-

isfies b1(M
n,Zp) ≤ n− 1 for all prime p ≥ pn, and

(b) the ratio of diameters satisfies

diam(M̃n)

diam(Mn)
< Cn,

where M̃n denotes the universal covering of Mn.

Remark 2.1. Considering the flat n-torus Tn, b1(T
n,Zp) = n is obtained

for all prime p, and the canonical Euclidean n-space Rn is its univer-

sal covering space. Fukaya and Yamaguchi showed in [3] that if a com-

pact Riemannian n-manifold M with sectional curvature KM and diameter

diam(M) satisfies KMdiam(M)2 > −εn for some constant εn depending

only on n, then b1(M
n,Zp) ≤ n for all p ≥ pn, and the maximal case

b1(M
n,Zp) = n arise only when Mn is diffeomorphic to a torus. They also

found that diam(M̃)/diam(M) is uniformly bounded by a constant depend-

ing only on n provided the fundamental group π1(M) is finite. Theorem 2.1

extends their results to manifolds with positive Ricci curvature. Notably

positively Ricci curved n-manifolds with n ≤ 3 are covered by spheres as

discussed above. Hence Theorem 2.1 holds for these manifolds.

Gromov made a conjecture in [4] that a positive number εn exists which

depends only on n such that if a compact Riemannian n-manifold M with

almost nonnegative Ricci curvatureRicMdiam(M)2 > −εn, then the funda-

mental group π1(M) ofM is almost nilpotent. It means that π1(M) contains

a nilpotent subgroup of finite index. Fukaya and Yamaguchi have shown

that Gromov’s conjecture holds when the condition KMdiam(M)2 > −εn
in [3]. Cheeger and Colding proved in [1] that there exists an εn > 0 such

that if RicMdiam(M)2 > −εn and the first betti number b1(M,Rn) = n,

then the manifold M is homeomorphic to the flat n-torus Tn if n 6= 3 and

homotopically equivalent to Tn if n = 3. Under the additional assumptions
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on the conjugate radius of M , that is, consider compact Riemannian n-

manifolds with diam(M) < 1 and conjugate radius ≥ c0 > 0. Then Paeng

shows in [6] that there exists an εn,c0 > 0 such that π1(M) is almost nilpo-

tent. In this work, we give a partial answer to the conjecture and prove the

fundamental group is almost solvable.

Theorem 2.2. There exist εn, wn > 0 depending only on n such that if a

compact Riemannian n-manifold satisfies RicMdiam(M)2 > −εn then the

fundamental group π1(M) of M contains a solvable subgroup of finite index

less than wn.

The main tool in the proof of Theorem 2.1 and Theorem 2.2 are the

equivariant pointed Hausdorff convergence developed by Fukaya and Yam-

aguchi in [3]. Use this notion, Fukaya and Yamaguchi prove the following

solvability theorem. Recall that the length of polycyclicity of a solvable

group G is the smallest integer m for which G admits a filtration

{e} = Gm ⊂ Gm−1 ⊂ . . . ⊂ G1 ⊂ G0 = G

such that each Gi/Gi−1 is cyclic.

Theorem 2.3 (Solvability Theorem (Fukaya & Yamaguchi, 1992)).

For given positive integers n and k, n ≥ k and a positive number µ0,

there exist positive numbers ε = εn,k(µ0), w = wn,k and a function

τ(ε) = τn,k,µ0 (ε) with limε→0 τ(ε) = 0 such that if (Mn, p) and (Nk, q)

are pointed-Riemannian manifolds of dimension n and k respectively such

that

(2.3.1) the sectional curvatures of M and N satisfy KM > −1, |KN | ≤ 1

and the injectivity radius of N with inj(N) > µ0;

(2.3.2) dH(M,N) < ε,

where dH denotes the classical Hausdorff distance, then there exists a map

f : M → N satisfying

(2.3.3) f is a continuous τ(ε)-Hausdorff approximation which is also a fib-

eration and a τ(ε)-Riemannian submersion (i.e. e−τ(ε) < |df(ξ)|
|ξ| < eτ(ε) for

each ξ is orthogonal to the fiber.)

(2.3.4) there exists a normal subgroup H of the fundamental group Γ of the

fiber of f such that

(i) H is solvable with length of polycyclicity ≤ n− k,
(ii) the index [Γ : H ] ≤ w.

By use of Theorem 2.3, Fukaya and Yamaguchi prove the following

Margulis’s lemma.
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Theorem 2.4 (Margulis’s Lemma; Fukaya & Yamaguchi, 1992).

There exists a positive number δn depending only on n and satisfying the

following: Let (Mn, p) be a complete pointed Riemannian n-manifold with

sectional curvature KMn ≥ −1. Then there exists a point p′ ∈ Bp(1/2) such

that the image of the inclusion homomorphism

Γ′ = Im[π1(Bp′(δn)) → π1(Bp(1))]

is almost nilpotent and admits a subgroup Λ′ ⊂ Γ′ with

(1) [Γ′ : Λ′] < wn, where wn depends only on n;

(2) Λ′ is solvable with length of polycyclicity ≤ n.

The idea in the proof of Theorem 2.1 and 2.2 is to generalize Fukaya

and Yamaguchi’s work, especially the Solvability Theorem and the Mar-

gulis’s Lemma to manifolds with lower Ricci curvature bound. There are

two difficulties to this end.

• There is no fiberation with the property of almost Riemannian submer-

sion as in (2.3.3) for manifolds with lower Ricci curvature bound.

• The Margulis lemma (Theorem 2.4) cannot be extended to manifolds

under a lower Ricci curvature bound only.

The following result is a generalization of Fukaya and Yamaguchi’s solv-

ability theorem and is crucial to the proof of Theorem 2.1 and Theorem

2.2.

Theorem 2.5 (Chen & Wu, 2006). For given positive integers n and k,

n ≥ k and a positive number µ0, there exist positive numbers ε = εn,k(µ0),

w = wn,k and a function τ(ε) = τn,k,µ0 (ε) with limε→0 τ(ε) = 0 such that

if (Mn, p) and (Nk, q) are pointed-Riemannian manifolds of dimension n

and k respectively such that

(2.5.1) RicM ≥ −(n− 1), RicN ≥ −(n− 1) and inj(N) > µ0 > 0,

(2.5.2) dGH((M,p), (N, q)) < ε,

where dGH denotes the pointed Gromov-Hausdorff distance, then there ex-

ists a map f : M → N with f(p) = q satisfying the following:

(2.5.3) f is a continuous τ(ε)-Hausdorff approximation such that f∗ :

π1(M,p)→ π1(N, q) is surjective;

(2.5.4) Let V = Bq(
µ0

2 ) be the ball around q with radius µ0

2 . Set U =

f−1(V ). Then there is a normal subgroup H of the fundamental group

Γ = π1(U) of U such that
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(i) H is a solvable subgroup of Γ with length of polycyclicity ≤ n− k,
(ii) [Γ : H ] ≤ wn,k.

The following Weak Margulis’s Lemma under a lower Ricci curvature

bound is proved in [2]. It is a weaker version of the Margulis Lemma for

only ”one point”.

Theorem 2.6 (Weak Margulis’s Lemma; Chen & Wu, 2006).

There exists a positive number δn depending only on n and satisfying the

following: Let (Mn, p) be a complete pointed Riemannian n-manifold with

RicMn ≥ −(n − 1). Then there exists a point p′ ∈ Bp(1/2) such that the

image of the inclusion homomorphism

Γ′ = Im[π1(Bp′(δn)) → π1(Bp(1))]

admits a subgroup Λ′ ⊂ Γ′ with

(1) [Γ′ : Λ′] < wn, where wn depends only on n;

(2) Λ′ is solvable with length of polycyclicity ≤ n.

Remark 2.2. Consider a compact Riemannian n-manifold Mn with

RicMn ≥ 0. Scaling the metric of M so that diam(M) ≤ δn

2 still leaves

RicM ≥ 0, thus showing the fundamental group π1(M) of M admits a sub-

group H such that

(1) [H : π1(M)] < wn.

(2) H is solvable with length of polycyclicity ≤ n.

We refer the readers to [2] for the details of the proofs.
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1. Different types of Gray curvature conditions

The Gray curvature conditions, (the so-called Gray identities), were intro-

duced by Alfred Gray1 for almost Hermitian manifolds (M, g, J):

R(X,Y, Z,W ) = R(X,Y, JZ, JW )

R(X,Y, Z,W ) = R(JX, Y, Z, JW ) +R(X, JY, Z, JW ) +R(X,Y, JZ, JW )

R(X,Y, Z,W ) = R(JX, JY, JZ, JW )

A natural question which arises is to find analogous curvature conditions

in the case of odd dimensional manifolds, namely of almost contact and

contact metric manifolds.

Some Gray-type curvature conditions for almost contact metric mani-

folds were later introduced by A. Bonome, L. Hervella and I. Rozas2

K1ϕ : R(X,Y, Z,W ) = R(X,Y, ϕZ, ϕW )

K2ϕ : R(X,Y, Z,W ) = R(ϕX, Y, Z, ϕW )

+R(X,ϕY, Z, ϕW ) +R(X,Y, ϕZ, ϕW )

K3ϕ : R(X,Y, Z,W ) = R(ϕX,ϕY, ϕZ, ϕW )

and other Gray-type conditions by M.I. Munteanu and the author3
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G1 : R(X,Y, Z,W ) = R(X,Y, ϕZ, ϕW )− g(X,ϕZ)g(Y, ϕW )

+ g(Y, ϕZ)g(X,ϕW )− g(Y, Z)g(X,W ) + g(X,Z)g(Y,W )

G2 : R(X,Y, Z,W ) = R(ϕX, Y, Z, ϕW ) +R(X,ϕY, Z, ϕW )

+R(X,Y, ϕZ, ϕW ) + g(X,Z)η(W )η(Y )− g(Z, Y )η(X)η(W )

G3 : R(X,Y, Z,W ) = R(ϕX,ϕY, ϕZ, ϕW ) + g(X,Z)η(W )η(Y )

− g(Z, Y )η(X)η(W ) + g(Y,W )η(X)η(Z)− g(X,W )η(Y )η(Z)

Remark 1. (3) It is easy to see that every contact metric manifold satis-

fying one of G1, G2, G3 is Sasakian.

2. Gray curvature conditions for the Tanaka-Webster

connection

Then it becomes necessary to establish other curvature conditions for con-

tact metric manifolds, if necessary using special tools, like the Tanaka Web-

ster connection instead of the Levi-Civita connection.

The generalized Tanaka-Webster connection of a contact manifold

(M,ϕ, ξ, η) is given by the expression:4

∇̃XY = ∇XY + η(X)ϕY + η(Y )(ϕX + ϕhX) + dη(X + hX, Y )ξ

where ∇ is the Levi-Civita connection of the manifold (M,ϕ, ξ, η) and the

tensor field h is defined as h = 1
2Lξϕ (see for example5).

The Tanaka-Webster ∇̃ connection is the unique connection on

(M, g, ϕ, ξ, η) which satisfies the following properties:6

∇̃g = 0 ∇̃η = 0 ∇̃ξ = 0

(∇̃Xϕ)Y = (∇Xϕ)Y − g(X + hX, Y )ξ + η(Y )(X + hX)

T̃ (Z,Z ′) = 2dη(Z,Z ′)ξ ∀ Z,Z ′ ∈ Ker η

Remark 2. (cf.7) It is easy to see that for strongly pseudoconvex CR-

manifolds (8,9), the generalized Tanaka-Webster connection coincides with

the classical Tanaka connection introduced by N. Tanaka.10

Let R(X,Y, Z,W ) denote the curvature tensor of ∇ and R̃(X,Y, Z,W )

the curvature tensor of ∇̃. We study the relation between the curvatures of
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the Tanaka-Webster and Levi-Civita connections.

R̃(X,Y )Z + ϕR̃(X,Y )ϕZ = R(X,Y )Z + ϕR(X,Y )ϕZ

+ 2η(Y )η(Z)(X + hX)− 2η(X)η(Z)(Y + hY ) + 2η(Y )(∇Xϕ)Z

− 2η(X)(∇Y ϕ)Z + 2η(∇Y ϕZ)η(X)ξ − 2η(∇XϕZ)η(Y )ξ

− η(∇Y ϕZ)(X + hX) + η(∇XϕZ)(Y + hY ) + η(Z)(∇Xϕ)Y

− η(Z)(∇Y ϕ)X + η(Z)(∇Xϕh)Y − η(Z)(∇Y ϕh)X
+ η(X)g(Y + hY, Z)ξ − η(Y )g(X + hX,Z)ξ

− g(ϕX + ϕhX,Z)(ϕY + ϕhY ) + g(ϕY + ϕhY, Z)(ϕX + ϕhX)

+ g(Y + hY, (∇Xϕ)Z)ξ − g(X + hX, (∇Y ϕ)Z)ξ

+ g((∇Xh)Y − (∇Y h)X,ϕZ)ξ

In the particular case of Sasakian manifolds, as we have (∇Xϕ)Y =

g(X,Y )ξ − η(Y )X , we obtain

R(X,Y, Z,W )−R(X,Y, ϕZ, ϕW )− g(X,ϕZ)g(ϕY,W )

+ g(Y, ϕZ)g(ϕX,W ) + g(Y, Z)g(X,W )− g(X,Z)g(Y,W )

= R̃(X,Y, Z,W )− R̃(X,Y, ϕZ, ϕW )

As G1 holds on Sasakian manifolds, as particular cases of C(1)-manifolds,11

we obtain the annulation of the left member. Because of the fact that ∇̃ϕ =

0 (see12,13) we obtain that

Theorem 2.1. For strongly pseudoconvex CR manifolds, the following ex-

pression holds

0 = R(X,Y )Z + ϕR(X,Y )ϕZ − g(Y + hY, Z)(X + hX)

+ g(X + hX,Z)(Y + hY ) + η(Z)(∇Xϕh)Y − η(Z)(∇Y ϕh)X
− g(∇Xξ, Z)∇Y ξ + g(∇Y ξ, Z)∇Xξ + g((∇Xh)Y − (∇Y h)X,ϕZ)ξ.

In order to study the second condition, we obtain, by similar computations,

that for Sasakian manifolds

R̃(X,Y )Z + ϕR̃(ϕX, Y )Z + ϕR̃(X,ϕY )Z + ϕR̃(X,Y )ϕZ

= R(X,Y )Z + ϕR(ϕX, Y )Z + ϕR(X,ϕY )Z + ϕR(X,Y )ϕZ

+ η(Y )g(X,Z)ξ − η(X)g(Y, Z)ξ

finally obtaining G2 in the right member. We obtain the identity G3 by

similar computations; the expression becomes for Sasakian manifolds

R(X,Y, Z,W )−R(ϕX,ϕY, ϕZ, ϕW ) = R̃(X,Y, Z,W )

− R̃(ϕX,ϕY, ϕZ, ϕW ) + g(X,Z)η(W )η(Y )− g(Z, Y )η(X)η(W )

+ g(Y,W )η(X)η(Z)− g(X,W )η(Y )η(Z)
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Then obviously we can adapt the following conditions for every contact

metric manifold (M, g, ϕ, ξ, η):

(K1) R̃(X,Y, Z,W ) = R̃(X,Y, ϕZ, ϕW )

(K2) R̃(X,Y, Z,W ) = R̃(ϕX, Y, Z, ϕW )

+ R̃(X,ϕY, Z, ϕW ) + R̃(X,Y, ϕZ, ϕW )

(K3) R̃(X,Y, Z,W ) = R̃(ϕX,ϕY, ϕZ, ϕW )

The natural question is if there are non-Sasakian manifolds on which

these conditions hold.

Example 2.1. Example of a contact metric manifold satisfying the Ki

curvature conditions without satisfying the Gi curvature conditions, with

i ∈ 1, 2, 3.

Consider on R3 the base composed by the following vector fields X =

2∂y, Y = cos y∂x − sin y∂z and ξ = sin y∂x + cos y∂z. Let η = sin ydx +

cos ydz. As η ∧ dη = −dx ∧ dy ∧ dz, (R3, η) is a contact manifold, we

endow it with an almost contact structure (ϕ, ξ, η) by defining ϕ by ϕX =

−Y , ϕY = X and ϕξ = 0 and an associated metric g = dx2 + dz2 +
1
4dy

2. (R3, g, ϕ, ξ, η) now becomes a contact metric manifold of dimension

3. Hence, (R3, g, ϕ, ξ, η) becomes a strongly pseudoconvex CR manifold.5

As hX = X and hY = −Y this manifold is not K-contact. The Levi-

Civita connection is given by ∇XY = −2ξ and ∇Xξ = 2Y and zero for the

other terms. The Tanaka Webster connection is given by ∇̃ξX = −Y and

∇̃ξY = X and zero for the other terms. As the manifold R3 endowed with

the upper structure is not Sasakian, it does not satisfy the Gi conditions

(as we can directly see by computing the curvature R(ξ,X)X). But all of

the conditions Ki introduced for the Tanaka Webster connection hold for

this manifold.
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1. Introduction

LetMfm denote the category ofm-dimensional manifolds and their embed-

dings (i.e. diffeomorphisms onto open subsets) and FM denote the category

of fibred manifolds and their fibred maps. Manifolds and maps are assumed

to be of class C∞.

For any m-manifold M we have the r-th order frame bundle P rM =

invJr0 (Rm,M) of M . This is a principal bundle with the corresponding Lie

group Grm = Jr0 (Rm,Rm)0 acting on the right on P rM via compositions of

jets. EveryMfm-map ψ : M1 →M2 induces a principal bundle embedding

P rψ : P rM1 → P rM2 by P rψ(jr0ϕ) = jr0(ψ ◦ ϕ), where ϕ : Rm → M1 is a

Mfm-map. The correspondence P r :Mfm → FM is a bundle functor in

the sense of [2].
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For any n-manifold N we have the Riemannian bundle Riem(N) =⋃
y∈NMet(TyN) over N . The correspondence Riem :Mfn → FM is a

bundle functor in the sense of [2].

For any m-manifold M we have the classical linear connection bundle

QM := (idT∗M⊗π1)−1(idTM ) ⊂ T ∗M⊗J1TM of M , where π1 : J1TM →
TM is the projection of the first jet prolongation of TM . The correspon-

dence Q :Mfm → FM is a bundle functor in the sense of [2].

In the present short note we study the problem how a classical linear

connection ∇ on an m-dimensional manifold M can induce (canonically)

a Riemannian structure A(∇) on P rM . This problem is reflected in the

concept ofMfm-natural operatorsA : Q RiemP r. In the note we describe

explicitly allMfm-natural operators A in question.

2. Natural operators

Definition 2.1. ([2]) AnMfm-natural operator A : Q RiemP r is a fam-

ily of Mfm-invariant regular operators (functions)

A = AM : Q(M)→ Riem(P rM)

for any Mfm-object M , where Q(M) is the set of all classical linear con-

nections on M (sections of Q(M) → M) and Riem(N) is the set of all

Riemannian structures on N (sections of Riem(N)→ N) for any manifold

N . The invariance means that if ∇1 ∈ Q(M1) and ∇2 ∈ Q(M2) are related

by an Mfm-map ψ : M1 → M2 (i.e. Q(ψ) ◦ ∇1 = ∇2 ◦ ψ) then A(∇1)

and A(∇2) are P rψ-related (i.e. Riem(P rψ)◦A(∇1) = A(∇2)◦P rψ). The

regularity means that A transforms smoothly parametrized families of clas-

sical linear connections into smoothly parametrized families of Riemannian

structures.

For r = 1, P 1M is equivalent with the bundle LM of linear frames

over M (we identify j10ϕ ∈ P 1M with (T0ϕ( ∂
∂xi |0))

m
i=1 ∈ LM). In this case

we have the following very important classical example of Mfm-natural

operator Q RiemP 1 presented in the proof of Theorem 1.5 in [1].

Example 2.1. Let ∇ be a classical linear connection on an m-manifold M

and let ω = (ωjk) : TP 1M → gl(m) be its connection form. Let θ = (θi) :

TP 1M → Rm be the canonical form on P 1M . We put

g∇(X∗, Y ∗) =
∑

i

θi(X∗)θi(Y ∗) +
∑

j,k

ωjk(X
∗)ωjk(Y

∗), X∗, Y ∗ ∈ TuP 1M.
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Then g∇ is a Riemannian structure on P 1M , see the proof of Theorem 1.5

in [1]. Clearly, the correspondence A1 : Q RiemP 1 given by A1(∇) = g∇

for all ∇ ∈ Q(M) is anMfm-natural operator.

Example 2.2. Let ∇ be a classical linear connection on M . Let (θi, ωjk)

be the basis of 1-forms on P 1M , where θ = (θi) and ω = (ωjk) is as in

Example 1 for ∇. Let X1(∇), ..., XL1(∇), where L1 = dim(P 1Rm) = m+

m2, be the dual (to (θi, ωjk)) basis of vector fields on P 1M . Then g̃∇ =∑L1

s=1(X
s(∇))∗ � (Xs(∇))∗ is a Riemannian structure on P 1M (the same

as in Example 2.1).

From now on let A1, ..., Adim(gr
m) be the standard basis in grm = Lie(Grm)

(i.e. the basis jr0(xα ∂
∂xi ) ∈ (Jr0TRm)0 = grm for i = 1, ...,m, 1 ≤ |α| ≤ r).

Example 2.3. Construction of an absolute parallelism on P rM from a

classical linear connection ∇ on M . Let ∇ be a classical linear connection

on anm-manifoldM . Let i = 1, ...,m. We have a vector field Y i(∇) on P rM

defined as follows. Let σ = jr0ϕ ∈ (P rM)x, x ∈ M . Let vi = Tϕ( ∂
∂xi |0) ∈

TxM . We extend vi to the constant vector field ṽi on TxM . Then on some

neighborhood of x we have the vector field V i(∇) = (Exp∇x )∗ṽi, where

Exp∇x : TxM ⊃ U0x → Ũx ⊂M is the exponent of ∇. We define Y i(∇)σ :=

Pr(V i(∇))σ , where PrV is the flow lifting of a vector field V on M to P rM

(if {ϕt} is the flow of V then {P rϕt} is the flow of PrV ). It is easy to see

that Y i(∇)σ projects onto vi by the bundle projection P rM → M . So, it

is a simple observation that Y i(∇), A∗
j for i = 1, ...,m, j = 1, ..., dim(grm)

is an absolute parallelism on P rM (canonically depending on ∇), where

given A ∈ Lie(Grm) we denote the fundamental vector field on the principal

bundle P rM by A∗.

Example 2.4. Let ∇ be a classical linear connection on an m-manifold

M . Let (Y i(∇), A∗
j ) be the parallelism from Example 2.3. Let ωs(∇) for

s = 1, ..., dim(P rRm) be the dual basis of 1-form on P rM . We put

g̃r,∇ :=
∑

s

ωs(∇) � ωs(∇).

Clearly, g̃r,∇ is a Riemannian structure on P rM . Clearly, the correspon-

dence A[r] : Q RiemP r given by A[r](∇) = g̃r,∇ for all ∇ in question is

anMfm-natural operator. One can observe easily that A1 = A[1].

According to the global basis of vector fields (Y i(∇), A∗
j ) on P rM from

Example 3, given ∇ ∈ Q(M) we have a canonical (in ∇) fibred diffeomor-
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phism

(∗) I∇ : P rM ×Met(RLr)→ Riem(P rM)

covering idP rM defined by the condition that the matrix of I∇(σ,G) in the

basis (Y i(∇)(σ), A∗
j (σ)) is the same as the one of G in the usual canonical

basis of RLr .

From now on we denote

Qr = (πr1)
−1(lo) ⊂ (P rRm)0,

where lo is the usual canonical basis in Rm = T0R
m and πr1 : P rM → P 1M

is the jet projection. Of course, Qr is a submanifold in (P rRm)0.

For s = 0, 1, ...,∞, let Zs = Js0 (Q(Rm)) be the set of s-jets js0∇ of all

classical linear connections ∇ on Rm with

(∗∗)
m∑

j,k=1

∇ijk(x)xjxk = 0 for i = 1, ...,m.

We inform that the condition (**) means (it is equivalent to) that the usual

coordinates x1, ..., xm on Rm are ∇-normal with centre 0. If s is finite, then

(from (**)) Zs is a finite dimensional manifold (diffeomorphic to a finite

dimensional vector space). Z∞ is a topological space with respect to the

inverse limit topology given by the inverse system ... → Zs+1 → Zs →
...→ Z0 of jet projections.

Example 2.5. General construction. Let µ : Z∞×Qr →Met(RLr), where

Lr = dim(P rRm), be a map satisfying the following local finite determina-

tion property (ar):

(ar) For any ρ ∈ Z∞ and σ ∈ Qr we can find an open neighborhood

U ⊂ Z∞ of ρ , an open neighborhood V ⊂ Qr of σ, a natural number s and

a smooth map f : πs(U)× V →Met(RLr) such that µ = f ◦ (πs × idV ) on

U × V , where πs : Z∞ → Zs is the jet projection.

(A simple example of such µ is µ = f ◦ (πs × idQr) for smooth f :

Zs×Qr →Met(RLr) for finite s.) Given a classical linear connection ∇ on

an m-manifold M we define a Riemannian structure A<µ>(∇) on P rM as

follows. Let σ ∈ (P rM)x, x ∈M . Choose a ∇-normal coordinate system ψ

on M with center x such that P rψ(σ) ∈ Qr. Of course, such ψ exists. Then

germx(ψ) is uniquely determined. We put

A<µ>(∇)σ = Riem(P r(ψ−1))(Iψ∗∇(P rψ(σ), µ(j∞0 (ψ∗∇), P rψ(σ)))).

Since germx(ψ) is uniquely determined the definition A<µ>(∇)σ is correct.

The family A<µ> : Q RiemP r is anMfm-natural operator.
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3. The main result

Theorem 3.1. Any Mfm-natural operator A : Q RiemP r is A<µ> for

some uniquely determined (by A) function µ : Z∞ × Qr → Met(RLr)

satisfying the property (ar).

Proof. Let A : Q RiemP r be anMfm-natural operator. We must define

µ : Z∞ ×Qr →Met(RLr) by

(σ, µ(j∞0 ∇, σ)) = I−1
∇ (A(∇)(σ)).

Then by the non-linear Peetre theorem [2], µ satisfies the property (ar).

Then by the definition of µ and A<µ> we see that A(∇)(σ) = A<µ>(∇)(σ)

for any classical linear connection ∇ on Rm such that the identity map

idRm is a ∇-normal coordinate system with center 0 and any σ ∈ Qr. Then

by the invariance of A and A<µ> with respect to normal coordinates we

deduce that A = A<µ>.

Remark 3.1. Similar problems as the one of the present note have been

studied in many papers, [3]–[7]. The method used in the present note is the

same as in [5] and [6].
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1. Introduction

Let m and q be arbitrary integers such that m ≥ 1 and 0 ≤ q ≤ 2m.

We study the problem how a torsion-free classical linear connection ∇ on

an m-dimensional manifold M induces canonically a smooth (C∞) dis-

tribution A(∇) ⊂ TT ∗M on the cotangent bundle T ∗M of M such that

dim(A(∇)ω) = q for any ω ∈ T ∗M . This problem is reflected in the concept

of natural operators A : Qo  GrqT
∗ transforming torsion free classical lin-

ear connections ∇ on m-manifolds M (sections of the bundle QoM → M

of torsion-free connections) into q-dimensional distributions A(∇) on T ∗M
(sections of the Grassmann bundle Grq(T

∗M) → T ∗M of q-dimensional

subspaces tangent to T ∗M). The main result constitutes Theorem 2.1,

where we describe all natural operators A : Qo  GrqT
∗ in question.

The proof of Theorem 2.1 is based on a modification of the method from

[2].

All manifolds and maps are assumed to be smooth (of class C∞). Mani-
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folds are assumed to be finite dimensional and without boundary.

2. The main result

Given an m-dimensional manifold M , let TM be the tangent bundle of M .

Every embedding f : M → M1 of m-dimensional manifolds induces the

corresponding tangent map Tf : TM → TM1 of f .

Given an m-dimensional manifold M , let T ∗M = (TM)∗ be the cotan-

gent bundle of M . Every embedding f : M → M1 of m-manifolds induces

a vector bundle embedding T ∗f := (T (f−1))∗ : T ∗M → T ∗M1 covering f ,

where Tf denotes the tangent map of f .

Given an n-dimensional manifold N , let GrpN be the Grassmann bun-

dle of p-dimensional vector subspaces tangent to N . Every embedding

f : N → N1 of n-manifolds induces a fibred map Grpf : GrpN → GrpN1

covering f given by Grpf(V ) = Tf(V ) for any V ∈ (GrpN)x (i.e. for any

p-dimensional subspace V ⊂ TxN), x ∈ N .

A p-dimensional distribution on an n-dimensional manifold N is a

smooth (C∞) vector sub-bundle D ⊂ TN of the tangent bundle of N such

that dim(Dx) = p for any point x ∈ N . Thus a p-dimensional distribution

D is a smooth (C∞) section of the Grassmann bundle GrpN of N .

Given an m-manifold M , let QM := (idT∗M ⊗ π1)−1(idTM ) ⊂ T ∗M ⊗
J1TM be the connection bundle of M , where π1 : J1TM → TM is the

projection of the first jet prolongation J1TM = {j1xX |X ∈ X (M), x ∈M}
of the tangent bundle TM of M . Every embedding f : M → M1 induces

(in obvious way) a fibred map Qf : QM → QM1 covering f .

There exists a sub-bundle QoM of QM such that the sections of QoM

are the torsion free classical linear connections on M .1,3 More precisely,

if λo : Rm → QRm is the usual flat classical linear connection on Rm

then QoM = {Qf(λo0) | f : Rm → M is an embedding}. Every embedding

f : M → M1 of m-manifolds induces (by restriction of Qf) a fibred map

Qof : QoM → QoM1 covering f .

We denote the set of all classical linear connections on M by Q(M) and

the set of all torsion free classical linear connections on M by Qo(M).

Definition 2.1. ([1]) Let m and q be integers such that m ≥ 1 and 0 ≤ q ≤
2m. AnMfm-natural operator A : Qo  GrqT

∗ lifting torsion free classical

linear connections ∇ on m-manifolds M into q-dimensional distributions

A(∇) on the cotangent bundle T ∗M is a family of Mfm-invariant regular

operators (functions)

A : Qo(M)→ Grq(T
∗M)
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from the set Qo(M) ⊂ Q(M) of all torsion free classical linear connections

on M (sections of QoM →M) into the set Grq(T
∗M) of all q-dimensional

distributions on T ∗M (sections of Grq(T
∗M)→ T ∗M) for anyMfm-object

M , whereMfm is the category of m-dimensional manifolds and their em-

beddings. The invariance means that if ∇1 ∈ Qo(M) and ∇2 ∈ Qo(N) are

f -related (i.e. Qof ◦ ∇1 = ∇2 ◦ f) for some Mfm-map f : M → N then

A(∇1) and A(∇2) are T ∗f -related (i.e. Grq(T
∗f) ◦A(∇1) = A(∇2) ◦T ∗f).

The regularity means that A transforms smoothly parametrized families of

torsion free classical linear connections into smoothly parametrized families

of distributions.

We have the followingMfm-natural operators A : Qo  GrqT
∗.

Example 2.1. A[1](∇)ω = {0} for all ω ∈ (T ∗M)x, x ∈M , ∇ ∈ Qo(M).

Example 2.2. A[2](∇)ω = ker(TωπM ) = VωT
∗M for all ω ∈ (T ∗M)x,

x ∈ M , ∇ ∈ Qo(M), where πM : T ∗M → M is the cotangent bundle

projection.

Example 2.3. A[3](D)ω = TωT
∗M for all ω ∈ (T ∗M)x, x ∈ M , ∇ ∈

Qo(M).

To present more complicated examples of Mfm-natural operators A :

Qo  GrqT
∗ we need a preparation.

Definition 2.2. An Mfm-natural operator B : Qo  (T ∗, T ∗ ⊗ T ∗) is an

Mfm-invariant family of regular operatorsB : Qo(M) C∞
M (T ∗M,T ∗M⊗

T ∗M) for any m-manifold M , where C∞
M (T ∗M,T ∗M ⊗ T ∗M) is the space

of all (not necessarily vector) fibred maps T ∗M → T ∗M ⊗ T ∗M covering

the identity map idM .

Remark 2.1. We have the following Mfm-natural operators B[i] : Qo  
(T ∗, T ∗ ⊗ T ∗) for i = 1, 2, 3 given by B[1](∇)(ω) = ω ⊗ ω , B[2](∇)(ω) =

sym((Ric∇)x) and B[3](∇)(ω) = alt((Ric∇)x) for ∇ ∈ Qo(M), ω ∈
(T ∗M)x, x ∈ M , where sym((Ric∇)x) is the symmetrization of the Ricci

tensor field Ric∇ of ∇ at x and alt((Ric∇)x) is the alternation of (Ric∇)x.

(We remark that R∇(X,Y, Z) = R∇(X,Y )Z = ∇X(∇Y Z)−∇Y (∇XZ)−
∇[X,Y ]Z and Ric∇(X,Y ) = tr{Z → R∇(Z,X)Y }.) Using methods from1

(in particular Example 28.7) one can standardly show that any Mfm-

natural operator B : Qo  (T ∗, T ∗ ⊗ T ∗) is a linear combination of the

natural operators B[i] for i = 1, 2, 3 with real coefficients.
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Let B : Qo  (T ∗, T ∗⊗T ∗) be anMfm-natural operator. Then we have

the corresponding Mfm-natural operator A[B] : Qo  GrmT
∗ defined as

follows.

Example 2.4. A[B](∇)ω = {v∇∗

ω + d
dt |t=0

(ω + t < B(∇)(ω), v >) | v ∈
TxM}, ∇ ∈ Qo(M), ω ∈ (T ∗M)x, x ∈ M , where v∇

∗

ω ∈ H∇∗

ω ⊂ TωT
∗M

is the unique ∇∗-horizontal vector over v with respect to the cotangent

bundle projection (i.e. v∇
∗

ω is the ∇∗-horizontal lift of v at ω) and where

TωT
∗M = VωT

∗M ⊕ H∇∗

ω is the decomposition corresponding to linear

connection ∇∗ on T ∗M → M dual to ∇ (i.e. H∇∗
is the ∇∗-horizontal

distribution on T ∗M). (The pairing < . , . > is the contraction C1
1 as in

Section 1.)

The main result in this paper is the following theorem.

Theorem 2.1. All Mfm-natural operators A : Qo  GrqT
∗ are described

in Examples 2.1–2.4.

3. Proof of the main result

Lemma 3.1. Let A : Qo  GrqT
∗ be an Mfm-natural operator such that

A(∇) ⊂ V T ∗M = ker(TπM ) for any ∇ ∈ Qo(M). Then either A = A[1] or

A = A[2].

Proof. From now on let ∇o ∈ Qo(Rm) be the usual flat classical linear

connection on Rm. We may assume that A(∇o)θ 6= {0} (as if A(∇o)θ = {0}
then q = 0 and then A = A[1]). Consider a non-zero vector v ∈ A(∇o)θ.
Then using the invariance of A with respect to linear isomorphisms (preserv-

ing ∇o) we see that VθT
∗Rm ⊂ A(∇o)θ (if w ∈ VθT ∗Rm, w 6= 0, then there

exists a linear isomorphism ψ (preserving ∇o) such that w = TT ∗ψ(v),

and then w ∈ A(∇o)θ because of the invariance of A with respect to ψ).

Then A(∇o)θ = VθT
∗Rm (as by the assumption A(∇o)θ ⊂ VθT ∗Rm). Then

q = m. Consequently A(∇)ω = VωT
∗M as A(∇)ω ⊂ VωT

∗M (because of

the assumption of the lemma) and dim(A(∇)ω) = q = m = dim(VωT
∗M).

Hence A = A[2].

Proof of Theorem 2.1. Let A : Qo  GrqT
∗ be an Mfm-natural oper-

ator. By theMfm-invariance of A and by Lemma 3.1 we may assume that

A(∇)ω\VωT ∗Rm 6= ∅ for some∇ ∈ Qo(Rm) and some ω ∈ (T ∗Rm)0, ω 6= 0.

Then using the invariance of A we may additionally assume that ω = d0x
1
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and ∇0 = ∇o0, where x1, ...., xm are the usual coordinates on Rm. Let

v ∈ A(∇)d0x1\Vd0x1T ∗Rm. Then standardly one can show that there exist a

constant vector field Y o 6= 0 and a vector field Y 1 with Y 1(0) = 0 such that

T ∗(Y )d0x1 = v, where Y = Y o+Y 1. (Here T ∗(X) means the flow lifting of

a vector field X ∈ X (M) to T ∗M .) Then there exist a local diffeomorphism

ψ such that j10ψ = id and ψ∗Y = Y o near 0. Then using the invariance

of A with respect to ψ we may additionally assume v = T ∗(Y o)d0x1 . Then

using the invariance of A with respect to the homotheties at = 1
t idRm for

t > 0 and putting t→ 0 we have T ∗(Y o)θ ∈ A(∇o)θ \VθT ∗Rm. Then using

the invariance of A with respect to linear isomorphisms we deduce that

T ∗(Z)θ ∈ A(∇o)θ for any constant vector field Z ∈ X (Rm). Consequently

H
(∇o)∗

θ ⊂ A(∇o)θ.
If q > m, then (from H

(∇o)∗

θ ⊂ A(∇o)θ) it follows that there exists

u ∈ VθT ∗Rm
⋂
A(∇o)θ, u 6= 0. Then VθT

∗Rm ⊂ A(∇o)θ (as if v ∈ VθT ∗Rm,

v 6= 0, then there is a linear isomorphism ψ such that v = TT ∗ψ(u), and

then v ∈ A(∇o)θ because of the invariance of A with respect to ψ). Then

A(∇o)θ = TθT
∗Rm, and then q = 2m. Consequently A = A[3].

If q = m and VωT
∗Rm

⋂
A(∇)ω 6= {0} for some ∇ ∈ Qo(Rm) with

∇0 = ∇o0 and some ω ∈ (T ∗Rm)0, then using the invariance of A with

respect to the homotheties 1
t idRm for t > 0 and then putting t → 0 we

deduce (because of the regularity of A) that VθT
∗Rm

⋂
A(∇o)θ 6= {0}.

Then (since H
(∇o)∗

θ ⊂ A(∇o)θ) we have q > m. Contradiction.

So, we may the assumption q = m and VωT
∗M

⋂
A(∇)ω = {0} for any

∇ ∈ Qo(M) and any ω ∈ (T ∗M)x, x ∈M . Then we have the decomposition

TωT
∗M = VωT

∗M ⊕A(∇)ω for any ∇ and ω as above. Then we can define

an Mfm-natural operator B = B(A) : Qo  (T ∗, T ∗ ⊗ T ∗) postulating

that < −B(∇)(ω), v >∈ (T ∗M)x = VωT
∗M is the VωT

∗M -component of

the ∇∗-horizontal lift v∇
∗

ω of v ∈ TxM at ω ∈ (T ∗M)x with respect to the

decomposition TωT
∗M = VωT

∗M ⊕ A(∇)ω , where ∇ ∈ Qo(M), v ∈ TxM ,

ω ∈ (T ∗M)x, x ∈M . Clearly,A = A[B] (where A[B] is described in Example

2.4).
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1. Introduction

We consider a two-parameter family of three-dimensional Riemannian

manifolds (M,ds2`,m) , where the metrics have the expression

ds2`,m =
dx2 + dy2

[1 +m(x2 + y2)]2
+

(
dz +

`

2

ydx− xdy
[1 +m(x2 + y2)]

)2

, (1)

with `,m ∈ R. The underlying differentiable manifolds M are R3 if m ≥ 0,

and M = {(x, y, z) ∈ R3 : x2 + y2 < − 1
m} otherwise. These metrics

(B-C-V metrics) have been known for a long time. They can be found

in the classification of three-dimensional homogeneous metrics given by L.

Bianchi in 1897 (see1); later, they appeared, in form (1), in É. Cartan (see2)

and in G. Vranceanu (see8). Their geometric interest lies in the following

fact: the family of metrics (1) includes all three-dimensional homogeneous

metrics whose group of isometries has dimension 4 or 6, except for those

of constant negative sectional curvature. The group of isometries of these

spaces contains a subgroup isomorphic to the group SO(2), and the surfaces

invariant by the action of SO(2) are called rotational surfaces. In,34 and,7

R Caddeo, P. Piu, A. Ratto, and P. Tomter have studied rotational surfaces
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of the Heisenberg group H3 with constant (mean or Gauss) curvature. The

geodesics of the B-C-V spaces were studied by A. Serra and P. Sitzia in their

degree thesis (see,56). In this note we write down the differential equations

of the geodesics and we find the conditions that meridians and parallels

must satisfy in order to be geodesics. Then we determine the geodesics of

the rotational cylinders and find a Clairaut-like relation. It is maybe usufull

to recall the spaces that correspond to the different values of ` and m.

• If ` = 0, then M is the product of a surface S with constant Gaussian

curvature 4m and the real line R.

• If 4m− `2 = 0, then M has non negative constant sectional curvature.

• If ` 6= 0 and m > 0, then M is locally SU(2).

• If ` 6= 0 and m < 0, then M is locally S̃L(2,R),

• If ` 6= 0 and m = 0 we get a left invariant metric on the Heisenberg Lie

group H3.

2. Geodesics on surfaces of revolution

First of all, we want to obtain the differential equations of the geodesics

for the SO(2)-invariant surfaces of the B-C-V spaces and point out the

analogies with the Euclidean case. The metrics (1) are invariant with respect

to the rotations around the z-axis and this fact leads to the study of the

rotational surfaces, locally parametrized by

X(u, v) = (f(u) cos v, f(u) sin v, g(u))

where 0 ≤ v < 2π and f, g are real functions with f > 0. The metric

induced by (1) on the surface X is

ds2 =
f ′(u)2du2 + f(u)2dv2

[1 +mf(u)2]2
+
(
g′(u)du− `

2

f(u)2dv

1 +mf(u)2

)2

. (2)

Therefore the coefficients of the first fundamental form of the surface are

E=
f ′(u)2

[1 +mf(u)2]2
+ g′(u)2, F =− `f(u)2g′(u)

2(1 +mf(u)2)
, G=

4f(u)2 + `2f(u)4

4[1 +mf(u)2]2
.

In order to obtain the geodesics of the rotational surfaces we use the Euler-

Lagrange equations. The Lagrangian associated to the metric (2) is

L =
1

2
(Eu̇2 + 2F u̇v̇ +Gv̇2)

and the corresponding Euler-Lagrange equations are



d
dt

[
2
(

f ′(u)2

[1+mf(u)2]2 +g′(u)2
)
u̇− `f(u)2g′(u)

1+mf(u)2 v̇
]
=E′(u)u̇2+2F ′(u)u̇v̇+G′(u)v̇2

d
dt

[
2 4f(u)2+̀ 2f(u)4

4[1+mf(u)2]2 v̇−
`f(u)2g′(u)
1+mf(u)2 u̇

]
=0.
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Suppose that the generating curve α(u) = (f(u), 0, g(u)) of X is parametri-

zed by arc length, in which case E = 1. Then the equations of the geodesics

become




d
dt

[
2u̇− `f(u)2g′(u)

1+mf(u)2 v̇
]

= 2F ′(u)u̇v̇ +G′(u)v̇2

d
dt

[
4f(u)2+`2f(u)4

2[1+mf(u)2]2 v̇ − `f(u)2g′(u)
1+mf(u)2 u̇

]
= 0.

(3)

A parallel u = u0, will be a geodesic if u0 is a solution of




d
dt

[
− `f(u)2g′(u)

1+mf(u)2 v̇
]

= G′(u)v̇2

d
dt

[
4f(u)2+`2f(u)4

2[1+mf(u)2]2 v̇
]

= 0

that is
{
`f(u0)

2g′(u0)
1+mf(u0)2

v̈ = −G′(u0)v̇0
2

4f(u0)2+`2f(u0)4

2[1+mf(u0)2]2 v̇ = G(u0)v̇ = const.

and then v̇ = const. If we substitute u̇ = v̈ = 0 in the first equation we

have

G′(u0)v̇
2 = 0

and therefore (v̇ 6= 0)

G′(u0) =
f(u0)f

′(u0)[2 + `2f(u0)
2 − 2mf(u0)

2]

[1 +mf(u0)2]3
= 0.

It follows that the parallels are geodesics if

f ′(u0)[2 + `2f(u0)
2 − 2mf(u0)

2]

[1 +mf(u0)2]3
= 0. (4)

Thus we have:

• the only parallels which are geodesics of the rotational surfaces in H3,

S̃L(2,R), H2 × R are, just like in the Euclidean case, those generated

by the rotation of a point of the generating curve where the tangent is

parallel to the axis of revolution (f ′ = 0). [For these spaces we have

`2 ≥ 2m] ;

• for the rotational surfaces of the product manifold S2 × R the parallels

which are geodesics have f ′ = 0 or f(u0) =
√

2
2m−`2 . In this case we

have `2 < 2m,

• for the rotational surfaces of SU(2), besides the parallels with f ′ = 0,

there are the parallels for which f(u0) =
√

2
2m−`2 .
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A meridian v = v0 is a geodesic if it satisfies the equations
{
u̇ = a
`f(u)2g′(u)
1+mf(u)2 u̇ = b, a, b ∈ R.

As E = 1, we obtain for g′(u) the expression

g′(u) =

√
1− f ′(u)2

[1 +mf(u)2]2

and we conclude that a meridian is a geodesic if

`f(u)2
√

[1 +mf(u)2]2 − f ′(u)2

[1 +mf(u)2]2
= const.

It follows that

• for the rotational surfaces of the product manifold S2 × R and H2 × R,

(` = 0), like in the Euclidean case, all the meridians are geodesics;

• all the meridians of the cylinders f(u) = const. are geodesics;

• if ` 6= 0 the meridians are geodesics for m R 0 if the function f is

f(u) =
tan(
√
mu+ c)√
m

, f(u) = u, f(u) =
tanh(

√−mu+ c)√−m
respectively, or if f is a solution of the equation

(2f ′(u) + 4mf(u)2f ′(u) + 2m2f(u)4f ′(u)− 2f ′(u)3

+ 2mf(u)2f ′(u)3 − f(u)f ′(u)f ′′(u)−mf(u)3f ′(u)f ′′(u) = 0.

3. The Clairaut’s relation

If we consider a geodesic γ parametrized by arc length and ω is the angle

between γ and a parallel, by using γ̇ = u̇Xu + v̇Xv, we have:

cosω =
〈γ̇, Xv〉
‖Xv‖

=
1√
G

[
− `f(u)2g′(u)

2(1 +mf(u)2)
u̇+

4f(u)2 + `2f(u)4

4[1 +mf(u)2]2
v̇
]

The Clairaut’s relation will be:
√

4f(u)2 + `2f(u)4

4[1 +mf(u)2]2
cosω = const.

As in the case of the surfaces of the Euclidean space, we can consider f(u)

as the distance from the z-axis, f(u) =
√
x2 + y2 = r.
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4. Geodesics on the cylinder

If we consider the “cylinder” parametrized by

S(u, v) =
(
a cos v, a sin v, u

)
, a ∈ R, (5)

the Euler-Lagrange equations of the geodesics become
{
u̇− `a2

2(1+ma2) v̇ = const.

− `a2

2(1+ma2) u̇+ 4a2+`2a4

4(1+ma2)2 v̇ = const.
(6)

and thus we have

4a2

4(1 +ma2)2
v̇ = const.

This implies that u̇ = const., v̇ = const. and we have

Proposition 4.1. The geodesics of the cylinder are the curves of equation

γ(s) = (a cos(As+B), a sin(As+B), Cs+D),

that includes:

• the meridians,

• the parallels,

• the helices, that is the curves with constant geodesic curvature and

geodesic torsion, analogous of the helices of R3.
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1. Introduction

The similitude between the geometry of the tangent and cotangent bun-

dles of a Riemannian manifold (M, g), may be explained by their duality.

Anyway, there are some fundamental differences between them, due to the

different construction of lifts to T ∗M , particularly of the natural ones (see

Refs. 5, 7, 8), which cannot be defined just like in the case of TM(see

Ref. 15). The possibility to consider vertical, complete and horizontal lifts

on T ∗M leads to interesting geometric structures, studied in some recent

papers like Refs. 10, 12, 13, 14.

In the present paper we study the conditions under which the general

natural Kählerian structures on T ∗M , determined in Ref. 3, have quasi-

constant holomorphic sectional curvatures. We prove that the general na-

tural Kählerian cotangent bundles of quasi-constant holomorphic sectional

curvatures are only those of constant holomorphic sectional curvature. In

Ref. 2 it was proved a similar result for the natural Kählerian structures of

diagonal type on TM .

Let (M, g) be a smooth Riemannian manifold of the dimension n. We



February 17, 2009 16:46 WSPC - Proceedings Trim Size: 9in x 6in viii-icdg

312

denote its cotangent bundle by π : T ∗M → M , and recall the splitting of

the tangent bundle to T ∗M into the vertical distribution V T ∗M = Ker π∗
and the horizontal one, determined by the Levi Civita connection ∇̇ of g:

TT ∗M = V T ∗M ⊕HT ∗M.

If (π−1(U), q1, . . . , qn, p1, . . . , pn) is a local chart on T ∗M , induced from

the local chart (U, x1, . . . , xn) on M , the local vector fields { ∂
∂pi
}i=1...n on

π−1(U) define a local frame for V T ∗M over π−1(U) and the local vector

fields { δ
δqj }j=1...n define a local frame for HT ∗M over π−1(U), where

δ

δqi
=

∂

∂qi
+ Γ0

ih

∂

∂ph
, Γ0

ih = pkΓ
k
ih,

and Γkih(π(p)) are the Christoffel symbols of g.

The set of vector fields { δ
δqi ,

∂
∂pj
}i,j=1,...,n, denoted by {δi, ∂j}i,j=1,...,n,

defines a local frame on T ∗M , adapted to the direct sum decomposition.

The M -tensor fields on the cotangent bundle may be introduced in the

same manner as the M -tensor fields were introduced Ref. 9 on the tangent

bundle of a Riemannian manifold.

Roughly speaking, the natural lifts have coefficients as functions of the

density energy (see Ref. 5 by Janyška, and Ref. 11 by Oproiu), given as

t =
1

2
‖p‖2 =

1

2
g−1
π(p)(p, p) =

1

2
gik(x)pipk, p ∈ π−1(U).

We have t ∈ [0,∞) for all p ∈ T ∗M .

In Ref. 3, the present author considered the real valued smooth functions

a1, a2, a3, a4, b1, b2, b3, b4 on [0,∞) ⊂ R and studied a general natural

tensor of type (1, 1) on T ∗M , defined by the relations
{
JXH

p = a1(t)(gX )Vp + b1(t)p(X)pVp + a4(t)X
H
p + b4(t)p(X)(p])Hp ,

JθVp = a3(t)θ
V
p + b3(t)g

−1
π(p)(p, θ)p

V
p − a2(t)(θ

])Hp − b2(t)g−1
π(p)(p, θ)(p

])Hp ,

in every point p of the induced local card (π−1(U),Φ) on T ∗M , ∀ X ∈
X (M), ∀ θ ∈ Λ1(M), where gX is the 1-form on M defined by gX(Y ) =

g(X,Y ), ∀Y ∈ X (M), θ] = g−1
θ is a vector field on M defined by g(θ], Y ) =

θ(Y ), ∀ Y ∈ X (M), the vector p] is tangent toM in π(p), pV is the Liouville

vector field on T ∗M , and (p])H is the geodesic spray on T ∗M .

In the same paper, Ref. 3, the author defined a Riemannian metric G

of general natural lift type, given by the relations



Gp(X
H , Y H) = c1(t)gπ(p)(X,Y ) + d1(t)p(X)p(Y ),

Gp(θ
V , ωV ) = c2(t)g

−1
π(p)(θ, ω) + d2(t)g

−1
π(p)(p, θ)g

−1
π(p)(p, ω),

Gp(X
H , θV ) = Gp(θ

V , XH) = c3(t)θ(X) + d3(t)p(X)g−1
π(p)(p, θ),

(1)
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∀ X,Y ∈ X (M), ∀ θ, ω ∈ Λ1(M), ∀ p ∈ T ∗M , and she proved that

(T ∗M,G, J) is an almost Hermitian manifold, if and only if the coefficients

c1, c2, c3, are proportional to a1, a2, a3, with the proportionality factor

λ > 0, and c1 + 2td1, c2 + 2td2, c3 + 2td3 are related to the coefficients

a1 + 2tb1, a2 + 2tb2, a3 + 2tb3, by another proportionality relations, the

new proportionality factor being λ+ 2tµ > 0. Then, the almost Hermitian

structure (T ∗M,G, J) is Kählerian if and only if µ = λ′, and the almost

complex structure J is integrable.

2. The quasi-constant holomorphic sectional curvatures of

the cotangent bundles with general natural lifted metrics

A Kählerian manifold (M, g, J), endowed with a unit vector field ξ, is said

to be of quasi-constant holomorphic sectional curvatures (see Refs. 1 and

6), if for any holomorphic plane span{X , JX }, generated by the unit vector

X ∈ TpM, p ∈M , the sectional curvature R(X, JX, JX,X) depends only

on the point p and on the angle between the holomorphic plane and the

unit vector field ξ. In Refs. 1 and 6 it was shown that a Kählerian manifold

(M, g, J, ξ) is of quasi-constant holomorphic sectional curvature if and only

if the curvature tensor field R of the Levi-Civita connection ∇, satisfy

R− k0R0 − k1R1 − k2R2 = 0, (2)

where k0, k1, k2 are smooth functions on M and R0, R1, R2 are certain

tensor fields of curvature type on M , given by

R0(X,Y )Z = 1
4{g(Y, Z)X − g(X,Z)Y

+ g(JY, Z)JX − g(JX,Z)JY + 2g(X, JY )JZ}, (3)

R1(X,Y )Z = U(X,Y, Z)− U(Y,X,Z)

+ U(JX, JY, Z)− U(JY, JX,Z),
(4)

R2(X,Y )Z = {η(X)η(JY )− η(JX)η(Y )}{η(JZ)ξ + η(Z)Jξ}, (5)

where η is a 1-form defined by η(X) = g(X, ξ), and U is an auxiliar (1,3)-

tensor field, defined by

U(X,Y, Z) = 1
8{η(Y )η(Z)X + η(X)η(JZ)JY + η(X)η(JY )JZ+

+g(Y, Z)η(X)ξ + g(X, JZ)η(Y )Jξ+

+ 1
2g(X, JY )η(JZ)ξ + 1

2g(X, JY )η(Z)Jξ}.
Let us consider on the cotangent bundle T ∗M , the general natural

Kählerian structure (G, J), and the Liouville vector field C = pi∂
i. We
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mention that on the bundle T ∗M0, of non-zero vector fields, we may work

with C instead of the unitary vector field ξ, since C is non-null on T ∗M0,
1

||C||C is unitary, and the scalar factors may be incorporated into k1, k2.

Hence we may study the property of (T ∗M0, G, J, C) to have quasi-constant

holomorphic sectional curvatures (i.e we find the condition under which the

curvature tensor field of (T ∗M0, G, J, C) may be written in the form (2)).

By using the local adapted frame {δi, ∂j}i,j=1,...,n on T ∗M , we obtain,

after a standard straightforward computation, the horizontal and vertical

components of the curvature tensor field R of (T ∗M,G). For example:

R(∂i, δj)δk = PQQQi h
jk δh + PQQP ijkh∂

h,

where the M -tensor fields which appear as coefficients, have quite long

expressions, presented in Ref. 4. We mention that we use the character Q

on a certain position to indicate that the argument on that position was a

horizontal vector field and, similarly, we used the character P for vertical

vector fields.

Analogously, from (3), (4), and (5) we obtain after standard straight-

forward computations, the components of R0, R1, R2.

The next lemma will be useful in the study of the conditions under which

(T ∗M0, G, J, C) has quasi-constant holomorphic sectional curvatures.

Lemma 2.1. If α1, . . . , α10 are smooth functions on T ∗M such that

α1δ
h
i gjk + α2δ

h
j gik + α3δ

h
kgij + α4δ

h
kpipj + α5δ

h
j pipk + α6δ

h
i pjpk+

α7gjkpig
0h + α8gikpjg

0h + α9gijpkg
0h + α10pipjpkg

0h = 0,
(6)

then α1 = · · · = α10 = 0.

We may prove that all the components in (2) are of the form (6). Using

lema 2.1, we get for the proportionality factor λ the expression obtained in

Ref. 4, and then we may prove that k1 and k2 vanish. Thus we may state:

Theorem 2.1. The bundle T ∗M0 of non-zero cotangent vectors to M , en-

dowed with a general natural Kähler structure (G, J), and with the Liouville

vector field C, has quasi-constant holomorphic sectional curvatures, if and

only if (T ∗M,G, J) is of constant holomorphic sectional curvature.

Remark. The theorem 2.1 may be reformulated as a generalisation of

Shur’s theorem: if the sectional curvature of any holomorphic plane gene-

rated by the unit nonzero cotangent vector P ∈ T ∗
pM depends only on the

angle with the Liouville vector field and on the point p ∈ M , then T ∗M
has constant holomorphic sectional curvature.
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1. Preliminaries

The surfaces of constant mean curvature, H-surfaces and those of constant

Gaussian curvature, K-surfaces in the Euclidean 3-dimensional space, E3,

have been studied extensively. One interesting class of surfaces in E3 is

that of translation surfaces , which can be parametrized, locally, as r(u, v) =

(u, v, f(u)+g(v)), where f and g are smooth functions. This type of surfaces

are important either because they are interesting themselves or because

they furnish counterexamples for some problems (e.g. it is a known fact

that a minimal surface has vanishing second Gaussian curvature but not

conversely — see for details Ref. 1). We call polynomial translation surfaces

(in short, PT surfaces) those translation surfaces for which f and g are

polynomials. For technological applications in which different surfaces are

needed (such as Computed Aided Manufacturing) polynomial forms are

preferred since they may be incorporated into the CAD software in order

to be easily processed by numerical computations.

Scherk’s surface, obtained in 1834 by H. Scherk2, is the only non flat

minimal surface, that can be represented as a translation surface. More

precisely, we have
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Theorem A. Let S be a translation minimal surface in 3-dimensional

Euclidean space. Then S is an open part of E3 or it is congruent to the

following surface

z =
1

a
log

∣∣∣∣
cos(ax)

cos(ay)

∣∣∣∣ , a 6= 0.

Other interesting results concerning translation surfaces having either

constant mean curvature or constant Gaussian curvature are the following:

Theorem B. Let S be a translation surface with constant Gauss curvature

K in 3-dimensional Euclidean space. Then S is congruent to a cylinder, so

it is flat (K = 0) (Theorem 1 in Ref. 3).

Theorem C. Let S be a translation surface with constant mean curvature

H 6= 0 in 3-dimensional Euclidean space E3. Then S is congruent to the

following surface

z =

√
1 + a2

2H

√
1− 4H2x2 + ay, a ∈ R.

(Theorem 2, statement (1) in Ref. 3). Cf. also References in op. cit.

A surface S is called a Weingarten surface (cf. Ref. 4) if there is some

(smooth) relation W (κ1, κ2) = 0 between its two principal curvatures κ1

and κ2, or equivalently, if there is a (smooth) relation U(K,H) = 0 between

its mean curvature H and its Gaussian curvature K.

In this paper we study those PT surfaces that are Weingarten surfaces.

We abbreviate by a WPT surfaces . We give the following classification

theorem:

Theorem 1.1. Let S be a WPT surface in 3-dimensional Euclidean space.

Then

(i) S is a cylinder, case in which K = 0;

(ii) S is a paraboloid of revolution, case in which the mean curvature H

and the Gaussian curvature K are positive everywhere and related by

the formula

8aH2 =
√
K(2a+

√
K)2 (1)

where a is a positive constant.

2. Weingarten translation surfaces

Let r : S → R3 be an isometrical immersion of a translation surface of type

r(u, v) = (u, v, f(u) + g(v)) (2)
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where f and g are smooth functions. The first fundamental form I and the

second fundamental form II have particular expressions, namely

I =
(
1 + f ′(u)2

)
du2 + 2f ′(u)g′(v)du dv +

(
1 + g′(v)2

)
dv2

II =
1√
∆

(
f ′′(u) du2 + g′′(v) dv2

)

where ∆ = 1 + f ′(u)2 + g′(v)2. Let us denote f ′ by α and g′ by β. Hence,

the mean curvature H and the Gaussian curvature K can be written as

H =

(
1 + β(v)2

)
α′(u) +

(
1 + α(u)2

)
β′(v)

2
[
1 + α(u)2 + β(v)2

] 3
2

(3)

K =
α′(u)β′(v)

[
1 + α(u)2 + β(v)2

]2 . (4)

The existence of a Weingarten relation U(H,K) = 0 means that curva-

tures H and K are functionally related, and since H and K are differen-

tiable functions depending on u and v, this implies the Jacobian condition

∂(H,K)/∂(u, v) = 0. (See e.g. Ref. 5.) More precisely the following condi-

tion

∂H

∂u

∂K

∂v
− ∂H

∂v

∂K

∂u
= 0 (5)

needs to be satisfied. Conversely, if the above condition is satisfied, then the

curvatures must be functionally related and thus, by definition, the surface

is Weingarten. The Jacobian condition characterizes W-surfaces and it is

used to identify them when an explicit Weingarten relation cannot be found.

In our case, the Jacobian condition yields the following relation

0 = 8α(u)β(v)α′(u)3β′(v)2 − 8α(u)β(v)α′(u)2β′(v)3

−3β(v)α′(u)β′(v)2α′′(u) + 3α(u)α′(u)2β′(v)β′′(v)
−2α(u)2β(v)α′(u)β′(v)2α′′(u) + 2α(u)β(v)2α′(u)2β′(v)β′′(v)
−3β(v)3α′(u)β′(v)2α′′(u) + 3α(u)3α′(u)2β′(v)β′′(v)
−3α(u)α′(u)3β′′(v) + 3β(v)β′(v)3α′′(u)
+3α(u)2β(v)β′(v)3α′′(u)− 3α(u)β(v)2α′(u)3β′′(v)
+α′(u)α′′(u)β′′(v)− β′(v)α′′(u)β′′(v)
+α(u)2α′(u)α′′(u)β′′(v) − β(v)2β′(v)α′′(u)β′′(v)
+2β(v)2α′(u)α′′(u)β′′(v) − 2α(u)2β′(v)α′′(u)β′′(v)
+α(u)2β(v)2α′(u)α′′(u)β′′(v)− α(u)2β(v)2β′(v)α′′(u)β′′(v)
−α(u)4β′(v)α′′(u)β′′(v) + β(v)4α′(u)α′′(u)β′′(v).

(6)
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At this point we will consider α and β to be polynomials of degree m

and n respectively. More precisely we shall consider

α = amu
m + am−1u

m−1 + . . . and β = bnv
n + bn−1v

n−1 + . . .

where am and bn are different from 0. Replacing α and β in Eq. (6) we obtain

a polynomial expression in u and v vanishing identically. This means that

all the coefficients are 0.

Let us distinguish several cases:

Case 1: m,n ≥ 2, i.e. α′′ 6= 0 and β′′ 6= 0.

a. Suppose m > n(≥ 2).

The dominant term corresponds to u5m−2v2n−3 and it comes from

3α(u)3α′(u)2β′(v)β′′(v)− α(u)4β′(v)α′′(u)β′′(v)

having the coefficient

a5
mb

2
n

(
3m2n2(n− 1)−mn2(m− 1)(n− 1)

)
.

This cannot vanish since am, bn 6= 0 and m > n ≥ 2.

The subcase n > m ≥ 2 can be treated in similar way.

b. Suppose m = n ≥ 2.

In the same manner, this case cannot occur.

Case 2: m > n = 1.

In this case β can be expressed as β(v) = av + b, with a and b real

constants, a 6= 0. We rewrite the Jacobian condition in the following way

0 = 8a2α(u)β(v)α′(u)3 − 8a3α(u)β(v)α′(u)2 − 3a2β(v)α′(u)α′′(u)
−2aα(u)2β(v)α′(u)α′′(u)− 3a2β(v)3α′(u)α′′(u)
+3a3β(v)α′′(u) + 3a3α(u)2β(v)α′′(u).

(7)

Let us analyze the terms in u having maximum degree, namely

u4m−3v. This comes from −2aα(u)2β(v)α′(u)α′′(u) and yields the relation

2a2a4
mm

2(m− 1) = 0 which cannot hold in this case.

The case n > m = 1 can be treated in similar way.

Case 3: m = n = 1

In this case α and β can be expressed as α(u) = Au + B and β(v) =

av+ b, with A, B, a and b real constants, A, a 6= 0. The Jacobian condition

becomes

8α(u)β(v)α′(u)3β′(v)2 − 8α(u)β(v)α′(u)2β′(v)3 = 0. (8)

Using the same technique as above one gets A = a. So, the parametrization

of the surface can be written (after a possible translation in E3) in the form

r(u, v) =
(
u, v, a(u− u0)

2 + a(v − v0)2
)

(9)
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where u0, v0 ∈ R. This is a paraboloid of revolution, and its curvatures H

and K are both everywhere positive and they are related by the relation

Eq. (1).

Case 4: m = 0 (or n = 0).

In this case α (or β) is constant and the Jacobian condition is automat-

ically satisfied. So, the parametrization of the surface can be written in the

form

r(u, v) =
(
u, v, au+ g(v)

)
(10)

r(u, v) =
(
u, v, f(u) + av

)
(11)

where f and g are arbitrary polynomials, a ∈ R (it can also vanishes).

These two surfaces are cylinders and they are obviously flat.

It is interesting to remark that in the case when f(u) = au + b (or

g(v) = av + b) (with a and b real constants) and the other function is not

polynomial we still obtain a cylinder, hence a flat surface.
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1. Introduction and motivation

A differential structure of a manifold M is a C∞ maximal atlas and, indeed,

the charts of the atlas make up the primordial structure. The idea of a

geometrical structure can be realized by the concept of G-structure when

choosing the allowable meaningful classes of charts.

General relativity is a physical theory, which is heavily based on differ-

ential geometry. The fundamental mathematical tools used by this theory

to explain and to handle gravity are the geometrical structures. The space-

time is described by a 4-dimensional manifold with a Lorentzian metric field,

and the theory put the matter on space-time, being mainly represented by

curves in the manifold or by the overall stress-energy tensor.

The law of inertia in the space-time is translated into a projective struc-

ture on the manifold, which is provided by the geodesics of the metric

in keeping with the equivalence principle. Furthermore, the space-time in

general relativity is a dynamical entity because the metric field is subject

to the Einstein field equations, which almost equate Ricci curvature with

stress-energy of matter.
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Other main structures are the volume form, that is used to get action

functionals by integration over the manifold, and the Lorentzian confor-

mal structure, that gives an account of light speed invariance. Different

approaches to gravity try to separate the geometry into independent com-

pounds to promote the understanding about physical interpretation of ge-

ometric variables.

The theory of G-structures of higher order is possibly the more natu-

ral framework for studying the interrelations involved among the relevant

structures. In a pseudo-Riemannian manifold there are defined unambigu-

ously the following structures: volume form, conformal structure, pseudo-

Riemannian metric, symmetric linear connection and projective structure.

Volume, conformal and metric structures are G-structures of first order, but

each of them lead to a prolonged second order structure. Symmetric linear

connection and projective structure are inherently G-structures of second

order. We will try to clarify this unified description.

2. The bundle of r-frames

A differentiable manifold M is a set of points with the property that we

can cover it with the charts of a C∞ n-dimensional maximal atlas A. The

bundle of r-frames FrM is a quotient set over A. Every class-point, an

r-frame, collect the charts with equal origin of coordinates which produce

identical r-th order Taylor series expansion of functions (see Refs. 1,2).

An r-frame is an r-jet at 0 of inverses of charts of M ; two charts are

in the same r-jet if they have the same partial derivatives up to r-th order

at the same origin of coordinates. Every F rM is naturally equipped with

a principal bundle structure with respect to the group Gr
n of r-jets at 0 of

diffeomorphisms of Rn, jr0φ, with φ(0) = 0.

The group of the bundle of 1-frames is GL(n,R) ∼= G1
n. Its natural

representation on Rn gives an associated bundle coinciding with the tangent

bundle TM . In the end, we identify F1M with the linear frame bundle LM .

Other representations of G1
n on subspaces of the tensorial algebra over Rn

give associated bundles whose sections are the well-known tensor fields.

The bundle of 2-frames F2M is somehow more complicated. Every 2-

frame is characterized by a torsion-free transversal n-subspace Hl ⊂ TlLM .

It happens that the chart’s first partial derivatives fix l ∈ LM and the sec-

ond partial derivatives give the ’inclination’ of that n-subspace. The group

G2
n is isomorphic to G1

n o S2
n, a semidirect product, with S2

n the additive

group of symmetric bilinear maps of Rn × Rn into Rn; the multiplication

rule is (a, s)(b, t) := (ab, b−1s(b, b) + t), for a, b ∈ G1
n, s, t ∈ S2

n.
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Let g denote the Lie algebra of G ⊂ G1
n, then the named first prolon-

gation of g is defined by g1 := S2
n ∩ L(Rn, g). We obtain that G o g1 is a

subgroup of G1
n o S2

n
∼= G2

n. This will be used in Sec. 4.

3. First order G-structures

An r-th order G-structure of M is a reduction (see [3, p. 53]) of F rM to

a subgroup G ⊂ Gr
n. First order G-structures are just called G-structures.

Let us see some of them.

Let’s define a volume on M as a first order G-structure, with G =

SL±
n := {a ∈ G1

n : |det(a)| = 1}. If M is orientable, a volume on M has two

components: two SL(n,R)-structures for two equal, except sign, volume n-

forms. For a general M , a volume corresponds to an odd type n-form.

From bundle theory,3 SL±
n -structures are sections of VM , the associated

bundle to LM and the action of G1
n on G1

n/SL±
n , and they correspond to G1

n-

equivariant functions f of LM to G1
n/SL±

n . The isomorphisms G1
n/SL±

n '
Hn := {k In : k > 0} ' R+ allow to write f : LM → R+; the equivariance

condition is f(la) = | det a|−1
n f(l), for l ∈ LM , a ∈ G1

n.

Theorem 3.1. We have the bijections:

Volumes on M ←→ SecVM ←→ C∞
equi(LM,R+)

Analogous bijective diagram can be obtained for every reduction of a prin-

cipal bundle. The Lie algebra of SL±
n is sl(n,R) and its first prolongation

is sl(n,R)1 = {s ∈ S2
n :
∑

k s
k
ik = 0}; it’s a Lie algebra of infinite type.

We define a pseudo-Riemannian metric as an Oq,n-q-structure, with

Oq,n-q :=
{
a ∈ G1

n : atηa = η :=
(

−Iq 0
0 In-q

)}
. As in Th.3.1, we obtain bi-

jections between the metrics and the sections of the associated bundle with

typical fiber G1
n/Oq,n-q , and also with the equivariant functions of LM in

G1
n/Oq,n-q . The first prolongation of oq,n-q is oq,n-q 1 = 0; a consequence of

this fact is the uniqueness of the Levi-Civita connection.

A (pseudo-Riemannian) conformal structure is a COq,n-q-structure, with

COq,n-q := Oq,n-q · Hn (direct product); this definition is equivalent to

consider a class of metrics related by a positive factor, and in the Lorentzian

case, q = 1, a conformal structure is characterized by the field of null cones.

The first prolongation of coq,n-q is coq,n-q 1 = {s ∈ S2
n : sijk = δijµk + δikµj −∑

s η
isηjkµs, µ = (µi) ∈ Rn ∗} ' Rn ∗. The named second prolongation

coq,n-q 2 is equal to 0 (i. e., coq,n-q is of finite type 2); this deals with the

existence and uniqueness of the normal Cartan connection but we do not

deal with this here (see [2, §§VI.4.2, VII.3]).
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Volumes on M and conformal structures are extensions (see [4, p. 202])

of pseudo-Riemannian metrics because of the inclusion of Oq,n-q in SL±
n and

COq,n-q . Reciprocally:

Theorem 3.2. A pseudo-Riemannian metric field on M is given by a

pseudo-Riemannian conformal structure and a volume on M .

This statement is proved in Ref. 5 by the fact that G1
n = SL±

n · COq,n-q

and Oq,n-q = SL±
n ∩COq,n-q imply that volume and conformal G-structures

intersect in Oq,n-q-structures.

4. Second order G-structures

A symmetric linear connection (SLC) on M is a distribution on LM of

torsion-free transversal n-subspaces, which is invariant by the action of

G1
n. Identifying G1

n ' G1
n o 0 ⊂ G2

n, we can define an SLC on M as a

second order G1
n-structure. From bundle theory, as in Th.3.1, every SLC

∇ is a section of the associated bundle to F2M and the action of G2
n on

G2
n/G

1
n ' S2

n, and corresponds to an equivariant function f∇ : F2M → S2
n,

verifying f∇(z(a, s)) = a−1f∇(z)(a, a) + s, for z ∈ F2M , a ∈ G1
n, s ∈ S2

n.

Let P be a first orderG-structure on M ; a symmetric connection on P is

a distribution on P of torsion-free transversal n-subspaces, which is invari-

ant by the action ofG, thereby producing a second orderG-structure, whose

G1
n-extension is an SLC on M . Reciprocally, a second order G-structure de-

termines a first order G-structure and a symmetric connection on it.

Noteworthy examples of this are: i) A pseudo-Riemannian metric and

its Levi-Civita connection are given by a second order Oq,n-q-structure. ii)

An equiaffine structure on M is a SLC with a parallel volume; it is given by

a second order SL±
n -structure. iii) A Weyl structure is a conformal structure

with a SLC compatible; it is given by a second order COq,n-q-structure.

The following result is an important theorem, arisen from the Weyl’s

‘Raumproblem’, studied by Cartan and others. The theorem is proved in

Ref. 6, with a correction revealed in Ref. 7.

Theorem 4.1. Let G be a subgroup of G1
n, with n ≥ 3. Any first order

G-structure admits a symmetric connection if and only if g is one of these:

sl(n,R), oq,n-q, coq,n-q, gln,W (algebra of endomorphisms with an invariant

1-dimensional subspace W ), gln,W,c (certain subalgebra of the last one, for

each c ∈ R) or, for n = 4, csp(2,R).

A G-structure P can admit many torsion-free transversal n-subspaces

in TlP , for every l ∈ P . We have the following result (see [2, p.150-155]):
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Theorem 4.2. If a first order G-structure P admits a symmetric con-

nection, the set P 2 of 2-frames corresponding with torsion-free transversal

n-subspaces included in TP is a second order Go g1-structure.

We name P 2 the (first holonomic) prolongation of P . Necessarily, a

second order Go g1-structure is the prolongation of a G-structure.

A (differential) projective structure is a set of SLCs which have the

same geodesics up to reparametrizations; we can define it as a second order

G1
no p-structure with p := {s ∈ S2

n : sijk = δijµk +µjδ
i
k, µ = (µi) ∈ Rn ∗} '

Rn ∗. Considering geometrical structures on second order, with the same

techniques than in the Th.3.2 for the first order (see Ref. 5), we obtain:

Theorem 4.3. A projective structure and a volume on M give an SLC

belonging to the former and making the volume parallel.

Hence, a volume select a class of affine parametrizations for the paths of

a projective structure. Contrarily, a projective structure and the prolonga-

tion of a conformal structure not always intersect; if they intersect we get

a Weyl structure.

5. Concluding remarks

The study of integrability conditions of higher order, like curvatures, with

respect to the interrelations of these G-structures is probably the natural

next step following this work.

The geometrical structures described herein can be considered compo-

nents of the space-time geometry.8 In this context, the named causal set

theory make a conceptual separation between volume and conformal struc-

tures, and Stachel9 proposes an approach, similar to the metric-affine vari-

ational principle, using conformal and projective structures as independent

variables. In this line of thought, and from the above results, I suggest

considering the volume on space-time as a set of independent dynamical

variables to make a variational analysis.
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David Maŕın (Barcelona, Spain)

Michael Markellos (Patras, Greece)
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